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Az Acta Mathematica eléfizetési dra kétetenként belféldre 80 forint, kilféldre 110 
forint. Megrendelheté a belféld sz4mfra az ,,Akadémiai Kiad6”’-nél (Budapest, V., Alkotmany _ 
utca 21. Bankszdmla 05-915-111-46), a kiilféld szdmara pedig a ,,Kultira” Kényv- és Hirlap 
Kiilkereskedelmi Vallalatnal (Budapest, I., F6 utca 32. Bankskitaia 43-790-057-181) vagy 
annak kilféldi képviseleteinél és bizomaényosainal. 


Die Acta Mathematica veréffentlichen Abhandlungen aus dem Bereiche der mathe- 
matischen Wissenschaften in deutscher, englischer, franzésischer und russischer Sprache. 

Die Acta Mathematica erscheinen in Heften wechselnden. Umfanges. Mehrere Hefte 
bilden einen Band. : 

Die zur Veréffentlichung bestimmten Manuskripte sind an folgende Adresse zu senden 


Acta Mathematica, Budapest 502, Postafiék 24. 


An die gleiche Anschrift ist auch jede fiir die Redaktion und den Verlag bestimmte 
Korrespondenz zu richten. 

Abonnementspreis pro Band: 110 Forints. Bestellbar bei dem Buch- und Zeitungs- 
AuBSenhandels-Unternehmen ,,Kultura’”’ (Budapest, I., Fé utca 32. Bankkonto Nr. 43-790-057- 
181) oder bei seinen Auslandvertretungen und Kommissioniren. 


FREDERIC RIESZ 
1880— 1956 


La rédaction des Acta Mathematica Academiae Scientiarum Hungaricae 
a la douleur de faire savoir que le professeur 


FREDERIC RIESZ, 


président de la Section de Mathématique et de Physique de l’Académie 
des Sciences de Hongrie, membre correspondant de l'Institut de France et 
de la Société Royale de Physiographie de Suéde, docteur honoris causa de 
VUniversité Lorand Eétvés de Budapest, de l’Université de Szeged et de I’Uni- 
versité de Paris, président d’honneur de {a Société Mathématique Janos 
Bolyai est décédé aprés une longue et douloureuse maladie le 28 fev- 
rier 1956. 

FREDERIC RIESz est né le 22 janvier 1880 a Gy6r. Aprés avoir fait ses 
études supérieures a |’Ecole Polytechnique de Zurich et aux Universités de 
Budapest et de Gottingen, il a obtenu le doctorat de !a Faculté des lettres et des 
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sciences de l’Université de Budapest. II travaillait comme professeur de lycee a 
Lécse et a Budapest jusqu’a 1911, lorsqu’il a été nommeé professeur a |’Université 
de Kolozsvar. ‘A partir de l’année 1920 il continuait son travail comme profes- 
seur a l'Université de Szeged. En 1946 il a été appelé par l’Université de 
Budapest a la chaire de la Théorie des Fonctions oi iJ travaillait malgré sa 
maladie de plus en plus s’aggravissante jusqu’aux derniers mois de sa vie. 

Dés le début de sa carriére scientifique, FREDERIC RIESZ acquit une 
brillante renommée dans le monde des mathématiciens. Pendant les dizaines 
d’années écoulées dés lors, ses découvertes ont exercé une influence si pro- 
fonde et si considérable sur la littérature de la mathématique et elles ont 
ouvert une nouvelle voie aux recherches en autant de directions qui ont pro- 
voqué les plus vifs mouvements scientifiques que FREDERIC RIESZ a été 
reconnu un personnage dirigeant de premier ordre par les mathématiciens 
du monde entier. 

Chacun de ses ouvrages traite de graves problemes et promet des 
fruits ultérieurs. Ses plus importants travaux concernent le théoréme de 
Riesz—Fischer, les équations fonctionnelles linéaires, les systemes d’équations 
linéaires 4 une, infinité d’inconnus et les fonctions sousharmoniques. En 
réalité, il s’agit ici de quatre chapitres de la mathématique dont quelques- 
uns sont dis entiérement a FREDERIC RIESz, tandis qu’il a développé essen- 
tiellement les autres en les enrichissant par des théorémes fondamentaux. 

Les notions d’espaces L” et C de fonctions qu’il a créées et les pro- 
priétés fondamentales des fonctionnelles linéaires et des équations fonctionnel- 
les linéaires de ces espaces qu’il a découvertes ont fournit la matiére qui a 
servi comme fondement a une série de notions (espace linéaire normé 
complet, fonctionnelle linéaire, transformation linéaire) et de résultats qui 
constituent la base de l’Analyse Fonctionnelle. Son livre ,Lecons d’Analyse 
Fonctionnelle“, écrit en collaboration avec son éléve B. SZOKEFALVI-NAGY, 
constitue une synthése de ses idées et de ses méthodes et il montre la 
richesse et la fécondité de celles-ci. Ses recherches sur les fonctions sous- 
harmoniques, notion créée également par lui, ont donné naissance a un déve- 
loppement imprévisible de la théorie du potentiel. 

FREDERIC Riesz fut l’un des premiers. qui ont créé la notion d’espace 
topologique général en formulant en 1908 un systéme d’axiomes pour définir 
cette notion; la. notion d’espace qu’il a introduite embrasse presque tous les 
espaces dont |’étude conduit 4 des résultats intéressants en Topologie et con- 
stitue jusqu’a nos jours une des plus importantes classes d’espaces topo- 
logiques. 

FREDERIC RIESZ a eu une admirable capacité pour saisir l’essentiel des 
idées, des notions et des méthodes; c’est pourquoi il a réussi d’une part a 
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donner des généralisations importantes de nombreux théorémes connus, de 
Yautre a simplifier les démonstrations parfois trés compliquées de bien de 
résultats fondamentaux de la Théorie des Fonctions et de |’Analyse Fonc- 
tionnelle. Il suffit de citer dans cet ordre d’idées la construction de la théorie 
de l’intégrale de Lebesgue sans s’appuyer sur la théorie de la mesure, la 
démonstration de la dérivabilité presque partout des fonctions monotones, la 
démonstration (trouvée en collaboration avec L. FEJER) du théoréme fonda- 
mental de la représentation conforme, la démonstration des théorémes qui 
concernent la représentation spectrale des transformations linéaires autoad- 
jointes de l’espace de Hilbert et de quelques théorémes importants de la 
théorie ergodique. 

Les travaux de FREDERIC RIESZ ont réussi a intéresser et a saisir 
_les plus éminents mathématiciens de notre époque. Il ne s’agit pas d’une 
indication cursive ou d’une simple citation, mais d’un développement essentiel 
et exigeant un dur travail. Des mathématiciens comme H. Bonr, G. H. Harpy, 
F. HausporrF, H. LEBESGUE, J. E. LITTLEwooD et E. PICARD ont consacré 
des périodes entiéres de recherche aux théories de FREDERIC RIESZ et ils les 
ont enrichies par des résultats importants. 

La grandiosité de son oeuvre scientifique ne nous permet pas de de 
faire connaitre en détail, tandis qu’un exposé esquissé dans ses grandes 
lignes serait 4 peine capable d’en rendre compte. Nous nous bornons a faire 
mention d’un fait considérable par rapport au théoréme de Riész—Fischer. Ce 
théoréme a trouvé de nombreuses et importantes applications, dues 4 FREDE- 
ric Riesz et a d’autres, dans Ja théorie des séries de Fourier, des équations 
différentielles, intégrales et fonctionnelles et dans la théorie des fonctions a 
variable complexe. En méme temps, ce théoréme de Riesz—Fischer fournit le 
fondement a la démonstration du fait de grande importance que les théories 
dues 4a HEISENBERG et a4 SCHRODINGER de la mécanique quantique sont 
équivalentes. 

FREDERIC RIESZ a servi son peuple de toute sa force comme savant, 
professeur, rédacteur de périodique et président de la Section de Mathéma- 
tique et de Physique de l’Académie des Sciences de Hongrie. Sa perte nous — 
dépouille d’un des plus brillants personnages scientifiques de notre siecle. 
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EIN SUMMATIONSSATZ FUR ORTHOGONALREIHEN 


Von 
G. ALEXITS (Budapest), Mitghed der Akademie 


1. Bezeichne {y,(x)} ein beliebiges im endlichen Interval] [a, 6} defi- 
niertes Orthonormalsystem. Das scharfste bisher erzielte Resultat ' beztiglich 
der (C, «)-Summierbarkeit von Orthogonalreihen 


(1) ai Ca Pn (X) 

Jautet, wenn iiber das System {y,(x)} nichts vorausgesetzt wird, folgender- 
weise: Die Reihe (1) ist fiir ein @ >0O fast iiberall (C, «)-summierbar, wenn 
ihre Koeffizienten der Bedingung 


(2) > ci (log log ny < « 
n=2 


geniigen, und diese Bedingung kann in voller Allgemeinheit nicht mehr ver- 
bessert werden. Wir wollen nun zeigen, dab man dieser Summationsbedingung 
eine zwar speziellere, in gewissen Fallen jedoch scharfere an die Seite stellen 
kann, wenn man die Abnahme der Koeffizientenfolge durch eine entsprechende 
monotone Majorantenfolge einschrankt. Unser Resultat ist folgendes : 

Bezeichne {qg,} eine monoton abnehmende Folge positiver Zahlen mit 
der Eigenschaft 


SI 
(3) ; mat Vn 


foes 


Ist Ca O(n), so ist die Orthogonalreihe (1) fiir jedes «>O fast iiberall 
(C, «)-summierbar. 


2. Es ist leicht eine Orthogonalreihe anzugeben, deren Koeffizienten 
zwar unserer Summationsbedingung, nicht aber der Bedingung (2), ja sogar 


1D. Mencuorr, Sur les séries de fonctions orthogonales. Il, Fundamenta Math., 8 
(1926), S. 56—108. S Kaczmarz, Uber die Summierbarkeit der Orthogonalreihen, Math. — 
Zeitschrift, 26 (1927), S. 99—105. Vgl. S. Kaczmarz—H. Sreinnavs, Theorie der Orthogonal- 
reihen (Warszawa—Lwow, 1931), S. 189—190. 
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nicht einmal einer Bedingung der Form 
oO. 
> Crd (n) < 
n=) 


geniigen, wenn {d(n)} eine beliebig vorgegebene positive, monoton nach 
co wachsende Zahlenfolge bedeutet. Wahlen wir namlich die Indexfolge {mm } 


derart, daB }//m,..—Vmat monoton nach c wachst, ferner 4(m.) = n° ist, 
und setzen sodann 
1 


(Vitti —Vm,) 0? 


Dann ist {c,} monoton abnehmend und 


Cx (k= m,+1,..., Mn41). 


M4 
k 


1 
fe Van aa 


O(Vigs: — ms) (5, 


also > 7a konvergent. Dagegen ist 
n 


> CE) = Vittnsa HY Ate ss | 


Viini—lmy rn (Vitti —Vmn)n 


also divergiert die Reihe > c;A(n). 


=My+1 


3. Wir beweisen zundchst einen Hilfssatz, in welchem die Monotonie der 
Folge {q,} nicht gefordert wird: 


Ist >) c, konvergent und c, —O(qn), wobei die positiven Zahlen q, den 
Bedingungen 


| DY Valaq|<e — (Agn=9u—Gnsi) 
(5) > >» gan < oo 


axel 
enligen, so ist (1) fiir jedes «>O fast iiberall (C, e)-summierbar. 

. Unser Hilfssatz ist nach bekannten Satzen® mit der Behauptung gleich- 
wertig, daBi die Teilfolge {s,,(x)} der Partialsummen s,,(x) der Reihe (1) fast 
Uberall konvergiert. Allerdings gibt es eine fast iiberall konvergente Teilfolge 
'S.r,(x)}. Es bleibt zu zeigen, daB die Beziehung 


Sim (X)i— Soom (X) == On (1) 


2 Vgl. S. Kaczmarz—H. Ste : . 
jae a see . Stetnaus, Theorie der Orthogonalreihen (Warszawa—Lwow, 
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ftir Pe INES Vai f mm > oo aufer den Punkten einer Nullmenge richtig ist. 
Bei Beachtung von c, == O(q,) laBt sich jede Partialsumme sy(x) in der Form 


s 


N 
Sv(x) ri QC P(X) 


schreiben, wo @&, = O(1) ist. Wenn wir also 


Su(x) = > cnn 2 


setzen, so ergibt sich durch Abelsche Umformung die Abschatzung 


gm 
(6) | Sym(X)—Syrn(X)]| SD [Sk (%)| |g! + Gyn] Sym (X)| + Gorn Sora()]. 


= 27041 


Nach der Bunjakowski—Schwarzschen Ungleichung gilt 


6 


J Se@plax < / (0—a) > «i O(/k), 


a 


aus (4) folgt daher 


1 


4a | |Si)idx =D OW) | daxl <. 


Die Reihe > |S,(x)!'4q,; ist also fast iiberall konvergent und mithin 


(7) > |Se(x)||4qe| 0.11) (m+ %) 


k= 2Yr11 


auBer héchstens einer Nullmenge N,. Aus (5) ergibt sich weiter 


b 


> gh: | Sh@ax— SOR) qh <~. 
i=l “ I=L 


Die Reihe > /g3:S3:(x) ist also fast iiberall konvergent, es gibt daher eine 
Nullmenge N,, so dah aufer N, die Beziehung 


8) Gym | Som(X)| + Govn| Sovn(X)| = Or(1) (m— oo) 
besteht. Aus (6), (7) und (8) erhalten wir somit flit 7, <M = Yny1, M—> 
die Abschatzung 

Syn (X) — Syn (X) = 02(1) 
ausgenommen héchstens die Punkte der Nullmenge N,-+ N,. Damit ist der 
Hilfssatz bewiesen. 
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4. Wir leiten nun unseren Summationssatz aus dem soeben bewiesenen 
Hilfssatz her. Zunadchst ergibt sich wegen (3) und der angenommenen Mono- 
tonie der Folge {gn}: | 


n+ 


5 > Vi-tn< & * — O(1), 


ma Vk 
also ist (4) erfiillt. Nach einem Cauchyschen Reihensatz* ergibt sich weiter 
infolge der Monotonie von ae 
n 
‘ V2" doy ue 29 


umsomehr besteht daher die Beziehung (5). Um auch rai co zu bewei- 
sen, beachten wir die Identitat 


n n-1 al ef 
= gi S kage tng, = pa kK (Qe + Qus1)4Qu + 2Gn- 
sae der Monotonie are aus (3) nach einem klassischen Abelschen Satz 
peaks —0O, d. h. ° } daher ist 


Vk 
> 9 = O(1) Da kg. + 0(1) = O()). 


ke 


Daraus folgt wegen c, — O(q,.) die Konvergenz der Reihe > cz. Alle Bedin- 
gungen des Hilfssatzes sind also erfiillt, wqmit unser Sanimationeeata bewie- 
sen ist. 


(Eingegangen am 14. Januar 1956.) 


OHA TEOPEMA O CYMMMPYEMOCTH OPTOPOHAJIbHbIX PAOB 


Yr. Anexcuy (Bynanewr) 


(Pe 310 Me) 


Nlyctb { Yn(X)} 1106a9 OproHOpMupOBaHHad CuCTeMa (pyHKUMii, ONPegereHHad Ha KO- 
He4YHOM OTpesKe [d, 6]. Masectua noKasanhan MenbuoBbIM nH KaumMap3om Teo- 
pema, CoriacnO KOTOpON OpToroHanbHbli pay 


(1) >} Cn P(X) 


3 Vgl. K. Knopp, Theorie und Anwendungen der unendlichen Reihen, 3. Ausg. (Leipzig, 
1931), S. 121. 
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noun Kcroay (C, a)-cymmupyem (a > 0), ecan 
© 
SS 
—_ 
n=2 

M 9TO yCrOBHue B OGUIEM CayYae ye HE MOKET GbITh ynyyweHo. 
Ceiiyac MbI 2anHM ycnoBMe CyMMunyemoctTn, KOTOPOe B HEKOTOPBIX Cayyanx TOUHee. 

Peub wget 0 crenyrouel Teopeme : 


OproronanbHbl pag (1) nouTu BCway (C, a)-cymmupyem (a > 0), ecnn c-  O(q,), rae 
{9,} MO3OKNTEAbHaA, MOHOTOHHO yOurBaloulaa NOCICNOBATE.ALHOCTh 4HCEA, YAORNETROPAIOMAA 
yCOBHI0 


c, (log log n)2 < co, 
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O TIPEJEJIbHOM PACIIPEAEEHUM JIA CYMM HE3ABMCUMbIX 
CJIYYAMHbIX BEJMYMH HA BUKOMMAKTHbIX 
KOMMYTATMBHBIX TOMOJIOPTMYECKUX PPYNMAX 


A. TIPEKONA (Bynanewrt), axagemuk A. PEHbV (Byganewr) 
u K. YPBAHHK (Bpounas) ' 


Iycth G—kommytaTuBHad OuKOMMakTHaA TONONOrM4ecKad rpynna. Ilocae- 
MOBATENbHOCTE ¥,, ¥,,... Mep Pajona (T.e. peryaApHbIX Mep 3a{aHHbIX Ha O- 
aireope F Bcex Oopenepckux nogmMHoxKecTB rpynnbi G) cra6o cxomuTcA K Mepe 
Pajona ¥, CCIM JIA NPOMSBOAbHOM HelpepbiBHO! (KOMMIeKCHO3HAYHOM) yHKUAH 
jf 4a rpynne G uMeer mecto papeHcTBo 


lim | /@)r(dx9) = | FO) (a2. 


B HacTOAleH 3aMeTKe OKa3biBAeTCA CAeMyIOllad TeOpeMa, ABIAIOWIAACA 
peweHvemM mpoOsembl, NOCTaBAeCHHOM BTOPbIM M3 ABTOPOB. 


Teopema. Ecam §&,&,...—mocaeqopaTebHOCTb He€3aBMCMMBIX, OJM- 
HaKOBO pacmpeeieHHbIX CIy4aMHbIX BeIM4MH Ha rpynne G u 
(1) P(g, € U)>0 


JIA BCeX HeNYCTbIX OTKPbITbIX NOAMHOXxKecTB LU rpynnet G, TO nocnefoBaTenb- 
HOCTb BePOATHOCTHbIX Mep 

Hn(E) = PE, +&+--: +6 € £) (E€ F) 
ca60 cxogquTca K Mepe Xaapa u rpynnpi G, HOpMMpoBaHHON ycloBHem “(G) = 1. 
Vinaye rosops, npejenbHoe pacnpenejienue ana cymm §,+ 6 -+---+5, ABIaeTCA 
PaBHOMepHBEIM. 

TIpMBogquM U3BeCTHBIe YaCTHbIe CAy4YaH 9TOM TeOpeMbl. 

1. pu G=K, rae K—MyJbTMMIMKaTMBHaA Ppylna KOMMIeKCAbIX 4MCeL, 
PaBHBIX 0 MOy.1lO eAMHMUe C eCTeECTBeEHHOM TOMONOrMeH, TeEOpeMa BbITeKAeT 
M3 pesyrbtatTos []. Jlesu [5]. 

" Mockoupry B lOKazaTesbCTBe OOLIeEM TeOPeMbI MBI UCMONb3yeM ITOT 
MaCTHBIM ciyyat, TO AA yNOOCTBAa 4MTAaTeeM MpMBeyeM 3NeCb Apyroe ero 
fOKaszaTenbcTBO, Mpemmolarad sAMUIb, YTO pacnpesenenve Benm4MH §,,5,... 
Hepemet4aToe. MmMeHHO, MbI OKaKEM CJIefyIOLly!O JIEMMY : 


Jlemma. Tlyctb §,&,...—MOCM€fOBaTEIbHOCTh HE3ABMCMMBIX, OMHa- 
KOBO pacmpeesenHbIx CJIy4aHHbIX BeJIM4MH Ha Npamouw, c dpyHKuMen paciipe- 


12 A. Mpexona, A. Penbu n K. YpOannx 


nenenua F(x). Ecan F(x)—nepeuietuatoe pacnpenerenHe H 
Ce =F th +--- +5: (mod 1) Oj i 1 


TO MMeeT MECTO (OpMy.1a 
lim P(.< x) =x a OS x ST. 
n> Oo 
JlokazaTe.bcCTBO .1.eMMbI. OGo3Ha4uMm yepes F(x) dyHKuMIO pac- 


moenelenia BeMYnHb! C,. MMo10%KMM 
1 


(2) a, .=(erdF,(x)  (n=1,2,...57=0, + 1,.-.). 
6 i. 

V3 He3aBMCMMOCTH OMHAKOBO pacmpeje-leHHbIX C.ly4aHHbIX BeJIMYHH 
f,,&,..., B CM.1y Toro, 4TO xapakTepucTM4eckHe yHKUMH BenM4HH §,-+ & + 
+.--+8&, nu C, copnajawtT B TOUKax 277 (r—O, + 1,...), C1eqyeT PaBeHCTBO 
(3) Oi, w= (aa) (n=1,2;...;f== 0a 


Nockonbky F(x) HnepeweTuatoe pacnpeyenenue, TO ero XapakTepHCTH- 
yeckad (pyHKuMA g(t) yIOBIeTBOpAeT HeEpaBeHCTBY 
lg@)i\<1 am t+0 
(cm. [2], crp. 64—65). Takum 06pa30M B CHJy OpMy.IbI Q,,1 = g(2str) nNory- 
4yaeM HePaBeHCTBO 
laa)! Sree res hee 28 
Orcioaa u M3 copmy.1 (2) u (3) BbITeKaeT paBeHcTBO 
Paar {0 ua r+0, 
lim Je PEAS To aia r=O0. 
N 
Utak 1.14 MpOn3BO-1bHOrO TPHrOHOMeTPHYeCKOrO NOAHHOMA f(x) => ear 
MMe€T MECTO — 


(4) lim [/@)dF.(x) = | fex)dx. 


Tlocko.1pky BCAKyIO HeNpepbIBHy!O qhyHKUMIO, NMPHHHMAIOLLyIO paBHbie 
3Haye€HHA B TOYKAaX O H 1, MOXHO PaBHOMePpHO NpHOAWKaTb B HHTepBate 
0 =x=1 TpuwronometpwyeckuMH NOAKHOMAMH, TO cpopmy-ia (4) umeeT MeCTO 
AAA BCEX HENPepbiBHbIX cbyHKuMH f(x), Aaa KOTOpHIx f(0)—f(1). Ecau g(x) 
XapakTePUCTH4eCKaA cpyHKWMA (B CMbICIe TEOPHH MHO>KECTB) MHTepBata [xX,, X2), 
TO JIA NPOKSBObHOrO # > O cyulecTByIOT HeNpepbIBHBIe yHKUHH f, H fy, PaB- 
Hple Hy.110 B TOUKAX O H 1 M yAOBIeTBOpAIOUIME yCAOBMAM 


AG) = B19) =H), | 
. O=xS)). 
JC)—ACO)dx <e | 
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V3 Hepapexcts 


1 l 


. ; : 
lim sup | 2(x)dF,,(x) = lim | Sa(x) dF, (x) = | f(xydx = Jg@odx+e, 
n>® () 1) 0 
1 1 it 


t 
lim inf | g(x)dF,(x) = lim | fxd F(x) = | fx) dx = fg(ydx—s 
n->O 0 vwI Vy ft) fn) 

B CHy MIPOHM3BOJIbBHOCTH & CAE LyeT 


it 1 
lim (F,.(x,)—F,,(x)) =lim | g(x)dF,(x) = | g(x)dx = x—x, 
n->@ n>D 0 
aaa O< X, << x,< 1. Orctoga noszy4aem cooTHOWeHHA 
lim sup F,,(x) = lim (F,, (x) — F,,(x:)) + lim sup F(x.) = x—x, +1, 
lim inf F,,(x) = lim(F;, (x) — F,,(x,)) = x—x, 


ama O< XH, << X< xX, < 1, u3 KOTOPHIX NpH x,—+O0 H x,—1 BbITeKaeT 
lim ¥ (x) == Xa 0 ax'< 1, 


VUtak emMMa OKa3aHa. 

2. pn G=Z,, rae Z,— KOHeYHad UMKIMYeCKad rpynna nopagKa rc 
AMCKpeTHOU TONOOrMeH, Teopemy jOoKazanu A. /J[IBOopeuKkunu u HU. Bonp- 
posuu ({l], Teopema 2); (cm. taoxe /[bupew [3] x» Bopo6ses {8}). 

JlokazsateapctBo Teopemum. Ilycth y—npou3BoubHbIM HenmpepbiB- 
HbIM Xapaktep rpynntt G. U3sectuo, yto 1u60 y(G)—K, Ando x(G)= Z,, 
mpu HexoTopom r= 1, 2,... (cm. [6], crp. 251). U3 HenpepsipHoctH xapaktepa 


ciefsyeT, 4TO 
av.) x(&), eee 


Cny4aiiHble BeAMYMHbI CO 3Ha4eHHaAMM B rpynmme y(G) HM ABAAIOTCA TaKKE 
He3aBuCMMbIMM. M3 paBeHcTBa 
P(x) €V) = PE € x '(V)) 
cnenyet, 4to x(&,), 7(5.),..- — OAMHAKOBO pacnpeseseHHble Cily4avHble BesH- 
4HMHbI WB CHy mpezno.oxKeHus (1) 
P(7(&)€ V)>0 
[WIA BCeX HeMyCTbIX OTKPbITHIX MOAMHOKeCTB V rpynnbl 7(G). 
Bpegem o0o3Hayenne 


P,,. (E) = P(x (6) x5.) (Gn) € E). 


Viz aemmpt uw Teopemsi J[BopeuKoro wx BoArbposwhua Noary4aem, 
yTo Mepbt P,, y MpH m— ow ciad0 CXOAATCA K Mepe Xaapa my rpynnet 7(C). 
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Takum o6pa30m 


(5) lim | h(bu)Px2(du)— | h(bu)mz(du) = | h(u)mz(du) 
A(G) x(G) 


n> XG) 


JIA MpousBobHOrO alemeHta 6 rpynnbl 7(G) M MpOu3BO-1bHOM HeNpepbIBHOH 
dbyHkumu A, 3aqaHHOH Ha rpynne y(G). 

Tlycrs f—nenpepbipyat dyHKuaa na rpynne G. U3 annpoxcumau- 
OHHOM Teopemss ®. Tlatepa—I. Beuaa (cm. [6] u [7]) caeayet, 4To 
it mpousBosubHoro ¢>O cyulecTByeT KOHe4HaA JIMHeMHad KOMOMHAaMA Xa-— 
pakTepoB 

W(x) = 4 7: (X) + Goxo(x) + +++ +x 7x (X), 
oOsaparollad CBOWCTBOM 
(f(x) — W(x)| <é 


waa pcex x€G. Orcioqa nosyyaem CuefyroulHe OWeHKH : 
J fee ayun(ds)— [fC tm(dx) = J fle+a)— Wx +a) | dx) + 


— 


+ J |fG)— WO) | tend) + | [ W644) un (dx)— | W(x) tem (a) 


sacle 
S2e+ Dia, 


[eG t.a)ten (dx) — f 7.0) tn (4x) 
G G 
Orciofa VW M3 paBeHCTBa 


| xGc+ayun(dx) = J w(a)uP,, (du) (n= 1,2, ..:) 


(6) 
B culy opmysbt (5) (npx 6= (a) uv h(u) =u) caenyeT HepaBeHcTBo 


6) [ert anntds)— [fCa)un(d)| <« 


mia n,m = N(e). 
Beakou mepe “, (n= 1, 2....) coorseTcrayeT MHeHHBIi (PyHKUHOHA.1 


La(f) = | f(x)tn(d2), 


ABNAIOIMMACA SJIEMEHTOM COMpsAKEHHOFO NpOCTpaHCcTBa K npoctpanctsy Banaxa 
BC€X HeMpepbIBHbIX (yHKWW Ha rpynne G. Tlocko.bKy “&,—BePOsATHOCTHBIE 
MepbI, TO yYHKUKOHAabI L, AMeIOT HOpMy 1 M B CHJly aToro u3 (6) caenyer, 
4TO MOCHEROBATEIbHOCTh qyHKUMOHAIOB L, C1a60 CXOMHTCA K HEKOTOPOMY 
JMHeHHOMY dpyHKuMOHay L. B cury u3BecTHbIx TeopeMm (pyHkunOHa L uMeeT BUA 


L(A) = | f)u(ax), 


re —mepa Papona (cm. [4], § 56). 
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Takum O6pa30m nocneqoBatTenbHocTh Mep 4, C1a00 CXOMMTCA K Mepe u. 

U3 dopmyazbi (6) npu n,m-—> co cnenyer, uTo 

J f+ a)u(dx) = | f(x)u(dx) 

G G 
WA NPOWSBOAbHOH HenpepbiBHOK cbyHkumM f M MpoU3sBOAbHOrO a|neMeHTa a 
rpynnbt G. SHauut, w aABIAeTCA MHBapMaHTHOn Mepoii. TlockoubKy u(G)—1, 
TO M3 €MHCTBEHHOCTH Mepbi Xaapa (cm. [4], [7]) BbireKaeT, 4TO “—HOpMupo- 
BaHHad Mepa Xaapa Ha rpynne G. Vtak, Teopema joKa3ana. 

SaMeTHM, 4TO B JOKAZATeENBCTBE TeOPeMbI MbI HE MOJb3OBAMCh Cylle- 
CTBOBaHHeM MepbI Xaapa (Teopemy Beiina wu pyre Teopembi, HCNO/Ib30BaH- 
HbI€ HaMH, MOKKHO JOKa3aTb 63 MOMOLIIM Mepbl Xaapa (cm. [9])). Takum 06- 
Ppa30M M3 HallleH TeOpeMbI BbITeKaeT CyUeCTBOBaHMe MepbI Xaapa, ecu TOAbKO 
WOKaKEM (ONEBHIHO, HE HCNOb3yA CyUeCTBOBaHMA MepbI Xaapa), YTO MODKHO 
HATH MOCENOBATEAbHOCTh CAyYaMHbIX BeIM4MH §,,§,... Ha rpynne G, ypos- 
JI€TBOPAIOMIMX YCJIOBMAM TeOpeMbI. JlerkKO BHJeTb, YTO CYLIECTBOBaHMe TAaKOii 
NOCEMOBATEbHOCTH BbITeKaeT M3 CYI[ECTBOBAHHA XOTA Obl OMHOK MepbI, yIOB- 
JleTBopsroulen ycnopuio (1). CyulecrBopaHue TakOw MepbI TPMBMaANbHO JIA 
cenapa6eJbHbIx rpynn. Takum O6pa30M, yCTaHOBJIeHHyIO HAMM TeOpeMy MO)KHO 
PaCCMaTPUBaTb KAK TeOPETHKO-BEPOATHOCTHOE JOKA3aTeIbCTBO CYyLIJeECTBOBAHHA 
Mepbr Xaapa Ha KOMMYTATHBHBIX, CeNapaOebHbIx, OMKOMMAKTHBIX rpynnax. 

Astoppl OnarogapuHpl JI. TiykKaHCKOMYy 3a ero WeHHbIe 3aMe4aHHA. 


Matematuyeckui Uuctutyt Axagemuu Hayk Bexrpun, 
Maremaruyecknit Uncrutyt Moapckonw Axanemun Hayx 


(Noctynunao 11. i. 1956.) 
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ON THE LIMITING DISTRIBUTION OF SUMS OF INDEPENDENT RANDOM 
VARIABLES IN COMMUTATIVE COMPACT TOPOLOGICAL GROUPS 


By 
A. Préexopa (Budapest), A. Renyi (Budapest) and K. Ursanik (Wroctaw) 


(Summary) 


Let G denote a compact commutative topological group. The following theorem is 
proved : 


If &, & ...,8,,..- are independent and equidistributed random variables with values 
belonging to G, and P(—,€U) >0 for every open, non-empty subset U of G, then the 
_ Sequence of measures wu, (E) = P(E, + & +---+&, €E), defined for all Borel subsets of G, 
converges weakly to the Haar measure « on G, normed by the condition «(G) =|. 

The proof is based on the validity of the theorem for the following two special cases: 

1. G is the multiplication group of the complex numbers e* (O= 3 < 22) which 
case has been considered previously by P. Lévy [5]. 

2. G is a finite cyclic group which case has been considered previously by A. Dvo- 
RETZKY and J. Wotrowizz [I]. 

The proof makes use also of the theorem of F. Perer and H. Wevt. As there exist 
proofs of this theorem, which do not make use of the existence of the Haar measure 
(see e. g. [9]), the theorem proved in the present paper can be considered as containing 


a new proof of the existence of the Haar measure for commutative compact (separable) 
groups, by a probabilistic argument. 


ON SECONDARY STOCHASTIC PROCESSES 
GENERATED BY RECURRENT PROCESSES 


By 
L. TAKACS (Budapest) 
(Presented by A. Rényt) 


Introduction 


Let us consider the random function 
(1) i) He esltact y A); 


defined for all moments ¢>0, where the time instants {¢,} are random vari- 
ables following some probability law and {y,} (a=1,2,...) is a sequence 
of equidistributed random variables which are independent of each other and 
of the ¢,’s. Let P{y, =x}—H(x) (n=1,2,...)|denote the common distrib- 
ution function of the random variables yz, and let f(u, x) be a given func- 
tion of two variables. Stochastic processes of the same type have been already 
investigated in some earlier papers of the author [9] and [10]. [9] deals with 
_ the special case when the instants {7,} are forming a Poisson process. In 
[10] we have investigated the process (1) in the case when the instants 
{t,} are forming a recurrent process. However, in [10] we have restricted 
ourselves to the special case 


0 ihe tres), or x <0, 
pe Hare ie) "and-x = 0; 


(2) fu, x)= 


@ being a positive number. 

The present paper contains the generalization of the results of [10] for 
the case when the form of the function f(u,x) is arbitrary. In the present 
paper we always suppose f(u, x) =0 (if u<0), though this does not mean 
any restrictions. As in [10], we suppose that the sequence {f,} forms a recur- 

-rent process. This means that in the sequence {t,}, the time differences 
E,=ti—ta-1 (n=1,2,...; =O) are equidistributed independent positive 
random variables. Let now P{§, =t}—= G(t) denote the common distribution 
function of the variables §& (n= 1,2,...). From the positivity of the vari- 
ables {&,} it follows that G(O)—0. 

The above processes are extremely important for, the theory of particle 
counters, as well as for the theoretical treatment of anode %urrent fluctua- 
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tions in vacuum tubes, problems in communication theory and other physical 
problems. From the point of view of practical applications the stationary 
case is particularly important; i. e. the equilibrium state which develops 
after the process being in course since an infinitely long time. Therefore we 
introduce the following random function: 


(3) w= _ St—te a), 


where the summation has to be extended for all instants ¢, which occurred 
before the instant ¢. We suppose that the time differences & —t,—ta-1 
(n=0, +1, +2,...) are mutually independent equidistributed positive ran- 
dom variables with the common distribution function G(t). We shall show 
that the process 7;*(t) exists under general conditions. 

It is easy to see that if the process 7(t) shows a definite stochastic 
behaviour for f+ , then the process 7/*(¢) shows the same stochastic be- 
haviour in every finite moment f. 

In the sequel we deal first with the determination of the distribution 
function and of the moments of the process 7(t). We give conditions under 
which the limits of these quantities exist as t—+oo and we give the limiting 
values. Following this we deal with the problem of the existence of the pro- 
cess 7/*(t). We give the correlation function of the process 7*(t) in possession 
of which using the results of A. KHINTCHINE [5] the harmonic analysis of 
the process 7*(t) can be easily performed. It should be mentioned that in 
[10] we could not perform the harmonic analysis of the process 7*(t) even 
in the special case of the function (2). Namely, for this purpose we need 
the knowledge of the behaviour of the process 7*(t) also for signals which 
are more general than those in (2). Now we shall perform this analysis 
additionally. 

We introduce the following notations: Let 


(4) Pin(t) = x} = F(t, x) 


denote the distribution function of the random variable 7(f). If the limiting 
distribution function lim F(t, x)= F"*(x) exists, then, for all f, 7*(t) has the 
t+ 


distribution function 
(5) P{7°(t) Sx} =F*(x). 
Furthermore, let 


(6) P(t, 0) = | ed, F(t, x) 


be the characteristic function of the variable 7(¢) and, if the limiting distrib- 
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ution F*(x) exists, let us put 


ie) 


(7) D*() = | ea F"(x), 
We denote by M,(¢) the k-th moment of the random variable CA Be 
(8) Mu(t) = MX(q(0))*} = | xd. FU, 2). 


Especially, denote M(t) the expectation and D*(t) the variance of nity, ie. 
M(t) M,(t) and D*(t)= M,(t)—[M,(t)f. Finally, let us put M,—lim M,(t) 
t+o 
and, especially, M—lim M(t) and D’=—lim D°(t), provided that these limits 
t>+o t+o 
exist. 


§ 1. Investigation of the process 7(t) 


As regards the function f(t, x) figuring in (1), we suppose only that it is 
a Borel measurable function of x for all ¢ 


THEOREM 1. Let us put 


(9) git, 0) = f eed H(x). 


Then P(t,«) can be determined from the integral equation 


t 
(10) P(t, 0) =| O(t—x, w) g(t—x, @)d G(x) +1—G(). 
0 
Proor. The validity of the integral equation (10) may be proved by 
separating the term according to the instant f, in the expression (1) of 
7(t). Then, under the condition that 4, x holds, we have 
f(t—x, m2) +n(t—x) if xst 
ae) mG if x>t. 
Here the random variable 7(t—x) is independent of f(t—x, y,) and the dis- 
tribution of 7(f—x) is the same as that of 7(t—x). Noticing this fact, the 
characteristic function of the conditional distribution of 7(¢) under the con- 
dition 4;-—=.x can be given by 
P(t—x, w)g(t—x,w) if xSt, 
(12) D(t, wo; x)= | ; eae 


2* 
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and, by integrating (12) with respect to dG(x) from x0 to x= ~, D(a), 
the (unconditional) characteristic function of 7(¢) will be obtained. Thus we 
obtain (10). 

We note that if the limit lim D(t,w)—= D*(w) exists and @*(@) is 


continuous at » =O, then the limiting distribution lim F(¢, x) — F*(x) also 
‘ t+o 


exists and its characteristic function is ®*(w). Knowing ®*(@) the distribu- 
tion function F*(x) my be uniquely determined. (P. LEvy’s and H.CRAMER’s 
theorem.) 

For the solution of the integral equation (10) it is often useful to intro- 
duce the function “(t,m)— @D(t,@)@(t,@). This function will satisfy the 


integral equation . 
(13) P(t, 0) = lt, o) | fee—x, w)dG(x)+ 1—G(f)}. 
0 


| 
. 
; 
Unfortunately, this equation can not be solved explicitly in general; conse- 
quently every special case needs a separate treatment. 

Since the determination of F(¢,x) can not be performed in general, we 
have to restrict ourselves to the determination of the expectation, the vari- 
ance and the moments of 7(f). 

We introduce the following notations: let m(t) be the expected humbem 
of events ¢, occurring in the time interval (0, ¢), i. e.. : 


(14) m= > Gt), | 


where G,(¢) denotes the n-fold convolution of the distribution function 0) 
with itself. Further, let us put 


(15) w= | UGH) — G=1,2,..9 


provided that the integrals (15) exist. 
Now we shall prove some theorems concerning 7(¢). 


THEOREM 2. For the expectation M{7(t)} = M(t) we have 
t 
(16) M(t) =| a(t—x)dm(a). 
0 


Furthermore, if G(t) is not a lattice distribution functian with finite mean 
value 


(17) =| tdG) 
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and limtd,(t)=0, then 
t>+o@ : 


(18) jim M(t) — | A,(t)dt, 


provided that the integral in the right member of (18) exists. 


Proor. As it is well known, the expectation of a sum of random vari- 
ables is equal to the sum of the expectations of the terms. Hence 


(19) M{n(t)} = MUft—tn, x9). 


(The restriction ¢,<¢# is taken into account automatically since f(t, x) =O 
for ¢<0.) Here we have 

t 
(20) M{f(t—th, xn)} = | 4¢—x)dG, (2). 

0 
Hence (16) follows by using (14). 

Proving the second part of our theorem we quote a theorem of 

D. BLACKWELL [1] and J. L. Doos [4], in which they have proved that if 
G(ft) is not a lattice distribution, then for any 4 >0O we have 


(21) lim [m(¢+ h)—m(t)] =e. 


Let us write M(t) in the form 
#/2 t 

(22) M(t)—=| &(t—xdm(x)+ [ 4 (¢—xdm@a); 
0 tz 

using (21) it can be shown that 


t © 


(23) lim | A(t—x)dm(x) = " | A(x)dx 


4/2 0 


4 


and, by virtue of the conditions stated, for sufficiently large ¢ we have 
|ta,(t)|<« for any « >0. Consequently, choosing ¢ sufficiently large, we shall 
have 

a t/2 

, m(t/2) 
0 


ie 


Since lim m(t)/t= 1/9, the first term of the right member in (22) tends 
t>o 


to zero if f+ oo and thus (18) is proved. 
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We note that we could have started also from the integral equation 


(25) M(t) =| {a¢—¥) + M(t—)] dG), 
0 
which is easy to prove; this way would lead us to the same results. 


THEOREM 3. For the variance D*{n(t)}—D?(t) we have 
(26) Di(t) = | (a(t—x) +24, (t—x) M(t—x) d(x) — M*(2). 


Furthermore, if G(x) is not a lattice distribution function and has the mean 
value $< ce, further if lim ti,(t)=0 and lim ta,(t)—0, then we have 
t-»@ t+o 


@ 


a 2 
(27) lim Dt) = | [do(t) +24, (t)M(f)]dt— & J L(dat| 
t>+o 12 AOS 
0 0 
provided that these integrals exist. 


Proor. By (10) or by the well-known theorem on total expectation 
we obtain easily the following relation: 


D*(t) =| D'(t—x)d G(x) + 
(28) . 


t 


+ | [M2(t—x) +. 22,(t—) + a(t) dG) — M0). 


This is an integral equation of Volterra type for D°(t). Now it will be more © 


useful to regard the function D°*(t)+ M*(ft) as unknown; the corresponding 
formula for this function is 
t 


(29) D*(t)+ M*(t) = SS | [A.(t—x) + 24,(t— x) M(t—x)]dG, (x). 


0 


Using (29) and .the expression (14) of m(t), we obtain the formula (26), | 


which was to be proved. 
The proof of (27) is analogous to that of (18). 


THEOREM 4. Denoting by My(t)—=M{(1(t))*} the k-th moment of n(t) 
we have 
k i k : 
(30) M.(t) - Pail : } | Mj(t—x) dx-;(t—x)dm(x), 


0 


provided that the right member of (30) exists. 
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Furthermore, if G(x) is not a lattice distribution function and has the 
mean value $> further if we have \im ti;(t) 0 (j=1,2,...,k), then 
t+>o 


yaa 
(31) tim mO= x S| i) | M,(t)dx-;(t)dt, 
0 
provided that these integrals exist. 


Proor. Let us form the k-th derivative with respect to of both sides 
of (10) and put »=0; in this way or by the well-known formulae con- 
cerning total expectation we obtain 


(32) M,(t) = J * [i | Mx) (x) d GQ. 


If M,(t), M2(t), ..-, Mx-1(¢) are already known, then (32) is an integral 
equation of Volterra type for M,(t). Its solution may be obtained in the 
explicit from (30). The existence of the limit (31) may be proved by using (21). 


§ 2. Investigation of the process 7*(t) 


We first deal with the question, under what conditions the stochastic 
process 7;*(t) exists. We shall prove the following 


THEOREM 5. /f G(t) is nota lattice distribution, if its.mean value + is 
finite and 


(33) J | f(t, »\dHeo| dt<~, 


then the process n*(t) exists with probability 1. 


Proor. This theorem is an obvious consequence of the known theorem 
of Beppo Levi, here we give, however, another proof. Let us fix the instant 
t and divide the time interval (—,ft) by means of the points t—nh 
(n=1, 2,...) into subintervals, each of length h, and put 


~! 


hn > f(t-t, x) 


t-nh <t, St -(n-Dh 
then we have 7*(t)—=7,+7+--:+%n+-::, i.e. n°(t) can be expressed as 
an infinite sum of random variables. The necessary and sufficient condition 
for the convergence with probability 1 of this series is 


(34) lim lim lim P {| ain + Mnst bss # Mate | < 8} y= 1,2,...,p}—1. 


é>0n>O poo 
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Now we shall prove that, under the conditions stated above, (34) is fulfilled 
and hence the series >) 1. converges with probability 1. Obviously we have 
i=l 
(35) P{| n+ Natt 4 rior + Nnir| Sy Asse lL. 2; Toy Pt = 
= P{ || + [anti] +++ +] tase] < &}- 


Applying the well-known inequality of Markov concerning non-negative ran- 
dom variables, we obtain for the right member of (35) 


M{) tin) | esa |b os | tates 


é 


(36) = P{| rin] iajinss| t+ -+- + [tne] <e} = 1— 


Moreover, we have 


i 


(37) M{|7n|} => 5 J | Sine vanes} 
an Wh 


what follows from 
we ~ \S(t—tr, xx)| 


t—nh<t,<t-(n-Ih 
and from the fact that under our conditions the expectation of the number 
of events occurring in an arbitrary time interval of length uw is u/P (Cf. 
D. BLACKWELL [1] and J. L. Doos [4]). Now, in consequence of (35), (36) 
and (37), we have 


P {| in Mati + a Nate | £5 1, 2, vey DP} = 
(38) (n+p)h 
1 
=e ie sian 


(n-I)h -@ 


If in (38) p—+ co, n+, ¢—+0, then the right member of (38) tends 
to 1 in virtue of the finiteness of (33). Since, further, the left member of (38) 
is not greater than 1, therefore we obtain (34) which was to be proved. 

If the process 7/*(t) exists, then the distribution function P {7*(t) = x}= 
— F*(x) also exists and clearly we have F°(x) = lim F(t, x). We can obtain 
by the same way the moments of 7*(f) as the timits of the moments of 
Fulah 

Thus we can state that under such conditions which ensure the vali- 


dity of (18) and (27), the expectation and the variance of 7*(¢) exist and 
they are given by 


(39) M {7"(t)} = bf (t)dt 
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ies 
and 


© 


(40) P= D*(7"(t)} = J wiorreneomenae(3 i i(at). 


0 
Furthermore, if (31) exists, then we have 


(41) Me = MOR) = EE (F) | mina code 


These formulae are wide generalizations of those of N. CAMPBELL well-known 
in physics. N. CAMPBELL [2], [3], gave only the expectation and variance in 
a certain special case. His results were generalized by E. N. ROWLAND [8], 
A. KHINTCHINE [6], S. O. Rice [7] and others for secondary processes gener- 
ated by a Poisson process. The formula (41) is a further generalization of 
these results for secondary processes generated by a recurrent process. 

Now we wish to determine the correlation function of the process 7 dd): 
It will be defined by 


(42) R(t) = eA 


THEOREM 6. /f the variance D’ of the process 7*(t) exists, then, for 
every t, the correlation function R(t) exists, and we have 


fee} 


@ 


IH f(t, flt—t, )dH(x)| at + 


ike beth a Ju (OMt—n-+4 BR ios 


Proor. Let us introduce a new process in the following manner: 
. O(t) = 7 (t) +7 (t—7). 
It differs from the process 7*(¢) merely by taking the signal g(u, x)= 
= f(u,x)+f(u—t, x) instead of f(u, x). Here we suppose t >0, though all 
our considerations are valid also for negative values of t, as the function 
R(t) is an even function. Now, using the formula for the variance of a sum 
of random variables, we can write 


(44) D?{6*(z)} =D*{7°()} + D?{ 77 (t—1)} + 2D (7 (t)} D7" (t¢—D) } RO), 
re. 
45) D*(F()} =2D[1+ RO]. 
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On the other hand, by formula (40) we can determine D°{6*(t)} if we 
apply it for signals of the form g(u, x)=f(u, x)+f(u—t, x) instead of 
f(u, x). So we can finally compute R(r) by the aid of (45). R(x) will be 
generated by (43). 


REMARK. If we introduce the function 
(46) A(t) = | A(t)Aa(t+a)dt, 
0 


which is an even function of vt, then we obtain the following substitution, 
often very useful for computing D*: 


(47) [acym(ydt— fau(Qam(o. 


0 


The computation of R(r) will be facilitated by the substitution | 


(48) [[a(t)M(t—1) +4, (t—) MO] dt— | lé+-0) + 4u(¢—d)]dm(t). 

0 0 
Furthermore, we note that the average function m(¢) may also be determined 
by the following integral equation of Volterra type: . 


4 
(49) m(t)=G(t)+ | m(t—x)dG@). 
It may be easily solved e. g. " Laplace—Stieltjes transforms, namely 


for N(s) >O we have 


8 ; 


50) | eam mas) 
( J erant= 725% 
where 
(51) o(s) =| edG(x). 
0 
EXAMPLE. Let be 

xe- Hf iO and Oxo, ; 
52 fe . 
(2) JaN=)% if u<O or x<0 


and M{y,} —«, D*{y,} 0°, furthermore let us introduce the notation 


fee) 


(53) gle dG(x). 


0 


Then we have 4,(t) = ue, 4,(t) = (0° + we? and Ay (vr) = we-"l/2@, fur- 
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thermore 
(54) tip =a me cet a 

pellet) aoppescray 
and, by (40), 
55 SIRT oes of Shine A Sieg we 
(52) wee 2ad af 1—6 &F° 
Using (43), we obtain for R(x) 
(56) R(t) =e + 

|z] @ 


oe eval | eveam(x) + alt| | g-axg Bell = 1—e-elel 
hag seni eincandenianeinl ct mame cal 
0 


|r 


R(t) depends on the special form of m(f). If the underlying process is a 
Poisson process, i. e. m(t) = t/, then 
(57) R(t) =e 
independently of the special form of the distribution function H(x). 

If the correlation function R(r) of the process 7*(t) is known, then its 
_ Spectral distribution function F(w) can also be determined by a well-known 
formula of A. KHINTCHINE [5]. According to this we have 


@ 


(68) R(t) = | cos ord F(o). 
Especially, if R(r) =e", then 
* A 2c 1 
(59) r (o) = ar e+ a : 


We make still some remark about the physical meaning of the spectral 
distribution function F(@). It may be illustrated by the following example: 
if we regard 7*(t) as a current which is led through a unit resistance, then© 


the average dissipated power will be 


== DP + M’, 


+ orw@yat 


(60) lim M 
T>@ 


_and the fraction of it falling into the frequency band (0,@) will be 
_M?+ D®*[F(w)—F(—o)]. Here @ denotes circular frequency, i.e. o=—22f 
where f denotes the common frequency. 
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O BTOPHYHbIX CTOXACTHYECKHX MPOLWECCAX, MOPOYKAEHHbIX 
PEKYPPEHTHbIMH TIPOLIECCAMH 


JI. Takay (Byyzanewr) 


(Pest me) 


PaccMOTpHM CTOxaCTHYeCKHA Nporecc 
af (Os gi fst 
-O<inSt 

OnpefenenHbii 1A MOMEHTOB BpemeHn f, rae f, Cay4aiiHble MOMCHTbI BPeMeHH, a Y, CY- 
yabubie napameTppl. IpeqnonoxKum, uto ft,—f,-; (n=O, +1, +2,...)—HesaBucumpbie 
NOOKATEbHBIC CYYAWHBIE BENMYHHbI C TO KE yHKUMe pacnpezenenua G(x) u 4TO Cay- 
uaiiHble NepeMeHHbIe XY, HE3ABMCHMbI MeKAY COOO, HE SaBUucAT OT f, KH OORaaWT O6MeK 
yHkunel pacnpenenenua H(x). Mycre aanee f(u, x) 3agannaa dbynKuna pByx nlepeMeCHHBIX 
Taxaa, uTo f(u, x)=0 npn u <0. 

Ilycrp 


m(t)= > G,(0), 
a=) 


rye G,(t) n-Kparnaa Komnosuuna G(t) camum co6oi u 


@ 


40 —= | Lf PdH(@®) — (J=0,1,2,...). 


-@ 
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B Hacroauet padote soKasbinaorca MO*KAY MPOYHM CrepyroulMe npennowKenna : 
1. [Mpouecc 7*(f) cyusyectsyer c seposTHoctsw 1, ecan 


j [ise pjane)| dieoe. 


0 
@ 
2. Ecnu G(x)—wnepeweryataa dyukuma pacnpegenenua, = | xdG(x)<oo u 


oe ta;(f) =0 (j= 1, 2,..., 4), To a9 k-oro Momeuta oT 7*(f) uMeem: x 
t >a 


k-1 
Me = MK} = 5 > ) { M;()Ax_;(Odt. 
j=0 


Durypupyure B aTow dopmyne hynKynn M,(t) (kK =0, 1, 2,...) MooxxHO onpenennTe, 
ucxona “3 My(t)= 1, cnepyroujen pexypcuBHom dopmynon: ~ 


t 
k-1 


my = >’ (4) J Mj (t—x) Ay_;(t—x) dm(). 


j=o 


IlpupepesHbIM pesyAbTaT ABIAeETCA faneKO HAYLIHM OOOOWIEHHEM XOPOWIO M3BeCTHBIX 
H3 u3H4eCKOK AMTepatypHI popmyn H. KemOeuna. 


3. Tlycts M—matematnyeckoe oxuganne ot 7*(f), D?—pucnepcus, a ero chynkuna 


KOppesALAH 
M {'7*(t)7*(t—t) } —M® 


R@)= m3 


Torga ameem 
RO= pF. | p [7 0f0—+ aH) dt+ 


1 op j My t—1) + At MO] dt— 


4. Tipumep. Iyctp aaa a > 0 


peehr eo pe “0, x0, 
fu, =} 5 npw u<O0 nm x<0, 
o 
w ayer M19} =H, D2{ 19} = 0%, 0 = | e-#dGO. 
0 
Tora uMeem 
eer ee aR” A Pa we 
M=<3° om 2ad ad 1—8 a292 


rel ~at| _e ll 
Z a|t -ax be 1 
RQ) =e “tel l Scar le re e* dm(x) + e | ie a dm(x)— = af "|. 


=) 
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CHARACTERISATION OF THE NINE REGULAR POLYHEDRA 
BY EXTREMUM PROPERTIES 


By 
L. FEJES TOTH (Budapest) 
(Presented by G. Hajos) 


To the memory of my brother J. Feyes Torn (1913—1944) 


The classical theory of regular figures (such as point systems, polyhedra 
and polytopes, tessellations and honeycombs etc.) attempts to give a complete 
enumeration of these figures and to determine their metrical and topological 
properties.’ It may be considered as the systematology and morphology of 
the regular figures. 

Recently various extremum properties of certain regular figures have 
been discovered,’ out of which we mention e. g. the following one. Let us 
distribute on a sphere twelve points so that the least distance determined by 
them should attain its maximum. The solution is given by the vertices of a 
regular icosahedron. 

The recognition of the fact that extremum postulates involve, in certain 
cases, regularity, suggests a natural extension of the classical theory which 
may be regarded as the genetics of regular figures. Regular arrangements are 
generated here from unarranged, chaotic sets by the ordering effect of an 
economy principle, provided we take the word in a sufficiently large sense. 

In the present paper we proceed in this direction, showing, first of all, 
that together with the five Platonic solids also the four Kepler—Poinsot star- 
polyhedra can be obtained as solutions of natural extremum problems. After 
some definitions (§ 1) we shall prove a general inequality (§ 2) which is a 
common source of various extremum properties of the regular polyhedra. The 
rest of the paper (§ 3) is devoted to some remarks concerning regular polytopes. 


§ 1. Star-polygons and polyhedra 


Let O, P,,..., Pn be n+1 (> 3) coplanar points, such that the rota- 
tions (in a given direction) transferring the ray OP, in OP,,...,OP, in OP, 
have positive angles 9,,...,@n less than 7. We call the birt formed by 


1 A prominent representation of this theory is given by H. S. M. Coxeter, Regular 
polytopes (London, 1948). This book contains a detailed description, with abundant historic 
references, of all regular figures occurring in the present paper. 

2 Cf, L. Feyes Torn, Lagerungen in der Ebene, auf der Kugel und im Raum (Berlin— 


Géttingen—Heidelberg, 1953). 
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the line segments P,P,,..., PnP, a star-polygon with respect to the pole O. 
The total angle of rotations is an integral multiple of 2s: 


=) 


The number d is called the density of the polygon, as it is the number of 
times the central projection of the polygon will cover a circle centred at O 
(see Figures 1 and 2). 


Fig. 1 Fig. 2 


Besides the above definition of a star-polygon S (which considers S as 
consisting of its sides and vertices) it is convenient to regard S as consist- 
ing of the triangles OP,P,,...,OP,P,, i. e. as a simply (d=1) or partly 
multiply (d>1) covered region. In this sense we call the total area of the 
above triangles the area of S. 

The intersection of the half planes bounded by the lines P,P),..., PrP, 
and containing the point O will be called the core of S. This is a. convex 
polygon covered by S just d-times. 

If n and d are co-primes (n >2d),OP,=---=OP, and g,=---= 
=, = 2zd/n, the polygon is said to be regular. It is then denoted by 


12 (see Figures 3—6). If d—=1 we have a convex regular n-gon which we 


denote by {n}. 

In spherical geometry we make the restriction OP; < a/2(i=1,...,n). 
Accordingly, the above notions can be transferred without any change to” 
spherical polygons. 

A spherical fessellation is a finite set of spherical polygons, such that 
every side of each polygon belongs to just one further polygon, with the re- 
striction that no subset has the same property. The polygons, their sides and 
vertices are called faces, edges and vertices of the tessellation. 

Let us consider the midpoints of all the edges that emanate from a given 
vertex O and join the midpoints belonging to the same face by segments. 
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We get a polygon called vertex figure of the tessellation at the vertex O. 
We are now able to define a star-tessellation as a spherical tessellation with 
star faces and star vertex figures (with respect to the corresponding vertex), 

We denote in a star-tessellation the total number of face-densities by f 
and the total number of vertex figure-densities by v. We shall find it conve- 


B 


I 


Fig. 3 Fig. 4 


La ee 


a) 1 


Fig. 5 Fig. 6 


nient to regard f and v as the number of faces and vertices, weighted by 
the corresponding densities. 
* We decompose each face of a star-tessellation into triangles based upon 
the sides and meeting at the pole of the face. There are together 2e such 
| iriangles, where e denotes the number of edges. Summing up the spherical 
excesses of these triangles we obtain for the total area T of the faces the 
eee T= 2nf—2ne+2nv. 


3 Acta Mathematica VII/1 
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We introduce the notion of the density d=T/42 of the tessellation, and 

obtain : 
f-—e+v=2d. 

This is a generalisation of Euler’s Formula. 

If all faces and vertex figures of a star-tessellation are regular, the tes- 
sellation is said to be regular. This definition involves the equality of the 
faces and of the vertex figures. If the faces are {p}-s-and the vertex figures 
{q}-s, the tessellation is denoted by the Schlafli symbol {p, q}. 

The definition of a polyhedron is the same as that of a spherical tes- 
sellation, replacing the word ,spherical polygon“ by ,polygon“. Projecting 
the faces of a polyhedron from a point O (not laying in the planes of the 
faces) onto a sphere centred at O, we obtain a spherical tessellation. If the 
point O can be- chosen so that the projection is a star-tessellation, we speak 
of a star-polyhedron. 

Let us suppose that there is a sphere which touches all the faces of a 
star-polyhedron and that the tangent points are all situated in the cores of 
the corresponding faces. Then the polyhedron is said to be circumscribed 
about this sphere. If besides this the polyhedron has as projection onto this 
sphere a regular tessellation, we call the polyhedron regular. 

A regular polyhedron is denoted by the same symbol as the correspond- 
ing tessellation. The nine regular polyhedra can be arranged in the following 
scheme: 


IS 3t {3, 3} {4, 3} {5, 3} 


x 
A 
oh {3, 4} 
® 


CHARACTERISATION OF THE NINE REGULAR POLYHEDRA 35 


ae 5,5 have density 3, while 2,3 and 
density 7 (see Figures 7—10). 

In what follows we shall denote a domain (body) and its area (volume) 
by the same symbol. 


and 


a 


5 have 


Fig. 8 
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§ 2. An inequality for star-tessellations 


We shall prove the following’ 


THEOREM 1. Let S,,...,S, denote the faces of a star-tessellation with f 
faces, e edges and vw vertices, counting f and v with the multiplicity of the 
densities of the faces and vertices, respectively. Further; let O,,...,Ox be 
the poles of S,,..., Sx, respectively, and g(x) a strictly increasing function — 
defined for 0= x < 1/2. Then . 


k 
aa | o.P)da > 4e fea P) da, 
i) 
S. A 


where da denotes the area element at the variable point P, and 4 a spherical | 
triangle ABC with angles A=2f/2e, B=av/2e,C =2/2. Equality holds 
only if the tessellation is regular and O,,..., O, are the centres of the faces. — 


In accordance with §1, where we have considered S; as consisting 


generally of overlapping sheets, | g(O:P)da denotes here the sum of the 
S. 
integrals extended over the triangles determined by O, and the sides of S;. 
Naturally, the above inequality continues to hold for any function not 
decreasing, but then the case of equality is to be examined separately. For 
decreasing functions the inequality holds in the opposite sense. 
The proof of Theorem 1 rests upon two lemmas. 


LEMMA 1. Let s be a segment of a circle I (< 22) with centre O. Then 
the function 


G(s)=| g(OP)da 


is concave for 0=s = 17/2. 


ProoF. Let si, si, 2,83 be four segments of J” cut off by great circles 
passing through the same diametrically opposite points equally distant from O 
so that O0<s1<si<92<s3<T/2 and 4s; =si—s;— 45. =s$—sp. It is easy 
to give an area-preserving mapping of 4s,, upon’ 4s,, so that for any point 
P, of 4s, corresponding to an inner point P, of 4s, we have OP,> OP, 
(Figure 11). Hence by the monotony of g(x) 

| g(OP)da> { g(OP)da 


. 


As, Asy 


and thus G’(s,) = G’(s.). 


3 In the special case of convex tessellation Theorem 1 has been found previously 
by the author (cf. the book quoted in footnote 2). 
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LEMMA 2. Let ¢ be the intersection of the circle I and of a triangle one 
vertex of which is diametrically opposite to the centre O of I’. Then 


| g(OP)da= Git). 


Proor. Let M and N be two points on the boundary of ¢f, such that 
OM=ON and that the area of the segment s cut off from I” by the great 
circle MN equals ¢ (Figure 12). If ¢ is not identical with s, the region 
t—ts has positive area equal to the area of s—st. These two regions have 
the points M and N in common, but any other point of t—ts lies nearer 
to O than every point of s—st. Therefore, writing for abbreviation 


J =| g(OP)da, we have the desired inequality 


ie) sper 


Ss t-ts st 


Let us now turn to the 


Fig. 11 Fig. 12 


PRooF of THEOREM 1. Denote ‘the vertices of S; in cyclical order by 
'P,,...,P,, and its density by d;. Draw a circle 1% around O; with radius 
equal to the hypotenuse AB of the triangle ABC (Figure 13) and consider 
the sectors 7;,..., Yn Of I’; determined by the consecutive rays" ONPig sO oe 
These sectors cover 7°; just d; times. Denote the triangles OP, Frases; OP aP i 
by 4,,...,4, and the intersection of Z; and the triangles O P, P,, yO Pakt 
by t,,.--, fn, where O’ is the point opposite to O;. Denoting finally the part 
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of S; lying outside I; by S{ and omitting g(O;P)da under the integral 
signes, we have 


lee) -AU—J)+J-J-2s+ J r=. 


, 


Biggs 


There are in our tessellation altogether 2e domains of the type ¢, (some 
of which may be empty). Denoting them by 4, ..., fe, we obtain by addition 
of the above equalities 


x J-J-25+z/- 


Hence we get by our lemmas and Jensen’s inequality 


x =1J—Zow+ > J =1)—reo(z 54) +3) f. 


: ’ 
S. Ss 


On the other hand, the total area of the faces is given by 
k 2e k 2e 
Tos > Sx fl— > tt Smile > tT 
i=! iol t=], <=) 
k 
where 7’ = _»' S/. Therefore 
i=1 


xf =s{—2zeo({FoEeT |. 7 
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Later on we shall show that ff—T>0. Hence we may write 
k , ue k 
fs] mole") ae) +3 
= F 2e =i 


denoting by ua subdomain of I” of area u— T’/2e which completes the 
segment of J” of area (f1’—7)/2e to the segment of area (ff —T-+ T’)/2e. 
But in view of the monotony of g(x) . 


2, {—2e J = T’g(AB)—2eu g(AB)=0 
7 ale 20a | t) 45 


; ie) -29(Se alt 


Let us place the circle /’ in a position concentric with the vertex A of 


the triangle J=ABC (Figure 14) and remark that i ah ts 


area of the sector of I’ of angle 2A—-f/e. On the other hand, we have by 
»Euler’s Formula‘ . 


whence 


equals the 


oe altl tie "a 
ea te n= 24. 


f/-T 
2e 


Fig. 14 Fig. 15 


- Therefore (f{f—T)/2e equals the area of the segment cut off from J” by the 
great circle BC, and we have really ff’—T>0. Thus 


£J—bole)- Jame 


This completes the proof of our inequality. 
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The above proof shows that equality holds only if 7’—0O and the ~ 


domains t,,...,fz. are all congruent circle-segments, i. e. if Siginkg OEE 


equal regular star-polygons centred at O,,..., Ox. This is just the case indi- — 


cated in Theorem 1. 

Let U be a domain in a plane touching the unit sphere of centre O at 
the point A and let w be the central projection of U upon the sphere 
(Figure 15). Obviously, the area of U is given by’a surface integral 


U= | g(AP)da, 
g(x) being a strictly increasing function, namely sec’ x. Applying our ine- 


quality in case of this function to the projection of a star-polyhedron circum- 
scribed around the unit sphere with tangent points O,,..., Ox, the left side 


yields the surface area of the polyhedron, while the right side gives the 4e- — 


fold area of the projection of 4 onto a plane touching the sphere at A. 


Hence, by some elementary computation, we obtain from Theorem 1 the following . 


COROLLARY 1. Let F be the surface area of a star-polyhedron circum- | 


scribed about the unit sphere having f faces, e edges and v vertices, counting 
f and v with the corresponding multiplicities. Then 


F2=ésin or ie SE tgs 2 1) 


Equality holds only for the nine regular polyhedra. 


The volume of our polyhedron is V=F/3, provided we define V as 
the total volume of the pyramids which join the point O to the sheets of the 
faces. Therefore the above inequality remains to hold if we replace F by 3V. 

In non-Euclidean spaces the area of the domain U considered above 
and the volume of the cone of base U and apex O cease to be proportional. 


But both can still be expressed in terms of a surface integral J g(AP)da 


with an increasing integrand g. Therefore the above results can be extended 
to non-Euclidean spaces, though the corresponding estimating formulae are 
more complicated. We emphasize the following special case: in a space of 
constant curvature among all convex dodecahedra containing a given sphere, 
the circumscribed regular dodecahedron has the least volume. To prove this 
we have only to mention that we can restrict ourselves a priori to circum- 
scribed dodecahedra with trihedral vertices (f = 12, e= 30, v = 20). 


4 The formula concerning the volume involves tle non elementary functions of 
Scudrii and LopatscHewsky. 
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. Returning now to the case of equality in Theorem 1, we shall show 
that the single condition 7’—O suffices to assure the regularity of the tes- 
sellation. Indeed, if 7; contains S;, then 


Si = a($;) + re 3 +a(¢,), 
where 


a(y) = g—2are tg E tg 4 


denotes the area of an isosceles triangle with sceles of length AB=arc cos y, 


enclosing the angle g, and ,,.. ,y, are the angles at O; subtended by the 
sides of S;. Since the function a(@) is on account of 


Yay in g Get ep 
2 
a 1 i cint + 
2(cos 9 +y’sin a 


Ce} — (0<p<a) 


concave, we can make use of Jensen’s inequality, obtaining 


k 
T=) S85 20a ae |=4ea 
t=l1 2e 

Equality holds only if S,,...,S, are equal regular polygons inscribed in 
I,,...,1%, respectively. On the other hand, the sign of equality must hold 
by Euler’s Formula; this completes the proof of our assertion. 

The condition 7’—0O for the regularity of the tessellation enables us to: 
complete Theorem 1 by the following 


REMARK. Theorem 1 remains true for any non-decreasing function g(x) 
satisfying the condition g(x,) < g(x.) whenever O= x,<AB<xX,< 77/2. 

In fact, if 7’>0, then we have for such a function g(x) with the nota- 
tions of the proof of Theorem | 


k 
ye 2226 [> 0. 
11 
Ss u 


Consequently, equality cannot stand in our inequality, except for the case 
T’ =O, i. e. only in the regular cases. 

Consider again the projection of our circumscribed polyhedron. If the 
polyhedron is not regular there must be a face S; in the tessellation which 
stretches out of /;. This means that the polyhedron stretches out of the sphere 


of radius 
Ff te 
sec AB= tg 6 Bae 


concentric with the unit sphere. We introduce p= 2e/f as the average num- 
ber of the sides of the faces and g—2e/v as the average number of the 
edges of the vertices, obtaining the following 
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CorOLLary 2. /f a star-polyhedron is circumscribed about the unit sphere, 
then the radius R of the least concentric sphere containing the polyhedron” 
satisfies the inequality 


Rf It 
Rie t —t ae ee 
Sp 89 


where pand q denote the average number of the sides of the faces and the 
average number of the edges of the vertices, respectively. Equality holds only 


for a {p,q}, 

With respect to the investigations of the following paragraph we draw 
from Theorem 1 a further conclusion, showing that® the sphere cannot be 
packed so densely, nor covered so thinly by at least three equal circles as the 
Euclidean plane. . 

The case of K=3 circles being trivial, we restrict ourselves to the 
case of kK=4 circles. Furthermore, we may suppose that the centres O,,..., Ox 
lie not all on a hemi-sphere, so that the & planes which touch the sphere at 
O,,...,O; bound a convex k-hedron. This k-hedron may be supposed to 
have only trihedral vertices; this means that f—k, v= 2k—4 and e=—3k—6. 
We apply Theorem 1 to the spherical net of this polyhedron with the non- 
increasing function 
Y *iot7 Oss 


a6 
O for P<xX<a, 


£(x)= | 


k 
r being the radius of the circles. Then Da) g(O;P)da yields the area W 
t=!1 
Sj 


covered by the circles, while | g(AP)da gives the area w of the part of the 


4 


triangle J=ABC o angles A= ube the 


It IU 
75 Ae B=, c=) covered by the 


circle 7” of radius r with centre A (Figure 16). Therefore W=4ew whence, 
by T=42—4ed4, 


a 
470 


IIA 


at 

T° 

Let us still observe that the density of the circles is given by 
kl thi et y(r) 


4n 2¢ 2n° ili 


5 For the sake of completeness we give here the proofs of these results found pre- 
viously by the author. See footnote 2. 
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where y(r) denotes the area of the circular sector cut out fr 
rays AB and AC. pi fhe! 


Suppose now that the circles do not overlap. Then 


i. e. y(r) = w. This involves r= AC, on account of which the packing density 
cannot be greater than 


WE) —E (1S cosec 4 # 
4 2 2 k—2 6)° 


This bound tends for k—» co increasingly to the density of the closest circle- 
packing of the Euclidean plane, namely to z/\/12—0,906.... 


Fig. 16 


If, on the other hand, the sphere is entirely covered by the circles, we 
have by W=4- the inequality = w. This implies r= AB, on account of 
which the covering density cannot be smaller than 

EAD) an & fp aloesouk 4% 
yA ere ie A 
This bound tends for k-+ co decreasingly to the density of the thinnest 


circle-covering of the Euclidean plane, namely to 22/V27 = 1,209.... 
Herewith our assertions are proved. 


§ 3. An extremum property of the regular polytopes 


The concept of a higher dimensional space implies immediately the 
existence of the analogues of the regular tetrahedron, octahedron and cube 
in these spaces. Besides these polytopes there are only 13 further regular 
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polytopes in more than three dimensions, all in four dimensions, 3 of which 
are convex and the remaining ones star-polytopes. Some extremum properties 
of the regular polygons can be easily transferred to the regular tetrahedron, 
octahedron, cube and to their higher dimensional analogues. But very little is 
known in this direction about the ,,non-trivial‘‘ regular polytopes. 

In what follows we restrict our attention to convex polytopes. Let R 
and r denote the radii of two concentric spheres, the first containing, the 
second contained in a convex polytope. We call the part of the space bound- 
ed by the spheres having the least value of R/r the spherical shell of the 
polytope. If for another polytope the minimum of R/r is greater, we shall say 
that it has a greater spherical shell than the first. This terminology enables 
us to give to our result a concise form: 


THEOREM 2. Among those convex polytopes which are topologically iso-— 
morphic with a convex regular polytope, the regular one has the least sphe- 
rical shell. 


This theorem, which is closely related to the Corollary 2 of § 2, holds 
for all numbers of dimension, but the most interesting cases are the three 
non-trivial convex regular polytopes: the self-dual 24-cell® {3, 4, 3}, the 120- 
cell {5, 3,3} and its dual, the 600-cell {3,3,5}. In the remaining cases even 
more general results are known.’ . 

Starting with the 600-cell, let Z7*. be a {3, 3,5} circumscribed about the 
(4-dimensional) unit sphere S, and 7 another convex polytope not congruent 
with /7* containing S and having 600 tetrahedron cells f1,..., f600. Further, 
let 71,..., Te00 be the spherical tetrahedra arising from f,,..., feo by radial 
projection onto S. The total volume of these tetrahedra equals the surface 
area (3-dimensional content) of S: 

T+ +++ Te00 = 270”. 

We shall say that a tetrahedron has a regular position if 1. it is regular, 
2. the hyperplane (3-space) of it touches S and 3. the tangent point coin- 
cides with the centre of it. Since 77 is not congruent with /7*, among f1,..., feoo 
there is either a non regularly positioned tetrahedron having a projection 
= 2*/600 or a tetrahedron (of regular position) with a projection > 217/600. 


We shall show that this tetrahedron has in both cases a vertex lying outside 
of the circumsphere of J7*. 


* {p,q,r} denotes a 4-dimensional regular polytope naving {p,q} cells and {q, r} 
vertex figures. If r is an integer, it denotes the number of cells surrounding an edge. 

7 See footnote 2 and L. Fryes Torn, Extremum properties of the regular polytopes, 
Acta Math. Acad. Sci. Hung., 6 (1955), pp. 143—146. Cf. the following proof with this 
Paper. 
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Denote the radius of the least sphere concentric with S and containing 
a given tetrahedron ¢ by R. We have to show that among the tetrahedra ¢ 
whose hyperplanes do not intersect S and whose projection is =2-1°/600, 
the regularly situated tetrahedron of projection equal to 27c*/600 furnishes 
the least value of R. ; 

Obviously, we may suppose that ¢ touches S at a point O, since other- 
wise it may be approached to the centre of S by a translation so that its 
Projection increases. The problem is then reduced to the problem of deter- 
mining the minimum of the radius e—|R*—1 of the least (3-dimensional) 
sphere of centre O containing ¢ The existence of an extremal tetrahedron t¢’ 
being assured by the theorem of WEIERSTRASS, we assert that ¢’ must be a 
regular tetrahedron with centre O. 

Supposing the opposite case, there is a (2-dimensional) plane p 
through O orthogonal to an edge of ¢’ which is not a symmetry-plane of f¢’. 
Translate each chord c’ of ¢’ orthogonal to p in its own line into a position 
c” symmetrical with respect to p. This process, called symmetrisation of 
STEINER, transfers ¢’ in a new tetrahedron ¢” to which belongs a value of @ 
not greater than that of ?¢’. 


ae p———\ 1 ¢e 
—Ce 


Fig. 17 


Let us observe that each inner point of the segment c’’—c’c” lies nearer 
to O than any point of c’—c’c” (Figure 17). This involves a volume-preserving 
representation of ¢’ upon ¢” which leaves the points of ¢’t” invariant and car- 
ries the others into points lying nearer to O. But, since among two equal 
-volume elements of the 3-space of ft’ the volume element lying nearer to O 
has a greater projection upon S, the projection of ¢” is greater than the pro- 
jection of ¢’. 

Hence ¢” is also extremal. But it can be seen at a glance that the pro- 
jection of an extremal tetrahedron must be equal to 27r*/600. This contradic- 
tion proves our assertion and therewith Theorem 2 in the considered case. 
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The above proof can be extended by pure analogy to each convex 
polytope with simplex (segment, triangle, tetrahedron,...) cells. Then the 
extremum property in question may be inferred by reciprocation to polytopes 
having simplex vertex figures. 

Consider e. g. a 4-dimensional convex polytope JZ’ with 600 tetrahedral 
vertices, such as for instance any convex polytope isomorphic with {5, 3, 3}. 
A reciprocation with respect to a sphere concentric with the spherical shell 
of IT’ yields a convex polytope JZ with 600 tetrahedron cells, the spherical 
shell of which has the same magnitude (quotient of the radii of the bounding 
spheres) as that of JZ’. Therefore this spherical shell cannot be smaller than 
that of {3, 3,5}. Since ZZ and Z7’ are either both regular or both irregular, 
equality occurs only if //’ is regular. 

Thereby all- cases are settled with the exception of {3, 4, 3}. In this last 
case the proof runs as above, making use of the corresponding extremum 
property of the regularly. situated octahedron. 

We call a convex polyhedron isomorphic with {3,4} an octahedron. 
Symmetrising an octahedron with respect to a plane through O and ortogo- 
nal to a diagonal of it, we obtain a new octahedron. Two further such sym- 
metrisations yield an octahedron of centre O with mutually perpendicular 
diagonals. Among the octahedra of this property there is, evidently, a best 
one and a symmetrisation with respect to a plane passing through O and 
orthogonal to an arbitrarily chosen edge shows that it must be regular. Thus 
Theorem 2 is proved. 

Two of the most interesting instances of regular star-polytopes are 
5 5 

,) Yr 9? Ah 3 . 

respectively; on account of this they have the same numerical properties as 

their convex equivalents, apart from their common density which equals 191. 

Our above proof shows immediately that among the star-polytopes of density 


5 
ae 3 


: 


3, 3 and 


They are isomorphic with {3,3,5} and {5, 3, 3}, 


191 having either 600 tetrahedron cells or 600 tetrahedral vertices, 


and 


3,3 


5 
>? have the smallest spherical shell. 

Turning now to sphere packings and sphere coverings in the 3-dimen- 
sional spherical space (i. e. on the surface of a 4-dimensional sphere) we 


8 In case of a tetrahedron, octahedron or their analogues Theorem 2 may be proved 


more directly by applying the symmetrisation immediately to the polytope, instead of the 
bounding simplices. 
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find here relations® essentially different from those in the 2- dimensional case, 
considered at the end of § 2. In fact, the inspheres and circumspheres of the 


cells of the spherical honeycomb {5, 3, 3} form a packing and a covering of 
density 


60 
ee sin =) — 0,774.. 
and 
60 ‘ 20 1 
— (6—sin d) = wy OS — 
pal sind) = 1,439..., 6 3 arc cos 7, 
respectively, whereas in Euclidean space the greatest known packing density 
and the smallest known covering density is z/|/18—0,740...° and 
1257/24 = 1,464..., respectively. 
It may be supposed that the above arrangements of 120 spheres yield 
the absolute maximum and minimum of the packing and covering densities 


of at least three equal spheres in spherical space. We shall show that they 
are locally the best arrangements :”° 


An irregular packing (covering) of 120 equal spheres arising from the 
inspheres (circumspheres) of the cells of the honeycomb {5, 3,3} by a small 
variation of the spheres will have a smaller (greater) density than that of the 
regular packing (covering). 


In proving this, consider the polytope ZI bounded by the hyperplanes 
of the boundaries of the 120 spheres arranged irregularly on the 4-dimen- 
sional unit sphere S. Since a polytope with merely tetrahedral vertices does 
not change its topologic type by little variation of their cells, JJ is isomor- 
phic with {5, 3, 3}. 

If none of the spheres penetrates into another, then the spheres are con- 
tained in the cells of the honeycomb arising by radial projection of IZ onto 
S. These cells are spherical dodecahedra of total volume 222°, not all of them 
being regular. But since among the spherical dodecahedra containing a sphere 

the circumscribed regular dodecahedron has the least volume, the sphere 
must be smaller than the inspheres of the honeycomb {5, 3, 3}. 

If, om the other hand, the spheres cover S, then the polytope JJ is con- 
tained in S. On the other hand, it is circumscribed around the concentric 
‘sphere of radius r=J|1—o’, denoting by @ the Euclidean radius of the 


® H.S. M. Coxeter, Arrangements of equal spheres in’ non-Euclidean spaces, Acta 
‘Math. Acad. Sci. Hung., 5 (1954), pp. 263—274. : 

10 The statement concerning the packing was already noticed in the paper a L. Fees 
‘Tortn, On close-packings of spheres in spaces of constant curvature, Publ. Math, Debrecen, 
3 (1953), pp. 158—167. The statement concerning the covering seems to be new. 


48 L. FEJES TOTH: CHARACTERISATION OF THE NINE REGULAR POLYHEDRA 


covering spheres. But, on account of Theorem 2, r is less than it is in the 
regular case. Hence the spheres of an irregular covering must be greater than 
the circumspheres of the honeycomb {5, 3, 3}. 

Considering the inspheres of the honeycomb {5, 3, 3} as being material 
spheres (spheres unable to overlap), it is evident that none of them can be 
moved separately. Now we have proved that the whole configuration is rigid. 


f 


t 


: 


Our result concerning the circumspheres of the honeycomb {5,'3, 3} can be | 
interpreted analogously: the condition that no ,,vacuum‘ does arise admits 


no other motions of the spheres than rigid motions of the whole configuration. 


(Received 30 March 1955) 


OXAPARTEPH30BAHHE 9 TIPABHJIBHbIX TEJI UX SKCTPEMAJIBHbIMU 
CBOUCTBAMU 


JI. Seew Tor (Bygzaneut) 


(Pe3W Me) “ 


Nlyctb f, e€ w v OsHaYalOT 4MCAO rpaHeH, peOep HW BePpUIHH ONHCaHHOrO BOKPyr cept 
€QMHHYHOFO pafMyca BbINyKNOrTO MHOrorpaHHHKa. Torga, KaK aBTOP yoKe paHee AOKa3an, AIA 
NOBEPXHOCTH MHOrOrpaHHHKa MHMeeT MECTO HEPpaBeHCTBO 


e e 2e 
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JbIX MHOPOrpaHHHKOB, MpPH4eM TaK, 4TOObI PaBeHCTBO HMENO MECTO TOMBKO AA 9 Opa- 
BMJIbHBIX TJ. 
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UNTERSUCHUNG. DER INTEGRALE UND DERIVIERTEN 
GEBROCHENER ORDNUNG MIT DEN METHODEN 
DER KONSTRUKTIVEN FUNKTIONENTHEORIE 


Von 
D. KRALIK (Budapest) 
(Vorgelegt von G. Atexits) 


1. Einleitung 


Die Untersuchung der reellen Funktionen mit den Methoden der kon- 
struktiven Funktionentheorie geht auf S. BERNSTEIN zuriick. Von ihm stammen 
die ersten wichtigen Ergebnisse, welche die einer Lipschitzbedingung «-ter 
Ordnung (0<e@< 1) geniigende Funktion auf Grund ihres Annaherungsgrades 
durch gewohnliche oder trigonometrische Polynome zu charakterisieren gestat- 
ten. Diese Ergebnisse wurden spater auf Funktionen, die eine verallgemei- 
nerte Lipschitzbedingung erfiillen, ausgedehnt, womit auch die sogenannten 
Lip (a, p)-Funktionenklassen’ (0<a@<1; p=1) auf dhnliche Weise zu cha- , 
rakterisieren gelang.? Das Problem des Falles «1 nimmt eine Sonderstel- 
lung ein. Es wurde von G. ALeExiTs® dadurch gelést, daB er in diesem Fall 
statt der Fourierreine selbst den Anndherungsgrad der Fejérschen Mittel der 
konjugierten Reihe betrachtet hat. 

Diese Charaktertsierungen der Klassen Lip (a@,p) besagen kaum etwas 
iiber die Annaherung in einzelnen Punkten, da sie die Abweichung der Fejér- 
schen Mittel von den Funktionen in der Metrik des Raumes L”[0, 22] betrach- 
ten. Im Fall der Funktionenklasse Lip (1, ) gelang es aber G. ALExiTs* auch 
die Frage der punktweise Anndherung zu beantworten, indem er zeigte, dab 
eine Funktion f(x) dann und nur dann zur Klasse Lip(1,p) (po >1) gehdrt, 


1 Eine Funktion f(x) gehdrt im Intervall [a,5] zur Funktionenklasse Lip (4, p) 
(0<a<1; p=1), wenn sie in einem, das Intervall [a, 6] in seinem Inneren enthaltenden 
gréBeren Intervall definiert, dort L-integrierbar ist und fiir geniigend kleine h der Bedingung 


b 
( [ise )? dx)? = C|A\* 


entigt. 
3 eS S.z. B.H. HW. Axuesep, Jlexuuu no Teopun annpoxcumaunu (Mocksa—Jlenuurpag, 
1947), S. 226. 
8 G. Acexits, Sur l’ordre de grandeur de !’approximation d’une fonction périodique 
par les sommes de Fejér, Acta Math. Acad. Sci. Hung., 3 (1952), S. 29—40. 
4G. Avexits, Sur la caractérisation de certaines classes de fonctions au sens de la 
théorie constructive des fonctions, Acta Math. Acad. Sci. Hung., 6 (1955), S. 41—46. 
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wenn es eine L”-integrierbare Funktion (x) gibt, so dah die folgenden 
Ungleichungen fiir alle x und n erfiillt sind: 


nlf: —f)|= 22, a9 —-fole =, 


wo 0,(f;x) das n-te Fejérsche Mittel der Fourierreihe, On(F5) das der 
konjugierten Reihe bedeutet. ALEXITS bedient sich beim Beweise unter ande- 
rem eines sehr einfachen reihentheoretischen Hilfssatzes,’ der kurz folgender- 
weise formuliert werden kann: Damit die arithmetischen Mittel der Teilsum- 


@ 
men einer Reihe > , in der Metrik eines Banach-Raumes beschrankt seien, 
y=l 


ist notwendig und hinreichend, daf die arithmetischen Mittel der Teilsummen 


der Reihe > = in der Metrik des betreffenden Banach-Raumes gegen ein 

v=1 , ‘ 
Grenzelement ® konvergieren und die Abweichung des n-ten arithmetischen 
Mittels von @ die Grofenordnung + hat. 


Im folgenden werden wir durch Erweiterung dieses Hilfssatzes auf die 
Reihen 


> ¢, und > mit O<e<1 


neue Ergebnisse aus dem Gebiet der konstruktiven Funktionentheorie erhal- 
ten. Die ersten beziehen sich auf Integrale und Derivierte. gebrochener Ord- 
nung. Diese Begriffe gehen auf RIEMANN und LIOUVILLE zuriick. Ihre aus- 
fiihrliche Betrachtung befindet sich bei HARDY und LITTLEWOOD,’ wo viele 
interessante Ergebnisse beziiglich der Struktur der Integrale und Derivierten 
gebrochener Ordnung festgestellt wurden. Wir werden den Approximations- 
grad der Integrale bzw. Derivierten @-ter Ordnung (0<@<1) durch die 
Fejérschen Mittel ihrer Fourierreihen untersuchen, aus diesem auf ihre Struk- 
tur schlieBen und so zu Ergebnissen gelangen, welche von HARDY und 
LITTLEWOOD auf direktem, aber kOmplizierterem Wege gewonnen wurden. 
Nach dem Ergebnis von ALExiTs hinsichtlich der Charakterisierung der 
Klasse Lip (1,p) durch punktweise Annaherung erhebt sich die Frage, ob 
nicht etwa eine analoge Charakterisierung der Funktionenklasse Lip (a, p) 
(0<@<1) moglich ware. Die Erzielung einer derartigen Charakterisierung 
nur auf Grund reihentheoretischer Hilfssdtze, wie bei ALEXITS, scheint aber 
nicht méglich zu sein. Wir werden aber auf dhnliche einfdche Weise eine 


5 L. c. 8, S. 32—34. 


® G. H. Harpy and J. E. Litttewoop, Some properties of fractional integrals. 1., Math. 
Zeitschr., 27 (1928), S. 565—606. 
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weitere Funktionenklasse, namlich die Klasse Lip (e—O, p) charakterisieren. 
_ Zu dieser gehéren alle Funktionen, die in jeder Klasse Lip (¢—é, p) mite>0 
enthalten sind. Unser Ergebnis ist folgendes: 


Eine Funktion f(x) gehért zur Funktionenklasse Lip (a—O, p) (O<e<1l, 
1<p<-+ oe) genau dann, wenn es zu jeder Zahl «>0O eine L” -integrierbare 
Funktion B(x) gibt, so da fiir alle x und n die Ungleichungen 


lf; M/s =, a(t; 2) feos 2 


gelten. 


Zum Schluf sei noch bemerkt, da{ die Charakterisierung dieser Funk- 
tionenklasse auch auf andere Art méglich ist, bei welcher wir die Funktion 
nicht durch die Fejérschen Mittel, sondern einfach durch die Teilsummen 
ihrer Fourierreihe approximieren; dann muf aber die Abweichung der Teil- 
-summen von der Funktion wieder in der Metrik des Raumes L”[0, 27] 
gerechnet werden. 


2. Zwei Hilfssitze iiber die Summierung von Reihen 


Es seien 9, 92,.--, n,--- Elemente eines beliebigen Banachschen Rau- 
mes E und betrachten wir die folgenden Reihen: 


@o* 


W. se, «8 Ze, 


v=1 gfe 


wo 0<«<1 ist. Wir wollen die Norm eines beliebigen Elementes U von 
E mit ||U|| bezeichnen; das arithmetische Mittel der ersten n Teilsummen 
von (A) bezeichnen wir mit o,, das von (B) mit o,(a@). Es besteht der fol- 
gende / 


HILFssaTz 1. Wenn die arithmetischen Mittel 0, der Reihe (A) in der 
Metrik von E gegen ein Element S von E konvergieren, wobei 


rast o(4), 


- so konvergieren die arithmetischen Mittel 0,(«) der Reihe (B) auch gegen ein 
Element S(a) von E und es ist 


|10x(e) (|= 0 aa) 


‘Yorausgesetzt, dap auger der Bedingung O<@<1 auch die Bedingungen 
~OS8<1 und a+f<il erfiillt sind. 


“ae 
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Bezeichnen wir das v-te Glied der Reihe 


((:—S)+ Got Pst °° 
mit gp? (v1, 2,...), die n-te Teilsumme bzw. das n-te arithmetische Mitte) 


bs 


mit St bzw. o*% und das n-te arithmetische Mittel der Reihe mit o;(@). 


Nach einfacher Rechnung erhalten wir durch eine aia ae 


™m 


on(e)—or(e) = > Wael ae avernt = 


=n+1 k=1 


™m 


7 DALIT v(y ‘: y-+1) | 
Nach dem Mittelwertsatz der Differentialrechnung ist k'-*—(k+1)'*= 
= (a—1)(K+6)°%, 0< & <1 (K=1,2,...), woraus sich 


Sue °—[k+ 1]*-*)St-+ 91-2 St 


=n+l 
™ ‘S 
Le mye tes i ioe (v + Laas 
ergibt. Unterwerfen wir das erste Glied der rechten Seite wieder einer Abel- 
Transformation, so kann es wegen 


k 
2 SSH (e+ l)ot 


On (@) — 9, (@) = (e—1) ps ee ero" Si+ 


Aun 5% 5 ae 


auch folgenderweise geschrieben werden: 


™m 


Amn = (a@—1) > TORETY 


von+l 


S[k +O) 741 + Gea) Mk Dot + 


+(v—1+6,41)* voy). 


Hierbei ist (k+ 4.) “—(kK+1+4 641) °=@(1+04.—O)E°", wo & einen 
geeigneten Zahlenwert zwischen k+6, und k+1-+ 6,4, bedeutet, und offen- 
bar gelten auch die Ungleichungen: 

|@(1 + Oer1—O,)E 7 "| S 2K", (v—14- O14) < (v1) "5 2 "(y= 2). 
Da definitionsgemaB 


¢ 0; = Op — Stay 


7 Wir verstehen unter o; den Wert von Sit. + Si hg tours Sn anstatt St +S . +55 


n+1 
was das Wesen der Sache nicht beriihrt, erleichtert aber die Rechnungen. 


ee 
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gilt und nach unserer Annahme 


|\.—S|| = — a 
ist, 1aBt sich ||ox|| durch 
ISI 
l|ox|| S = ke a + gel 


abschatzen. Wir erhalten somit fiir A,,, die folgende Abschatzung : 


m 


aanll = > sera | CK +H 2k SI) taco? +2*I 5) 


Daraus ergibt sich sofort, wenn wir die auf @ und e+? gemachten Bedin- 
gungen beachten: 


Anil = Ce, 2) Ay + 2] + c@iisii| + +2], 


m 


wo C,(a@,) und C,(@) nur von @ und ¢ abhangige Konstanten sind. — Die 
Abschatzung von Bn, geschieht auf ahnliche Weise. Wenn wir namlich Bnn 
einer Abel-Transformation unterwerfen, kénnen wir es in folgender Form 
schreiben : : 

m-1 ] 

yor LY (¥+1) (v¥+1) (v4 2) ~ (ney ae ndey 
Daraus ergibt sich wegen 
1 


w(t) Geen (v+2) 


<3 oe 


die Abschatzung 
| Baal = Cole, 8) | aig + pag [+ CISI| gar + peer: 


wo C;(a,) und C,(@) nur von @ und @ abhangige Konstanten bedeuten. 
Mit Riicksicht auf 


1 
one) —0n(@)|| 5 loe(e)—o8(@|+11SI| 1 ag | 


erhalten wir zusammenfassend 


120()—00(@)| = Coles 8)| as + aie |+ CLS gre + are] + 


+1G@+u|++4Iisi. 


wo C;(a, 8)=C,(«, &)+Cs(@, 8) gesetzt wurde. Da nach unserer Voraus- 
setzung «+/< 1 ist, haben wir damit den Hilfssatz 1 bewiesen. 
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Die Umkehrung unseres Hilfssatzes ist im allgemeinen nicht richtig. Nui 
im Fall e=1,8—0 gilt, wie G. ALExiTs’ bewiesen hat, auch die Umkeh- 
rung. Wenn 0<@<1 und das n-te arithmetische Mittel der Reihe (B) gegen 
irgendein Element von E konvergiert und die Abweichung von 0,(@) vom 


Grenzelement die Gréfenordnung a hat, so kénnen wir nur behaupten, dab 


die Norm des n-ten arithmetischen Mittels der Reihe (A) von der Gréfen- 
ordnung log n ist. 


HILFSSATz 2. Wenn die arithmetischen Mittel o, der Reihe 2 vy in der 


Metrik des Raumes E gegen ein Element S von E konvergieren und 


hae Sie o(4] 3 


ist, so konvergieren im Fall O<y<a@=1 auch die arithmetischen Mittel 


On(y) der Reihe > v’p, gegen ein Element S(y) von E, und es ist 
v=1 


on) —SAI—=O[ 25}. 


Der Beweis verlauft fast wortlich wie beim Hilfssatz 1. 


3. Einiges iiber Integrale und Derivierte gebrochener Ordnung 


Sei f(x) eine im Intervall {a, 6] L-integrierbare Funktion. Unter dem 
«-ten Integral von f(x) versteht man die Funktion’ 


fa(x) = Tay) OO" 10 dt, 


wo I'(«) die Eulersche Gammafunktion bedeutet. Man kann beweisen,” dab 
f(x) fiir fast alle x existiert und L-integrierbar ist. In der Theorie der perio- 
dischen Funktionen ist es zweckmafiger, die Definition yon H. WEYL" 
zugrunde zu legen. Nehmen wir ndmlich an, da f(x) eine L-integrierbare, 


8 L.c. 8 S. 32—34. 

9 Vgl. A. Zyamunp, Trigonometrical Series (Warszawa—Lwow, 1935), S. 222—225,. 
10 L. c. %, wo sich auch die Literaturangaben befinden. 

" H. Weyt, Bemerkungen zum Begriff der Differentialquotienten gebrochener Ord- 


nung, Vierteljahrsschrift d. naturf. Ges. in Ziirich, 62 (1917), S. 296—302. S. auch das 
Buch von Zyamunp. 
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periodische Funktion mit der Periode 2 bedeutet, fiir welche 


| f@)ax=0 
0 
ist, so hat H. WEYL gezeigt, daf man in der Definition von f,(x) auch 


+@ 
a==—oco setzen darf. Ist dann >’ C,e”* die Fourierreihe von f(x), so gilt 


nach WEYL” fiir fast alle x 


fu) = S Cre aoe 

Setzt man 2C,—a,—ib,, ferner A,(x)—=a,cos vx+6,sin vx, B,(x)= 
=a, sinvx—b,cosvx, so laBt sich dies in reeller Form folgenderweise 
schreiben : 


A a : ass By (x) 


x)= cos — ares 
Sa( )= — +sin= — ye 


Die Definition der Derivierten @-ter eatin sali folgendermafen: Ist 
jfi-«(x) fast iiberall differenzierbar, so heift die Funktion 


FOX) =F f.-o(x) 


die Derivierte «-ter Ordnung von f(x). Ist fi-«(x) absolut stetig, so ist f(x) 
integrierbar und 
D>, (ince 

die Fourierreihe von f(x). In diesem Fall ist f(x) offensichtlich das Integral 

«-ter Ordnung von f(x). Wissen wir von der letzten Reihe, daB sie die 
Fourierreihe einer L-integrierbaren Funktion ist, so existiert f(x) und hat 
die vorangehende Reihe zur Fourierreihe. In reeller Form ist sie von der 
_ Gestalt : 


wo 7 ey 
cos ae Y y* A,(x)—sin Br). 
y=l1 tA 


12 1. ¢..9, S. 223. 
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4. Annaiherungsgrad der Fejérschen Mittel der Fourierreihen 
von Integralen und Derivierten gebrochener Ordnung 


R Wir setzen voraus, daf die Funktionen, tiber welche wir im folgenden — 
sprechen werden, nach 2z periodisch und L-integrierbar sind, ferner da8 ihr 
_ tiber [0, 27] erstrecktes Integral verschwindet. Als Raum E betrachten wir 
den Raum L?[0, 22] (p= 1) oder kurz L’, wobei wir den Raum der in 
[0,22] stetigen periodischen Funktionen mit L® bezeichnen. Mit o,(/; x) 


bezeichnen wir das n-te Fejérsche Mittel der Fourierreihe > A,(x) einer | 
v1 


beliebigen L-integrierbaren Funktion f(x), mit 6,(f;x) und f(x) die ent- 
sprechenden konjugierten Ausdriicke. 


Satz 1. Ist >) A,(x) eine Fourierreihe, so ist die Reihe pied die 
v=1 v=1 


Fourierreihe einer Funktion g(x), und fiirO0<a<1 gilt auBerdem 
2n 
1 
flontes—-e@|ax—o(2). 
0 


Aus dem Hilfssatz 1 folgt namlich, daB die Fejérschen Mittel o,,(x) 
- und o,(x) der Reihe yas) (0<a@< 1) die folgende Beziehung erfiillen: 


v=1 Vv 


|o@)—o)h—=O[ +2 }—o0). 0 


Daraus folgt,’® daB die Reihe payed Fourierreihe einer Funktion g(x) ist 


v= 


und wegen 0,(x) = 0,(g; x) gilt 


1 
ox(@5)—g@)h—O( 4). 
Daraus ergibt sich das folgende 
KOROLLAR. Sind beide Funktionen f(x) und f(x) integrierbar, so gilt im 


FallO<a<] 
2n 


Jha(te x)—fa(x)|dx = o(2). 


Nach Voraussetzung sind beide Reihen > A,(x) und > B,(x) Fourier- 
reihen und nach Satz 1 konvergieren in der Metrik des Raumes L die n-ten 


BL. c. %, S. 84—85 (Theorem 4, 34). 
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arithmetischen Mittel der Reihen Beatle und ee gegen ihre Grenz- 


funktionen in der Gréfenordnung os woraus die Behauptung folgt. 


Es ist klar, daB man statt der Normen der im Hilfssatz 1 vorkommen- 
den GréBen ¢,, G2,..., Gn,... ihre Absolutbetrage nehmen kann, falls diese 
Gréfen reelle Zahlen sind. Daraus folgt der 


Satz 2. Ist f(x) integrierbar, so gilt fast iiberall 


Joules) —fo0)|—= 0( 4), 


ne 
wo die in O, vorkommende Konstante von Punkt zu Punkt..variieren kann. 


Es konvergieren namlich die Fejérschen Mittel der Reihe >> A,(x) 
bzw. > B,(x) laut bekannter Summationssdtze fast iiberall gegen f(x) bzw. 
f(x). Infolgedessen sind sie fast tiberall von der GréBenordnung O,(1),. 
woraus auf Grund des Hilfssatzes 1 die Behauptung folgt. 

Nehmen wir f¢€ L”(1 <p<-+.~) an, so kénnen wir etwas mehr behaup- 
ten. In diesem Fall gehért namlich die konjugierte Funktion f(x) auch zu 
L’.* Daraus folgt einerseits in derselben Weise wie vorher 


va : 1/p 1 
{f oa(fos 2) fala) ax] =lon( oie) b= [4], 
0 : 
andererseits bleiben die Absolutbetrage von o,(f;x) und 6,(f; x) nach einem 
bekannten Satz von HarDy und LiTTLEwoob” unter je einer L’-integrierbaren 
Funktion : 
|on(F; x)| = Yr(X),  |On(F3 x)| S Yo) 
mit y,€L” und y.€L’. Da die Funktionen y,(x) und +(x) fast iiberall 
endlich sind, folgt auf Grund des Hilfssatzes 1, dai die On (fa; x) in fast 
allen Punkten gegen f.(x) konvergieren und in diesen Punkten ist 
D(x 
lon fos) —fal)| Ss =, 
wo B(x) = Ca:-Max {w,(x), y(x)} und C, eine nur von « abhangige Kon- 
stante bedeutet. Wenn wir in der Nullmenge von Punkten, in welchen die 
On(fa; x) nicht konvergieren, Y(x)—=-+ ce setzen, erhalten wir den folgenden 


See Ce OPS 514%, 
15 L. c. 9, S. 248 (Theorem ix). 
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Satz 3. Ist fEL? (1<p<+o), ferner O<a@<1. so bestehen beide 
Ungleichungen 
oa(Fei 2) fol) p= O[ | 
und 
p 
lon fei Jal) = =, 


wobei die zweite Ungleichung fiir alle x-Werte a PEL? giiltig ist. 
Aus diesem folgt leicht ein von HARDY und LITTLEWOOD bewiesener 
Satz beziiglich der Struktur der Funktionen f.(x). Aus 


oul IFoo O(te)  O<e<ts PED) 


folgt namlich nach einem bekannten Satz von BERNSTEIN—ACHIESER,” daf 
die Funktion f,(x) zur Funktionenklasse Lip(@,p) gehdrt. Dieses Ergebnis 
hinsichtlich der Klassenzugehdrigkeit von f2(x) wurde von Harpy und LITT- 
LEWOOD entdeckt, aber auf einem anderen direkten, jedoch schwierigeren 
Weg bewiesen.” 


Satz 4. Ist f(x) € Lip (8, p) mit 0<8<1 und 1=p=+., ist ferner 
O<e@<1 und «+ <1, so approximieren die as On(fa; x) die Funktion 


fa(x) in der Metrik von L” in der Grifenordnung a 7 ted I 


1 
Onl fo5 2) —fe@D|lo= O( er}. 
Da in diesem Fall f(x) € Lip(@,p), so haben wir auf Grund des schon 
zitierten Satzes von BERNSTEIN—ACHIESER : 
] 3 = 1 
Joa(fi)—-£0) p= O[], (9 —Fe)p—=0( 4). 
Nach unserem Hilfssatz 1 konvergieren die n-ten arithmetischen Mittel der 


Xo vx ta he 
Reihen > a Lo). ) und de a0] in der Metrik von ZL? und auferdem ist ihre 


Abweichung von ihrem Grenzelement von der GréSenordnung o| oat 


woraus unsere Behauptung folgt. 
Aus unserem Ergebnis erhalten wir f.(x) € Lip(@+4,p), zu welchem 
Resultat HARDY und LITTLEWOOD auf einem anderen Weg gelargt sind.” 


i 
1 (Theorem 25). 


zg 
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SATZ 5. Sei f(x) € Lip (a, p), wo O<@<=1 und1i< Pp<+oc. Bedeutet 
yy eine beliebige der Ungleichung 0O<y<a gentigende Zahl, so existiert die 
Derivierte f(x) und es gilt 


fe, 


lon; x) — F(x) lp = O eS | 


Die Funktion f(x) gehért namlich auch zur Funktionenklasse Lip (a, p) 
und es bestehen die Beziehungen 


|aF59—f0,=0[); anF:9—Fe)h—o( 4}. 
Nach Hilfssatz 2 konvergieren also die n-ten arithmetischen Mittel der Reihen 


7 Ar(x) und >>’ 7v.B,(x) in der Metrik des Raumes L? gegen je ein 
= v=1 , 


der arithmetischen Mittel der beiden vorigen Reihen sind also in L” beschrankt, 
woraus folgt,” daB diese Reihen Fourierreihen von L”-integrierbaren Funk- 
tionen sind. Es existiert also f(x) sie gehért zu L” und es besteht die im 
Satz 5 ausgesprochene Relation. Wir bemerken noch, daf im Fall O<a@<1 
unser Satz auch dann giiltig bleibt, wenn p—1 oder p= + coe ist, denn in 
diesem Fall gehért die konjugierte Funktion auch zur Klasse Lip (a, p). 

Nach BERNSTEIN—ACHIESER folgt aus unserem Satz f (x) € Lip (e—y, p), 
zu welchem Ergebnis HarDy und LITTLEWOOD auf direktem, aber langerem 
Weg gelangt sind.” 

Satz 6. Die Funktion f(x) gehért zur Klasse Lip (e—0, p) (0<@=1; 
1<p<-+.) genau dann, wenn es zu jeder Zahl #>0 eine L*-integrierbare, 
im allgemeinen von der Zahl « abhdngende Funktion @,(x) gibt, so daf fiir 
alle x und n die Ungleichungen — 


Q) |o(f:9—f@)| = ne und (2) |is(f:x)—f(a)| = 2 


erfiillt sind. 

Genauer: das Bestehen beider Ungleichungen ist fiir f(x) € Lip («—O, p) 
notwendig; ist aber nur eine von ihnen erfiillt, so folgt schon, daB sowohl 
f(x) als auch f(x) zur Klasse Lip (#—0, p) gehéren. 


non] eS) 84. 
cs 602 - 604 (Theorem 26). 
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Wenn f(x) € Lip («—0, p), so gehért sie fiir ein beliebiges ¢>O zur 


| Klasse Lip (e— 4,0] und dasselbe gilt auch fiir f(x). Da 


> A,(x) und > B,(x) 


. é 4 
Fourierreihen von Funktionen der Klasse Lip (e+, 9] sind, so folgt nach 


BERNSTEIN—ACHIESER aus Satz 5, daB die Reihen 


(3) Dd A,(x) und (4) > B,(x) 


Fourierreihen von Funktionen der Klasse Lip (| sind. Auf Grund eines 


schon zitierten Satzes von HARDY und LITTLEWwooD bleiben die Absolutbe- 
trage der Fejérschen Mittel der Reihen (3) und (4) unter je einer L’-integrier- 
baren Funktion. Aus Hilfssatz 1 folgt dann, daB& die Beziehungen (1) und (2) 
fast iiberall bestehen. Wenn wir in der Nullmenge von Punkten, wo o,(f; x) 
bzw. Gn(f;x) nicht konvergieren, (x) —-+ oo setzen, so gelten (1) und (2) 
in allen Punkten. 

Nehmen wir nun an, daB mindestens eine der Ungleichungen (1) oder 
(2), z. B. (1) fiir alle Punkte x und beliebiges ¢>0 gilt. Integrieren wir beide 
Seiten dieser Ungleichung, so erhalten wir: 


on Fs 2) —F02)||p = LE Olle _ CE 

woraus nach BERNSTEIN—ACHIESER folgt, da& f(x) (und auch f(x)) zur Klasse 
Lip (e—e, p) gehort. Da « beliebig war, haben wir f(x) € Lip (e—0O;p) und 
analoges gilt ftir f(x), woraus die Giiltigkeit von (2) folgt. Damit haben wir 
den Satz 6 bewiesen. 

In der Einleitung haben wir schon bemerkt, da eine ahnliche Charak- 
terisierung der Funktionenklasse Lip (@, p) (0 < @ < 1) allein mit Hilfe reihen- 
theoretischer Betrachtungen nicht mdglich zu sein scheint. Das hat seinen 
Grund einerseits darin, daB die Umkehrung des Hilfssatzes 1 im allgemeinen 
nicht gilt, andererseits sind die Reihen >’ y*A,(x) und > v*B,(x) im Fall 
f(x) € Lip (@, p) im allgemeinen nicht Fourierreihen von L?-integrierbaren 
Funktionen,” wie man es durch einfache Beispiele zeigen kann. Sei z. B.2 
— sin vx 


F(x) 2 “pape (0<@<1) 

*1 Der Umstand, daB6 fiir «—1 die differenzierte Reihe und die differenzierte kon- 
jugierte Reihe der Fourierreihe von f(x) selbst Fourierreihen von L?-integrierbaren Funk- 
tionen sind, spielt eine wesentliche Rolle bei der Charakterisierung der Klasse Lip (1, p). 

22 Auf dieses Beispiel hat mich G. Atexits aufmerksam gemacht. 


INTEGRALF UND DERIVIERTE GEBROCHENER ORDNUNG 61 


Es ist 
sin vx 
“1 plato d 


f(x)—9,(f; x) = ye qsinyx + > Snax 


ala 
n+1 
woraus sich 


I-05 9hk—|7 Sta S |" 0«s) 


v=n+l 


ergibt, also ist f(x) € Lip (@, 2). Bei unserem Beispiel entsprechen den Reihen 


>A, (x) bzw. > 1B, (x) die Reihen >'y 2 sin vx bzw. es 2 eine 
die nicht Fourierreihen L?-integrierbarer Funktionen sind. 

Obzwar wir unseren Satz nicht auf die Klasse Lip(e,p) (0<a<1; 
1<p<-+ oc) ausdehnen kénnen, doch ist das Bestehen einer der Un- 
gleichungen 

: P(x 
nfs 3—f)|s=2, af) —FO1 = 
mit @¢€ Ll”, z.B. der ersten, fiir f(x) € Lip (@, p) hinreichend. Nach Integration 
auf beiden Seiten erhalten wir namlich 


ons 2) —F0)I|p = LPO _ (1), 


woraus nach BERNSTEIN—ACHIESER schon f(x) € Lip (e, p) folgt. 


0 


In der schon zitierten Arbeit? von G. ALExITs kommt ein Lemma vor, 
mit dessen Hilfe ihm eine Charakterisierung der Klasse Lip (1, p) gelungen 
ist. Wir wollen dieses Lemma verallgemeinern und dadurch zu einer Charak- 
terisierung der Funktionenklasse Lip («—0, p) gelangen. 

Es sollen wiederum die Grdfen 9,,92,..., Qn,--. die Elemente eines 
Banach-Raumes E bedeuten und betrachten wir die Reihen (A) und (B). 
Dann gilt der folgende . . 


Hitrssatz 3. Ist fiir alle m=n+2 


m 


> 9% 


v=nt+l 


p =a 


Erganzung 


= O(A,), 


wo 0<A, und - 
dn =0(N*) (0<a@=1), 


PATER ISTE te 
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oy ewe 


so gilt die Abschdtzung 


hs 
|s.—si—0(42} 
mit n 
Pa ye 2. 
Sn= 2 —: 
Es ist namlich 
m-1 1 ] > al +2 = a 
{| Sm — Sn || = ani (vy+1)* Py", T ina all =, 4 i 
$009,280] +a > |= 
ies y=ntl 


2A de A 
aa8 y-a-l ptticg Pe oem peal 
i oth), © si tad a 'o net fa 
woraus unsere Behauptung folgt. 


Satz 7. Damit die Funktion f(x) der Funktionenklasse Lip («—0O, p) 
zugehért (0<a@=1; 1<p<-+o), ist notwendig und hinreichend, dap fiir 
jedes «>O die n-te Teilsumme ihrer Fourierreihe die Funktion f(x) in der 


approximiert, wo die in o ent- 


Metrik von L” in der Grépenordnung o( 2 : 


haltene Konstante im allgemeinen von « abhdngt. 


Es sei >>) A,(x) die Fourierreihe von f(x) und nehmen wir an, dab 
v=1 


f(x) € Lip (@—0, p). Dann ist f(x) €Lip («—4,9] fiir jedes e > 0, so daf 
nach dem im Beweis des Satzes 5 gesagten die Reihe Dae *A,(x) Fourier- 


reihe einer Funktion g(x) aus Lip & P| ist. Dann konvergieren™ aber Ne 


Teilsummen der letzten. Reihe in der Metrik von L” gegen g(x), so dab 
k 


> A(x) 


v=n+ 


m 


> 77 *Ar(X) 


v=nt+l 


= sup 
p k=ntl 


= 4,==0(1) 
p 
ist. Schreiben wir in unserem Hilfssatz 3 fiir gy, den Wert »*-*A,(x), far Fe 
den Wert A,(x), so erhalten wir 
1 
|Ss@)—F09)], = 0( 2%] =o 2] . 


ne=-é 


aL ee?; S._153.: 
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mit 
; : n 
Sa(x) = D>, A, (x). 
v=1 


Wissen wir «mgekehrt von einer Funktion F(x), daB fiir sie 


|| Sux) —f(®)]|, = 0 (2 


nee 
gilt, so folgt nach BERNSTEIN—ACHIESER, da S,(x) ein trigonometrisches 
Polynom héchstens n-ter Ordnung ist, f(x) € Lip(«—e, p), und da ¢>0 belie- 
big war, gilt f(x) € Lip («—0, p), womit der Satz 7 bewiesen ist. 
Zum SchluB mochte ich Professor G. ALEXITS meinen besten Dank 
dafiir aussprechen, daf ér mich auf den Gegenstand aufmerksam gemacht 
und mit seinen wertvollen Ratschlagen unterstiitzt hat. 


(Eingegangen am 12. April 1955.) 


HMCCJIEAOBAHME MHTEFPAJIOB HW MPOMSBO/HbIX APOBHbIX NOPAAKOB 
METOJAMVM KOHCTPYRTHMBHOUM TEOPHH PYHRUMM 


A. Kpaaur (Bynanewr) 


(Pestome) 


d 2n 
Tlycte f€ L[O, 27], nepnoguyuna no 22, uw TaKas, 4TO | F(x)dx =0. Ecan f(x) 03- 
6 
HauaeT MHTerpal NOpAAKa «@, a f°) npowspopHyto nopsagKa y dbyHKunn f(x) (a@ >0,y > 0), 
TO MMEHKOT MECTO CHefyrouMe TeOpembl anMpOKcumMalun : 


1. Ecnu f(x) “ conpsxenHaa cbynkuna f(x) O6e wHTerpupyemBI, TO MOTH BCOAY 
HMCHOT MECTO COOTHOMICHHA ' 


Qn 
| 10, (fai X)—fa (x) |dx =O (-<] 
H . : 
2. |oy(fai2)—fa(0)|= 0. (7) 
rye 0, (f43*) osHayaet n-oe cpennee Peiiepa pana Dypre pynkuun f, (x). 
3. Econ fEL? (1<p<+o)u0<a<l, TO Ana Bcexxun 


Il, F439) —fa(%) llp = O rd 
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10,39 fl =) 


roe w€ L? (0, 27]. 
4, Ecau f(x) € Lip (¢,p) 0< @<1, lS pso)u0Caciua+ <i, 70 


1 

Fai) Lally =O (ar 

5. Mycre f(x) €Lip(a,p) O<a<1, 1<p<+-~); ecam O<y<a, to f(x) 
cyuecTByeT H 

oni) 7 Cll, = 0 [25]. 
6. Msi rosopum, 4To dpyHKuna f(x) npnHagnexut Knaccy Lip(a—0,p) (O<e¢<1, 
1<p<-+ oo), ecam Ona npnHagnexut Knaccy Lip(a—e,p) ania BcaKoro e >0. Heo6xo- 
AMMbIM M OCTATOUHBIM yCNOBHeM AIA Toro, 4TOOBI GENO f(x) €Lip(a—O,p) sBanetca 


cyujecTBOBaHHe pu m060Mm « > O cbynKuun w, (x), 3aBMCAUeEM BOOGIE OT ¢, HHTeErpupyemMOn 
L?, u Tako, 4TO HepaBeHCTBAa 


|o,,(f; x) 


|on(f; x) 


D .(x) = FZ, L(x) 
: nz-=’ => n=-§ 


MMCHOT MECTO IIPH BCeX 7. 
7. f(x)€ Lip («—0, p) torga u TOAbKO Tora, ecaHn 


lls, (£6) |p =o {- cea 


tose 


re s,(x) n-aa yactuuHaa Cymma psga Dypse f(x), a NOCTOMHHaa B O BOOOLIE 3aBHCHT OT e. 


OTH TEOPeMbI AOKASbIBAIOTCA C MOMOLIbIO TPeX MPOCTHIX EMM U3 TeEOPHH PxAsOB, 
ABNAWLUAXCA MO CyuecTBy OOOOWeHMAMM TeMM, ONnyOnMKOBaHHBIX B pabote T. Anexcuua 
(Acta Math. Acad. Sci. Hung., 3 (1952), ctp. 29—40). 
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HYPERBOLISCHE TRIGONOMETRIE 
AN DEM POINCARESCHEN KREISMODELL ABGELESEN 


Von 
PAUL SZASZ (Budapest) 
(Vorgelegt von G. Hajos) 


Durch die Arbeiten von H. Poincare! verbreitete sich als eine Ver- 
wirklichung der hyperbolischen ebenen Geometrie ein wohlbekanntes Modell, 
wir méchten sagen Pseudogeometrie, oder Bildgeometrie, die Poincarésches 
Kreismodell jener Geometrie genannt wird, und auch elementargeometrisch 
leicht angegeben werden kann. Man hat auch die Aquivalenz dieser Pseudo- 
geometrie mit der hyperbolischen ebenen Geometrie in verschiedener Weise 
erwiesen, und zwar ohne Verwendung der hyperbolischen Trigonometrie.” 
Eine Herleitung der Trigonometrie dieses Modells gilt deshalb fiir einen 


_ Beweis der Formeln der hyperbolischen Trigonometrie. Solche Herleitungen 


sind mehrere angegeben worden. Besonders elegant gestaltet sich die von 


| J. HJELMSLEv.* Spater haben auch Howarpb Eves und V. E. Hocaatrt,‘ und 


in einfacherer Weise der Verfasser’ eine derartige Herleitung der hyperboli- 


schen Trigonometrie dargetan. 


In vorliegender Note wird gezeigt, da} im Besitze drei elementargeo- 


_metrischer Hilfssatze zwei trigonometrische Formeln fiir das rechtwincklige 


ats 


Pseudodreieck, die schon die ganze hyperbolische Trigonometrie zur Folge 
haben, an diesem Kreismodell sozusagen abzulesen sind. Diese Hilfssatze 


haben folgenden Wortlaut. 


HILFSsATz 1. J/st X ein vom Mittelpunkt M_ verschiedener Punkt im 
Innern eines Kreises k und wird durch X ein Kreis gelegt, der k in den Punk- 


1 H. Poincaré, Théorie des groupes fuchsiens, Acta Mathematica, 1 (1882), S. 1—62, 
besonders § 2, S. 6—8, und § 12, S. 58—61; Mémoire sur les fonctions fuchsiennes, ebenda, 
S. 193—294, besonders S. 201—202; Mémoire sur les groupes kleinéens, ebenda, 3 (1883), 
S. 49—92, besonders S. 55—56. } 

2 Siehe z. B. Paut SzAdsz, Uber die Hilbertsche Begriindung der hyperbolischen 
Geometrie, Acta Math. Acad. Sci. Hung., 4 (1953), S. 243—250, besonders § 1, S. 244—247. 

3-J. Hyetmstev, Grundlag for den projektive Geometri (Kobenhavn, 1943), § 8, S. 38—39. 

A Howarp Eves and V. E. Hoccatt, Hyperbolic trigonometry derived from the Poin- 
caré model, The American Mathematical Monthly, 58 (1951), S. 469—474. 

5 Paut Szdsz, Uber die Trigonometrie des Poincaréschen Kreismodells der hyperbo- 
lischen ebenen Geometrie, Acta Math. Acad. Sci. Hung., 5 (1954), S. 29—-34. 
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ten =,H_ rechtwinklig schneidet, so ist der “Schnittpunkt Y der Geraden =H,MX 
von der Wahl des durch X gelegten Kreises unabhdngig (Fig. 1). 


HILFSSATZ 2. /st auf einem Kreis der roel 4H kleiner als der Halb- 
’ kreis und bezeichnet M den Schnittpunkt der in = bzw. H an den Kreis geleg- 


ten Tangenten, so ist bei beliebiger Wahl des Zwischenpunktes X auf = =A 
fiir den Schnittpunkt Y der Geraden =H, MX stets 


Eee 
XH} SAY 
(Fig. 2). 


Fig. 1 Fig. 2 


HILFSSATZ 3, Ist X ein vom Mittelpunkt M verschiedener Punkt im Innern 
des Kreises k und sind =,,H, die Schnittpunkte der Geraden MX mit k, so 
bezeichnet, dap X zwischen M und , liegt, so gilt fiir den durch Hilfssatz I 


bestimmten Punkt Y 
(= \= A 
XH} = YHo 
(Fig. 3). 


Die Beweise dieser Hilfssatze haben wir’ in einer friiheren Arbeit mit- 
geteilt. 

Es sei der Kreis k mit dem Mittelpunkt O und dem Radius r der Funda- 
‘mentatkreis des Poincaréschen Kreismodells der hyperbolischen Ebene. In der 
Pseudogeometrie dieses Modells ist der Pseudoabstand zweier Punkte P,, P, 
. bekanntlich 


(1) P,P, = log (UVP,P,), 
6 Paut a Elementargeometrische Herstellung des Klein—Hilbertschen Kugel- 


modells des hyperbolischen Raumes, Acta Scientiarum Mathematicarum, 16 (1955), S. 1—8, 
besonders S. 4—5. 
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wobei U,V die Schnittpunkte von k und des durch P, und P, gelegten 


I 
Orthogonalkreises' sind, so bezeichnet, daB P, auf dem Bogen UV zwischen 
P, und V liegt (Fig. 4), und (UVP,P,) das Doppelverhaltnis 


bt OU PugedlP; 
(UVP.P,) = PV PV 


bedeutet. Ist X= O irgendein Punkt des Modells und Y der entsprechende 


Fig. 3 : ett) 


Punkt im Sinne von Hilfssatz 1, so kénnen wir den euklidischen Abstand 
OY durch den Pseudoabstand t—O-X leicht ausdriicken. Es seien namlich 
U, V die Schnittpunkte der Geraden OX mit dem Kreis k, wobei X zwischen 
O und V liegt (Fig. 5). So ist wegen UO= OY, nach der Abstandsformel (1) 


UX 


also durch Verwendung des Hilfssatzes 3 


aS a r+OY 
i eA, YV r—OY’ 
woher sich 

(2) ov="S =rtht 
ergibt. 


Wir betrachten nun ein rechtwinkliges Pseudodreieck ABC (C= 90°) 

mit den Bestimmungsstiicken 

By. BC=a, CA=b, AB=c, AX=A, BA=u. 

Ist der Punkt A von O verschieden, so kann durch eine geeignete Inversion, 
7 Die k rechtwinklig schneidenden Kreise bzw. Geraden wollen wir gemeinsam 


Orthogonalkreise nennen. 
ie . 
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bei der k sowie das Innere von k in sich selbst iibergehen, A immer in O 
gebracht werden. Da dabei die Gréfe der Winkeln und auch die Doppel- 
verhaltnisse von je vier Punkten erhalten bleiben, so geht ABC bei dieser 
Inversion in ein Pseudodreieck A,B,C, mit A; =O iiber, dessen Bestimmungs- 
stiicken der Reihe nach dieselben sind. Wir kénnen deshalb A =O anneh- 


men (Fig. 6). 


Fig. 5 Fig. 6 


Bezeichnen U, V die Schnittpunkte von & und des durch B und C ge- 
legten Orthogonalkreises derart, da8 C auf dem Bogen UV zwischen U und B 
liegt, so ist mit Riicksicht auf UC—CV fiir die Seite BC—a des Pseudo- 
dreiecks ABC im Sinne von (1) 

UB 
Wird ferner UV von den Geraden AB, AC in B’ bzw. C’ geschnitten, so 
gilt nach Hilfssatz 2 offenbar 
(5) (UB) UB _ tg8+tga 
BV BV tepaig2”’ 
wobei 8 COVY— UOC< dem Pseudoabstand OC —6 entsprechender 
‘Parallelwinkel ist. Aus (4) folgt jetzt auf Grund von (5) 


tg 6—tgi’ 
woraus man 
ag, ] 
6 —<£ = 
(6) tga aT Se tha tg 8 
erhalt, Da aber wegen OC—6 durch Verwendung von (2). 
(7) rcos8=OC’=rthb 


8 Vgl. Howarp Eves and V. E. Hocaatt, a. a. O. 4, S. 470—A71.. 


HYPERBOLISCHE TRIGONOMETRIE AN DEM POINCARESCHEN KREISMODELL ABGELESEN 69 


ausfallt, so ist cas 8=thb, also 
1 


) OR ta shod 
Aus (6) entsteht daher durch Einsetzen die erste Grundformel 
eee 
() Be shb 


fiir das rechtwinklige Dreieck in der hyperbolischen Ebene. 
Weiter besteht im Sinne von (2) infolge OB —c neben (7) auch noch 


OB =r tic, 
also ergibt sich aus 
cos 4.== Ades 
5 ODBe 
(Fig. 6) gleich die zweite Grundformel 
th b 
(il) cos 4 = tee 


Die vier iibrigen Gleichungen, die aufer (I) und (Il) zwischen je drei 
der Bestimmungsstiicken (3) des rechtwinkligen Dreiecks in der hyperboli- 
schen Ebene noch bestehen, sind Folgen von diesen. Die Formeln (1) und 
(Il), die hier an dem Poincaréschen Kreismodell abgelesen wurden, haben 
also die ganze hyperbolische Trigonometrie zur Folge. 


(Eingegangen am 3. Oktober 1955.) 


BbIBOA, TPHTOHOMETPHYECKOHM FEOMETPHU M3 KPYFOBOU 
MOJIEJIV MIYAHKAPE 


ll. Cac (Byfanewr) 


(Pe31 me) 


Tycrb Ha ranep6onmyeckouw mOCcKOCTH 3ajaH NPAMOYFOAbHBIH TPeyrOAbHHK ABC 
(C x = 90°), anemeHTHI KOTOPOrO CyTb BC---a, CA=6b, AB=c, AX=A, BI—uw. 
B nacrosmei pa6ore Ha Kpyrosow mMogerm [lyanKape runepOOAM4eCKOW M.IOCKOCTH AOKa3bI- 
BalOTCA OCHOBHbIE OPMY-1bI 


sae tha 
(i) ‘ oA sh Db 
A ‘ ay 
a) a ies 


oTKyfa cnepAyeT BCH runepOonnueckan TPHrOHOMCTPHA. 


me ima 
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O MPOCTbIX MJEAJIAX NEPBOM CTENEHU 


MOPAAH AYAYEB (Codnsa) 
(Mpeactasneno JI. Pegen) 


B HacTosjed 3aMeTKe [aqMM dJIeMEHTAPHOe JOKa3aTeEACTBO U3BeCTHOI 
TEOPEMB! O CYUIECTBOBAHHM O€CKOHEYHOTO MHOMKECTBA MPOCTHIX MeaoB NepBot 
CTENe€HH BO BCAKOM KOHE4HOM asIreOpam4ecKOM paclIMpeHHuM noua palluo- 
H@JIbHbIX 4MCeI. 

TIpeaBapuTebHO ycTraHOBMM ClefyrOUly!o BCMOMOFAaTeJIbHY TeOpeMy: 
OGosHauum uepe3s K anreOpamyeckoe pacuimpenue crenenu n noma patno- 
HaJIbHbIX 4MCe Ay uM yepes € Webi MPMMMTMBHBIM aemeHT noua K. Jlanee 
oO6o3Ha4uM Yepes D AMCKPMMMHaHT MPMMMTMBHOTO MHOrOYeHa CTeNneHH 1 Hay 
K,, KOpHem koTOporo sBiaetca € B Takom ciy4ae BCAKM MpocToH ugean P 
noia K, KOTOppia genut €, Ho we genut D, Oynet meppow crenenn. 


Jloka3zatTeabcTBo. VsapectHo, uTo BcaKOe wenoe 4ucHo @ noma K 
MO)KHO TIpeCTaBUTb B BHI: 


ae 


Qi. n-1 
dines Pasay D e+" due ist oe; 
rye uepes a; (i —0,1,...,2—1) ee weibple 4uncuia u3 Ky. 
Ilyctb wesbie 4ncia 
@ P* ao (i) 
pt EF Bt FE G=12..4m) 


COCTaBJAIOT MOMHYIO CHCTeMy MpegcTaBUTesenH BCeXx a Ha KOTOpbie pac- 
MajaroTca m0 Mopymo P yenbie uncna noma AK. IipwHnmad BO BHYMaHHe, 4TO 
(D, P) =1, 3axmouyaem, 4TO 4uCa 

&—=De;=a? +aPE+aPS+.---+a0e” (i=1,2,...,m) 
TOKE COCTABIAIOT TaKytO CHCTeMy. 

Llensie paumonambupie 4ucaa ay), ab’, ..-, a0 ‘) & CBOIO O4epeb COCTaB- 
JAIOT MOMHY!O CHCTemMy NpesctaBuTesew BCex KaCcOB MO Mopy.t0 P B K, Tak 
KaK 0 mpeqnonoxKeHnio §==0 (mod P). OxepugHo 2TH 4HC1a HeCpaBHAMbl 
Mey COOOM MO MOfysIO p, Te Yepes p OOOZHAYEHO C/MHCTBEHHOE MpocToe 
Wee pallMOHaNbHOe 4UCIO, KOTOpOe JeNMTCA Ha P, HM TaKMM: OOpa30M m = p. 
C apyro cropoHb! m = p M CAefOBaTebHO Mm =P, T. €. nmpoctow ugeat P B 
K epson crenenu. 
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Tlepexoaum K jOKa3aTe/IbCTBy TeOPeMbl CYULECTBOBAHHA OeCKOHEYHOTO 
MHODKECTBA NPOCTbIX uealOB NepBoK cTeNneHH. . 

O6o3HayHM Yepes E WeJbIi NPMMMTMBHbIA 91eMeHT HEKOTOPOrO asIreOpan— 
yeckoro pacumpenua AK creneHH n M0. pallMOHalbHbIx yncet K,. PaccMoTpAM 


NOCI€OBATEJIbHOCTb 
(1) E+, ME+q,, M§+qs,---; 

rie M—DAN(§), npuyem yepes D o603Ha4eH AMCKPHMMHAHT MPHMATHBHOTO 
MHorowleHa cTeneHu n Hal Ay, KOpHeM KOTOpOrO sABAAeTCA 4NCcIO &, 4epes 
N(§) oGo3sHayeHa HOpMa 4uCIa § BK, a Gi, G2, 93, --- — NOCIEMOBATEBHOCTb 
BC€X B3aMMHO MpocTbix c M HatypasbHbIx YHCEeL. 

OueBugHO BCE YJICHbI NOCEMOBATEbHOCTH (1) ABIAIOTCA WEJbIMK YACIAMH 
u3 K, HepaBHbIMM Hy110, CpeM KOTOPbIX MOXKET HaXOJMTbCA TOAbKO KOHC4HOE 
uuco equHuu. B camom jeje, ecm x wetoe uucno u3 K, wu yncnq ME+x 
ABIAeTCA eAMHuue, TO HOpmMa ero N(M5+ x) B A 6yaeT yAOBIeTBOPATb 
yCJIOBUIO 
(2) N(ME+x)= +1. 

Jlepad Ke 4YaCTb paBeHCTBa (2) eCTb MHOFOYWICH HEM3BECTHOTO X CTeNeHH 
Nn, WU CeMOBATEIbHO 3TO YCOBHE MODKET BbINIOJIHATbCA TOJIbKO JIA KOHEYHOFO 
4unCa 3HaYeHHH Xx. 

JlokaxkemM CyUeCTBOBaHve OECKOHEYHOrO MHOKECTBA MPOCTbIX HAeaJOB U3 
K, KaxkAbIM M3 KOTOPbIX AeIMT NO MeHbIUIeH Mepe OAMH WIeH NOCIeAOBaTeIb- 
HocTH (1). 

ByaemM OKa3bIBaTb OT NpoTHBHOrO. T]peanon0%KUM, YTO CyLUeCTByeT KO- 
HE4YHOe MHOXKECTBO TakuX ueaoB. Ilo MeHbINeH Mepe OAMH TaKOH ujeal 
cylllecTByeT, TaK Kak Mbl YCTAHOBMJIM, YTO NOCEMOBATeEIbHOCTh (1) COMeP>XKUT 


YJI€HbI, HE ABJIAIOULMMUCA eMHHuaMH. O6osHa4HM 4epes P,, P,,..., Ps 3TH 
wfeaibl. Hw OfMH M3 HUX HE JelMT M, Tak Kak B NPOTHBHOM culy4ae OH 
QeW Obl NO KPaWHEM Mepe OHO H3 4HCE G,, Go, Qs,... B TO BPEMA Kak BCE 


9TH YUC/1a B3aMMHO Npoctpie Cc M. OOo3sHayaa yepes p; EAMHCTBEHHOe MpocToe 
WENO€ PalHOHAIbHOe 4YNCIO AeIMULeecaA Ha P;, Gyem uMeTb (M, P, Po... Ps)—=1. 

Cocrapum uncio ME+ Ap, p.... Py, ABNAOMEECH YIEHOM NOCeAOBATeIb- 
HocTH (1), rae 2 HaTypanbHoe, B3aMMHO NpOCToOe c M uuc.0, KOTOpPOe BEIGEPEM 
Tak, 4TOOb] ME+-Ap,p,...p., He ObINO eAMHULeH. ITO BO3MOKKHO, TaK KaK MBI 
yCTaHOBMIM, YTO NOCAEAOBATeEbHOCTb (1) MOKET COMePKATb JMUIb KOHEYHOR 
4uCO eAMHAL. HO B TakKOM Culy4ae HM ONMH M3 NpoctbIx wugeanoB P,, Py, ..., Ps 
He JemMtT uncuaME-+ Ap, p,...p., W TAK KaK 9TO YMCIO He ABIAETCA EMMHHEH, 
TO OHO JeIMTCA Ha NpocTron ujean u3 K, KHepaBHbli HH OHOMY M3 MjeaOB 
P,, Py,..., Ps. Takum o06pa30m Mbl npuuiM K NpOTHBOpe4Hio, 4TO ycTaHaB- 
JIMBaeT CYUIECTBOBAHHe OeCKOHEYHOFO MHOMKECTBA MPOCTbIX MeaJlOB, KaKIbIK 
M3 KOTOPbIX JeIMT KAKON-1MG0 YEH NOCIEOBAaTebHOCTH (1). 
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PaccMOTpuM O1DKE YWIeHbI STO MOCNe_OBaTeAbHOCTH. Bce OHM ABAAIOTCA 
WebIMM 4MCAaMM M NpPMMMTMBHbIMM alemMeHTamMM B K. B camom jleule, y4xtbi- 
Bad, YTO YACIO €, ABAACb IPMMMTMBHBIM JEMCHTOM BK, OTIMYAETCA OT CBOUX 
COMP#KEHHbIX B KA, 3aknioyaem, 4uTO uncna ME-+Q; (i= 1, 2,3,...) Toe 
OTIM4AIOTCA OT CBOMX CONPAKEHHBIX B K, T. €. ABJIAIOTCA MPMMMTMBHBIMM 931e- 
MeHTamu B K. Capyrou cropousi, o6o3Hayaa 4epes D; ,MCKPHMMHAHT npumu- 
THBHOrO MHOrOWwIeHa CTemeHu 7m Ha Ay, KOPHEM KOTOpOrO sABIAeTCA YNCIO 
Mé+ qi, Oymem uMeTb: 

D; ks MS + g;)—(ME” + 4,) P= ee SIE ce — Ey? 
rye §) —&, a uepes &), &,..., & o6o3sHayenbl conpwxKennpie c § BK yncua. 
Takum o6pa3om nosy4uuM: 

} DOM! @=152)3, 2)! 

IipuHumaa BO BHMMaHHe, 4TO M—DN(é) u (M,g)—1 (i—1, 2,3,...) 
3ak104aeM, YTO HA OMMH MpocTow ugean us K, AeAUIMM HEKOTOPOe u3 4HCeT 
Mé+4 4: ((=1,2,3,...), He MOeT yenuTb D;. 

Takum o6pa30m B nose K cyulecrByeT O€CKOHEYHOE MHODKECTBO NPOCTHIX 
WeaslOB, KaxKIbIM U3 KOTOPbIX JICNHT HEKOTOPbIA UWeJIbIM MPHMUTHBHbIM 3IIeMEHT 
NOJIA, HO HE J€MT AMCKPMMMHAHT MPMMUTMBHOTO MHOTOWIeHa cCTeneHH Nn Hall 
K,, KopHemM KOTOpOrO sBAeTCA aTOT aIeMeHT. T]pumMeHaAa BCMOMOraTeJIbHy10 
TeOpeMy, KOTOpyl0 MbI OKa3aIM B Hayae, 3akIOYaeM, 4TO BCe 3TH MpocTHIe 
WjleaIbl NeEpBOK CTeneHH. DTMM JOKA3aTEJIbCTBO 3aKOHYEHO. 

B 3ak104eHve OTMETUM, 4TO M3 JOKa3aHHOrO CJemyeT, KaK 9TO M3BeECTHO, 
YMCTO apHdmeTu4eCKHM MyTeM CyYLIeECTBOBaHHe OeCKOHEYHOFO MHOKECTBA 
NpOcTblx 4MCe BO BCAKOM apudMeTHYeCKOH Nporpeccum Bua nx-+ 1. 


(Wocr yu 10 20. xX.) 1955.) 


ON PRIME IDEALS OF DEGREE 1 
J. Duycev (Sophia) 


(Summary) 


The author gives an elementary proof of the following well-known result of algebraic 


number theory: ; 2 : 
Every algebraic extension, of finite degree, of the rational number field contains an 


infinite number of prime ideals of degree 1. 
The proof rests on the following lemma : . 
Let K be an algebraic extension, of finite degree, of the rational number field. Every 


prime ideal P of K which divides an integral primitive element § of K, but does not divide 
the discriminant D of =, is necessarily of degree 1. 
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BEWEIS EINES ZAHLENGEOMETRISCHEN SATZES 
VON G. SZEKERES 


Von 
P. SZUSZ (Budapest) 
(Vorgelegt von P. Turdn) 


G. SZEKERES [1] bewies den folgenden 


SATZ. Es seien a und 8 zwei verschiedene Richtungstangenten; ferner 
sei K eine positive Zahl, fiir die 


(1) Ks 21 iy 


gilt. Dann gibt es ein in Bezug auf den Nullpunkt zentralsymmetrisches Paral- 
lelogramm I, welches folgendes erfiillt: 
1. Die Seiten von I sind parallel zu den Geraden y=ex bzw. aw Bx; 
2. M(U)>K, 
wobei M(/) (hier und im folgenden) den Fldcheninhalt von I bezeichnet; 
3. auger dem Nullpunkt enthdlt I keinen weiteren Gitterpunkt im Inneren. 
Im folgenden gebe ich fiir diesen Satz einen kurzen, auf dem Gesetz 


der besten Naherung der Kettenbruchlehre beruhenden Beweis. 

Ist @ rational, so gibt es ein Parallelogramm /, welches 1, 2 und 3 
geniigt, statt 2 sogar scharfer mit 

2’. M(/)=4. 

Dies 14Bt sich durch eine einfache Rechnung bestatigen. 

Ich nehme daher an, daf @ irrational ist und fiihre folgende Bezeichnun- 


gen ein: d,a,,... bzw. &,o1,... bzw. =, =-,--. bedeuten die Kettenbruch- 
1 


nenner bzw. vollstandigen Quotienten bzw. die ee ee von @. Wir 
nehmen an, daB die Naherungsbriiche schon in irreduzibler Gestalt geschrie- 
ben sind. Zunachst beweise ich den folgenden 


HILFssatTz. Das durch die Relationen 


| —~ Dyrt+l XS Brvis 
(2) 2 —_— Cte < Cnt2 
on Bust Cn+e aT B. ed a ae Bri Cn+2 = bist Ba 


definierte Parallelogramm I, enthdlt fiir n—0,1,... auger dem Nullpunkt 


keinen weiteren Gitterpunkt. 
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BeEweEis. Nach einem bekannten Lagrangeschen Satz’ gilt fiir ganzes x 
mit O<|x|< Bry: und ganzes y 
1 Cute 
—y| = |B,e—A,| = : , 
ex y Sa 12 . | Bu Snti + Bu-1 Bait Sni2+ Ba 
womit der Hilfssatz bewiesen ist. 

Es bezeichne (hier und im folgenden) / ein Parallelogramm, dessen 
Seiten parallel zu den Geraden y=ax bzw. yx sind; ferner bezeichne 
J, ein durch (2) definiertes Parallelogramm. Ist « > 0, aber sonst beliebig klein 
gegeben, so kann durch Wahl einer geniigend grofen Zahl n offenbar 
erreicht werden, da8 es zu /, ein / mit 


(3) ior, 
(4) ~M()—M() <eé 


gibt. (Siehe Fig. 1.) 


Fig. 1 


Daher geniigt es, unseren Satz fiir ein zu einem beliebig grofen n 
gehoériges Parallelogramm /, zu beweisen. 
Es gilt 
By Sus: 
(5) M(I) = 4-—Sste ay 
( y BasiSnez + Bu 


Um den Beweis unseres Satzes zu vollenden, geniigt es zu zeigen, daB fiir 
unendlich viele n 


Rae wi 
ei mee ek 
- Briibuiz+ By ~ 2 f : 75) 


stattfindet. Ist C,,2>3, so gilt wegen der Monotonie der Funktion 


x 
x+ Br 
1 Vgl. Perron [2], S. 52. 
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fiir x >1 und wegen B,., > B, 


B 
7 n+1 5n+2 
( ) BrisSni2+ Bn 3 


Nun zeigen wir, daB aus 


| bo 
V 

ae 
a 

wil 


(8) Cats = 2 

und 

oa Brstbn I . 
9 +1 5n42 

( ) BnstSni2 + Br ‘o 2 (! ‘i 7s] 
folgt, daB 


dann gilt wegen (7) 
so ae 1 1 
Bn-15n+ Bn-2 ra - TAR 
Aus (8) und (9) folgt 


2 Bat ] 1 
2B Be <2 ('* 73): 


oder nach einer leichten Umformung 


1 /5+1 
dnosBy + Bu = Bas < ott Foy 
Da der Faktor 1-¥5+1 kleiner ist als 2, gilt ani: 1. Daher ist 
2 V5—1 


és shore 
Rolupregaes “fal2(Vee ages 
Bei ‘ 3—/5 


i Ss Qedea S52: 
womit wir (10) bewiesen haben. Damit haben wir den Fall erledigt, wenn 
fiir unendlich viele n 6,.2—2 gilt. Wir nehmen nun an, es gilt von irgend- 
einem Index an a,—1. Dann gilt fiir geniigend groBes n 


also 


V54+1 
Cn+2 ——— 2 
und 
Bu y5— ] 
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lim Bass Cn+2 > Loe 1 
n> @ Bust Cn42 + B, 25 
B, /5— ] ° B,, — /5— 1 
2 


da Te derart gegen konvergiert, dai Fae 3 


positiv und negativ ist, gilt fiir unendlich viele n 


Bris Suse at a. 


; 


abwechselnd 


Brat Cae 4 + Bie al 
1 


womit wir unseren Satz bewiesen haben. Daf in (1) die Zahl (1+ 7a} 


durch keine gréfere ersetzt werden kann, hat G. SZEKERES an einem Beispiel 
von CHAO KO gezeigt. 

Wir méchten noch folgendes bemerken: Aus dem obigen Beweis wird 
es klar, daB unser Satz mit dem folgenden dquivalent ist: Es gibt ein / mit 
1, 3 und 


ree Bait Sasa 
a I lim 4—————- 
Z as ) ” ney Bair Snte + B,, 


wobei «>0, aber sonst beliebig klein ist. Wir haben gezeigt, daB stets 


—é, 


= Busi Cni+2 Sey 

Jim pera = 2('+ 75] 
gilt; 2” besagt, daf der Flacheninhalt des gréften in Bezug auf den Null- 
punkt zentralsymmetrischen Parallelogramms, dessen Seiten zu den Geraden 
y=eax und y= x parallel sind und welches aufer dem Nullpunkt keinen 
weiteren Gitterpunkt enthalt, nur von dem Anwachsen der Teilnenner der 
Kettenbruchentwicklungen von @ und ¢ abhangt. Sind insbesondere die Ket- 
tenbruchnenner von « oder @ nicht beschrankt, so gibt es ein J mit 1, 3 und 

2’. M(I)>4—e 

mit beliebig kleinem positivem «. Nach einem bekannten Satz von KHINTCHINE 


[3] sind die Kettenbruchnenner fast aller @ nicht beschrankt. Daher gilt 2” 
fiir fast alle a. 


BUDAPEST, FORSCHUNGSINSTITUT FUR MATHEMATIK 
DER UNGARISCHEN AKADEMIE DER WISSENSCHAFTEN 


(Eingegangen am 30. November 1955.) 
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A GENERALIZATION OF A LEMMA OF BELLMAN 
AND ITS APPLICATION TO UNIQUENESS PROBLEMS 
OF DIFFERENTIAL EQUATIONS 
By 
I. BIHARI (Budapest) 

(Presented by P. TurAn) 


1. The original lemma in question is as follows: 


Let Y(x) and F(x) be positive continuous functions in a= x= 6 and 
let be k>0O, M=O, then the inequality 


(1) 

involves the other inequality ; (asx =6). 
af roa | 

(2) Vix) ster 


_ It was first made use of this lemma in discussions of stability problems 
of differential equations.’ Later? it was applied to investigations of uniqueness 
and dependence of the solutions of differential equations and systems on 
the initial conditions and parameters, but only for the case of Lipschitz 
condition with the exponent 1. 

One can deduce by means of this lemma the lemma of GRONWALL’ too. 

The purpose of this paper is to establish — by means of*the Bellman 
lemma and its generalized form — a bound for the difference of the solutions 
of the equations y —f(x, y)+« and y —/f(x, y)+ (& and & are constants) 
with the same or different initial conditions, provided that f(x,y) satisfies 
the ,Osgood condition“ 


F(x, v3) F(X, Vs)| = O(|2—Ni!) 
in a domain G where, of course, w(u) is subjected to certain conditions. 
Further we shall give simple proofs for the Dee theorems of NAGUMO, 
Oscoop etc. 


1 R. Bettman, The stability of solutions of linear differential equations, Duke Math. 
Journal, 10 (1943), pp. 643—647. However, the lemma holds for arbitrary continuous Y(x) 
and non-negative continuous F(x). The value k —0 is also possible. 

2 £. g. B.B. Hemprykuit w B.B.Crenanos, Kayectsennan reopus andipeoen- 
UMaNbHBIX ypaBHeHui (Mocksa, 1947), p. 19. 

3 BE. g. E. Kamxe, Differentialgleichungen reeller Funktionen, p. 93. 
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2. The uniqueness theorem of Nagumo*‘ is the following: 


If the function f(x,y) is continuous in a domain G(x, y) and all points 
£7 of G have a neighbourhood where 


(3) |x—&] [f(x, J —f(% Ni)| S |Y2—Js| 
holds whenever the points (x, y,) and (x,y) belong to this neighbourhood, then 
the equation 


(4) y =f, y) 


has at most one solution (x) satisfying the initial condition (&)= 7. 


Proor. Assuming there exists another solution w(x) too with the same 
initial condition w(&)= 7, we should have 


ex)=n+ |fp@))dt,  wo)=n+ [ft yO)at 


whence 
'9@)—we)| = [IMG ee) wO)\dt— (>9). 


Taking (3) into account we get 
6) io) —weay| = [| PO— PO | a 


for sufficiently small x——>0O. Here the integrand has a limit for f —&, since 


tim POLO tim FOLKO _ 46,1) 76 1) =0, 


t=£+0 zt t=f0 


vl) =H) 


i. e. the function may be completed to a continuous function 


by taking 0 for its Sige ‘ai t= Therefore one can determine to all «>0 


a number 3 >0 such that -2O=#O |. if f—5|<d and §+d<x. 


Then we get from (5) 


£+6 


v@)—w| =| paleo!) a + 


g(t)—wit ; 
| Wea a VO | t= 04 | ig)—vO|-qigat 
&+ &+6 


4 M. Nacumo, Eine hinreichende Bedingung fiir die Unitét der Lésung von Differen- 
tialgleichungen erster Ordnung, Japanese Journal of Math., 3 (1926), pp. 107—112. 


A GENERALIZATION OF A LEMMA OF BELLMAN 8&3 
Applying the Bellman lemma we obtain 


fae a 
\p(x)—(x)| < d-eef “S era (xt8) 


for a certain right hand neighbourhood of — and any positive number s, 


juwoat by { u(t) dt 


(u(@f)=0). In this neighbourhood of — we have g(x)= w(x) and — ina 
known way — we can conclude that this holds for their whole existence 
intervals.” Q. e. d. 
Let us remark that if instead of condition (3) we supposed 
Ix—E| [f(x 3). 1)| = Mly.—y,| with M>1, 
then by a similar calculation we should obtain 


For x=& we conclude in the same way by replacing 


Ip@)—v(9| seo 28) me REP 


and since this depends on 0, the Pica conclusion is impossible. Therefore 
the constant M=—1 cannot be increased in this way. 


3. Generalization of the Bellman lemma. 


Let Y(x), F(x) be positive continuous functions in a=x=b and 
k=0,M=0O, further w(u) a non-negative non-decreasing continuous function 
for u=0. Then the inequality 


(6) Y(x) = k+M| FO o(VO)at (a=x=b) 
implies the inequality | 

(7) | ¥(x) = @ (Qh) + M| Fit)dt) (@=x=0' =) 
where : 

(8) Qu) =|y (digo 0, 10 20) 


Uo 


5 This procedure may be generalized: lf in (1) k=0, F(#) is continuous in ac xb 


f F(t) at 
and See F(x) Y= =A exists and lim deat < K(x), then Y(x) S AK(x). 


ie $0. Perron, Eine sigeeecae bpeasnine fiir Unitat der Lésung von Differential- 
gleichungen erster Ordnung, Math. Zeitschrift, 28 (1928), pp. 216—219. Perron has shown 
that M=1 cannot be increased at all. 


6* 
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and 9°‘(u) means the inverse function of S2(u) (Q°‘(u) exists certainly owing 
to the monotonity of 2(u)). Of course, x must be in a subinterval (a, 6’) of 


(a, 6) so that the argument 2(k)+M| F(t) dt be within the domain of defi- 


nition of Q°'(u). Therefore (1) holds fora=x<b'=6 with a certain 0’. 

Proor. Denoting the right hand member of (6) by V(x)= VV, we have 
Y=V or o(Y)=@(V), being w(u) non-decreasing. This may be written 
as follows 


Mo(Y)F(x) _ tf Mixcw _2 
Scio (V) ae ae eo or “@(V) = MF(x). 
By making use of the notation (8) 
dQ(V) _ 
dx == M F(x) 


and integrating between a and x 
Q2(V(x))—Q(V(a)) = M | F(t) dt, 


or, since V(a)=—k, 


x 


Q(V(x)) = Q(H+M | F(t) dt 


whence, being §2°'(u) increasing also, 


r 


Vix) = 2"(Q(H+M| FO at); 
finally, from (6), we obtain 
¥(x)=2"(Q(H+M | F(ta?) Bu epee: 6). 


The boundary furnished by (7) is independent of uw, because, taking d, in (8) 
instead of uy, we get 


u Mo 


Q(u) — | = Q(u)—6 where d -| 


me mae “ 
oly and 2°'(u) = Q°'(u +9). 


Uy 


Thus 
827" (2 (k) + A) = 2" (Q(K)—6 + A) = 2" (Q() + A). 
It is easy to see that the theorem holds also if we suppose only that Y(x) 


is continuous and F(x) is non-negative and continuous. For the function 


causes y stall 
yaa ole = Y (6) and consequently (7) are valid too, therefore (7) holds 
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for Y. Putting F(x) = F(x) +2, the theorem is true for F(x) and by the pas- 
sage of limit «> +0 we can see its validity for F(x) too. 


4. The uniqueness theorem of Osgood’ is the following: 
If in a domain G(x, y) the function f(x, y) satisfies the condition 
(9) If(%, v2) —F(x, v1)| = @(|¥2—yil) 


where w(u) is continuous for u=0, w(u)>0 for u>0 and w(0)=0, fur- 
Ss ity . ae. 
ther if lS is divergent for u>O, then the equation y' —f(x,y) has at 


0 
most one solution g(x) in G with o(E&)= 7 where (§,7) is a point of G. 
In the proof we shall restrict ourselves to the case where w(u) is non- 
decreasing. 


Proor.” Suppose there exist two different solutions g(x), w(x) with 
~(&)=w(E)—7. That is to say, there exist points & (e.g. &=&) where 
(—&)+ w). Let the lower bound of these — be &. We have then &=§& 
and o(&) = w(&), but (x) =+ w(x) for &£<x=&+y with a certain num- 
ber y > 0. | 

By virtue of our hypotheses 

p (x) — (x) =F (x, (x) F(x ¥(%)) = O( POD— ¥O))) 


whence 
|p(x) —w(x)| = Jo(ie®—v@)at or 4 s Jol) dt —V(x)=V>0. 


Hence 


of) == v’ =| 
Venta om). 
Introducing the notation 
dt iS 
ek eee g>0, u=0 
att 22(u) (Up )) 
we have ¥ 
d2(V) _ 1 
Xn 


whence by integration 
(10) 2Q(V(x)) = 2(VE& + 9)) +x—(& + 9) d>0 and &+d<x. 


7 W.F. Oscoop, Beweis der Existenz einer Losung der Differentialgleichung y’—/(x, y) 
ohne Hinzuname der Cauchy—Lipschitz Bedingung, Monatshefte f. Math. u. Phys., 9 (1898), 


. 331—345. 
4 8 We make use of the procedure applied to prove the generalized Bellman lemma. 
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If d+ +0, then 


Q 


V&+) +0, QVE+H))— | Ae=—m > 0), 


uy 


but £2(V(x)) is a finite number for x >&, i. e. (10) leads to a contradic- 
tion. We obtain the same contradiction for x <&. Therefore p(x) =(x) in 
some neighbourhood of & consequently, also in their whole existence inter- 
vals too. Q. e. d. 


u 


If i is convergent for u >0O, then we get from (10) for d++0 
0 
2(V) Ss 2(0)+x—S. 
Assuming e. g. = 0, it ts 
QO)=0, 2(V(x)) =x—& 
whence 
A=\9(x)—¥(X)| SVSEQ*(x—-h) (EH). 
Therefore, if uniqueness does not hold, the difference of two solutions is 
subdue to this estimation. ‘ 
5. [f p(x) and w(x) are the solutions of the equations 
y=f(x.y)+e and y=f(x y)+e (e, 2 0, ¢, = 0) 
satisfying the initial conditions (§;) = j,, w(§) = Nj and existing in a=x =6, 
further if 
If(% W—F(%V)| S O(\W2—N|) and |f(x.y)|SA in G, 
then 
|o(x)— ¥(x)| = 2 | (Q()+|x—&I) 
(A= |§,—§|A +]. — aol + (6 —a) (e, + &)). 
,  PRoor.® We have 


p(x) = + |r p(t))dt+-4,(x—§), W(x) = m+ [fa w(t))dt + «(x —&), 


whence 


1p (x)— o(x)| S | —72| + (& + &)(6—a) + 


és E 
+ | Jif veniae+ Jie rO—M wO)ldt| (ZS), 


* Here w(u) is subjected to the same conditions as in 3 and Q(u) is also the same 
function as in 3. 
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further 


a 


[p(x)— p(x)| S |m— 7. | +(e, + &) (6—a) + |§, —§,|A+ { o(\p)—w@)pat 


j bs 
(x = 5) 
or 


a 


4A=k+ | o(aat. 


Sz 


Hence, applying the generalized Bellman lemma with F(t)=1, M=1, we 
conclude 


A= 2" (O(K) +x) we 6).” 


“ 


“ 


This formula holds also if | is divergent (w>0O). In this case, if 


(5, ™) + (6,7) and ¢,,#—0, then kK+0, 2(k) + —oo and 
27 (2(®) +x—&,) > 27'(— <0) = 0, 


i. e. J-+0. Therefore, if the the function f(x, y) satisfies the ,Osgood con- 
dition“ in all points of G, the solution of the equation y’ — f(x, y) is a con- 
tinuous function of the initial values § 7; and of the parameter =. 


flu) RQ tw) 


Fig. 1 


From this fact one can deduce — as known — the following general 
dependence theorem too: 

Let f(x, y) satisfy (9) in G(x, y) and let (x,0,5, mo) be the (unique) 
solution of y’ =f(x,y) with (&, 0, &,%)—=%, existing in a=x=6, and 
p(x, €,§ 7) the unique solution of y —f(x,y)+¢« with @(E, &, 5, n)=1 and 
a<a<£<6, then o(x,2,§, 7) exists in a=x=B for sufficiently small 


10 A similar formula holds for x < &. 
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#>O and |E—E§,|+|y—m|, further o(x,#,§ 1) tends to p(x, 0, &, %) uni- 
formly in a=x=B if &n—-+&, M and «0. 

The same theorem may be proved” if the right hand member of the 
differential equation depends on an arbitrary parameter u, i.e. we have the 
equation y’ — f(x, y,#) and we have f(x, y, #) > f(x, y, #0) uniformly in G if 
u— uy. If, especially, we take w(u)—M-u* where M>0, O<a@<1, then 

d(t) 
w(t) 
condition with the exponent «a 
f(x, ¥2—F(% Ws)! = M\y.—y,!" (M>0, O<e<1) 
implies uniqueness (moreover, one can find easily examples. where this con- 
dition is satisfied and there are more solutions). 


By the above results we obtain as application the following bound 
estimation : 


(u > 0) is convergent, therefore we cannot conclude that the Lipschitz 


1 
|e(x)—y(x)| S (ke «4+ M(1—a@)'x—8))* (@= x=) 
where : 
k = |§—§,|A + |m%—7|+(& +48) (6—a). | 


Assuming identical initial conditions and s,—s«,—0O, we have 


= 
|g (x)—w(x)| = (M(1—a)|x—§|)!-¢ (0<ae<1, a=xeau 


E. g. the so-called maximal and minimal integrals” have a difference subdue — 
to this bound estimation. It is easy to see also that the limit of the right 
hand member is 0 for @— 1—0. 


6. Consider now the condition 
(11) |x—5\" |f(x, yx) —F(X, 1)! = @(|2—J: |) (0<@<1) 
in place of 
F(x, Y2)—Sf (x, yi)! = (|y.—)r |). 
We assume that this condition is valid for a certain neighbourhood of all 
points §,7) of G. The function w(u) is the same as in the theorem of OsGoop 


but we assume further that «’(0) exists. In this case (one equation and iden- 
tical initial conditions) 


fn) hin ee) ale Pee ae iia 
ot—E se eager et EIR O SHO Oae 


1! Kamke, loc. cit., p. 87. 
12 KamKE, loc. cit., p. 78. 
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(D, means the right hand derivative), that is, the function — Ch may be 


t—t)* 
_ completed to a continuous function for f= € too. at 


By a similar way as above we get fox equations and arbitrary initial 
conditions) 


4=k+ | (4) ep a dt for sufficiently small x—é& =O 
(k= |§, —8,|A + |,—m)| +(e +8) (0—a)). 
The + cea of the generalized Bellman lemma are not satisfied 


here le g. tt “Ey is not continuous in B st sx}. However, one can 
ek 


easily obtain — by a little modification of the procedure (as in the case of 
the NAGUMO theorem) — the ee inequality : 


iy (x rane “a 
t=O) 2@) rae 
i. e. also condition (11) assures the uniqueness of the solution under iden- 
_ tical initial conditions and e,—«,—0O. If these are not identical or «= & , 


u 


or else | is convergent for u>0O, then we obtain a bound for 7 in 
Lt 


the neighbourhood of & in which (11) is valid. 
The uniqueness theorem discussed here is not a special case of PERRON’S 


theorem.” 
7. Uniqueness theorem of Perron. 
Let the function f(x,y) — defined in the domain \|x—§|<a,|y—7|<6 
(domain G(x, y)) — satisfy the condition 
(12) |F(x, Yo) F(x, Ws)| = w(|x—&|, |y».—y,)) 
for points (x,y,) and (x,ys) of G, and let w(x, u) be a continuous function 
for O=x<a, u=0. If p(x) and w(x) are integrals of the equation 
(13) ¥ =f(x% ¥) 
: with o(E)=w(§)=7 and belonging to G(x,y), then 
| \e(x)— v(x)! = 2), 


13 Q. Perron, Uber Ein- und Mehrdeutigkeit des Integrals eines systems von Difte- 
rentialgleichungen, Math. Ann., 95 (1926), pp. 98—101. 
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where Z(x) means the maximal integral of the equation 
(14) au = w(x—, u) 
with Z(§)=0. — Therefore, if w(x,0)=0O and u=0 ts the unique solution 
of (14) with u(§)=0, then p(x)= w(x) in G(x, y). 
E. BompiANi" has found this theorem before PERRON but has made use 


of the restriction that w(x, uv) is non-decreasing function of u. We shall make 
use of the same restriction but the proof will be very simple. 


Proor. Being 
g (x)= W(x) = f(x, P(0)) —F(% YO) S @([x—€), /9Q)—Y¥C)|) (x 24) 


we have 
9) —wO| 3 folt— Z\e—v@)|dt  (x=® 


or 


(15) 42 {elt A)dt where 4 A(x) =|9(x)—w(x)}. 
é 

Denoting the right member of (15) by V(x)=V, we have 4=V. But 

V"(x) = w(x—§, 4(x)) 
and, on account of the monotonity of w(x, uz) in u, 

V(x) Sw(x—E,V(x)) (x = 8), 
i. e. V(x) is a lower function of the equation 
(16) u’ == m(x—§,u)+e (e > 0) 
for x26 and V(§)=0, and therefore 

V(x) = 2.(x) («28 


where 2,(x) means the minimal integral of (16) for x =&§ with z.(§)—0O and 
— as known"® — 2,(x) tends uniformly to Z(x) if «+ +0. 
Consequently 


OS a(x) = Vixyaezt): 
Similar proof holds for x = &. 


“4 E.. Bomeiant, Un teorema di confronto ed un teorema di unicita per V'equazione 
differenziale y’ = f(x, y), Rendiconti dell’Accad. dei Lincei, Classe di Scienze Fisiche, (6), 
1 (1925), pp. 298—302. 

'§ O. Perro, Ein neuer Existenzbeweis fiir die Integrale der Ditferentialgleichung 
v =f (x, y), Math. Ann., 76 (1915), pp. 471—484, especially pp. 473 and 479. 

16 Kamke, loc. cit., p. 83. 
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It is easy to see that the theorem of OsGoop is a special case of this 
theorem. — Taking once again the case of paragraph 5 we have 


Zz 


4=k+ |o(t—&, +)dt for x=&, 


provided that (12) holds with €—& and g(x) and w(x) are in G. Then 
OS) = 72 (x) “in? G 
where Z(x) means the maximal integral of (14) with Z(§)—k. 
These results may be extended to systems of differential equations too. 


(Received 1 December 1955) 


8. Finally consider a theorem due to TAMARKIN” and corrected by 
LAVRENTIEV :"* 


Let f(x, y) be continuous for |x| <a,|y| <6 (domain D) with a>-0,b6>0 
satisfying the condition 


(17) Sx, Y—F(% P(x))| = © (ly—()|) 
where (x) is an integral curve (passing through the origin and defined for 
|x| < a) of the differential equation 


(18) y =f(x, y) 
and w(u) is an increasing continuous function for u=O, further m(0)=0 


u 


e 


and the integral | a is convergent for u > 0. 
0 
Then the equation (18) has at least two (and thus an infinite number of) 
integral curves passing through the origin. Moreover — as LAVRENTIEV™ 


notes — the same is valid concerning all the points of the curve (x) (in D). 


We give a simple proof of the above theorem, further we give a lower 
bound estimation for the difference of the maximal integral G(x) and the 
minimal integral g(x) of (18) with the initial conditions G(0) = g(0) =0. 

On account of (17) the function A(x, y)=f(x, y)—S(x (x)) can not 
vanish in the connected domain |x| < a, y > (x) and therefore has a constant 
sign. We distinguish case a) (h(x, y) >0) and case b) (h(x, y) <0). 

Let a fixed integral of the equation 


(19) y=f(x.y)t+e (¢>9) 


17 J. Tamarkine, Sur le théoreme d’unicité des solutions des équations difiérentielles 


ordinaires, Math. Zeitschrift, 16 (1923), pp. 207—212. 
18 M. Lavrentiev, Sur une équation différentielle du premier ordre, Math. Zeitschrift, 


23 (1925), pp. 197—198. 
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passing through the origin be denoted by ~#.(x). As known,” one can deter- 
mine to all a, <a@ a number « such that w,(x) exists for |x| <a, and satisfies 
|.(x)| <6, and we have” 
p(x) >GxX=ex) O<x<a), 
px) <g(x)= 9X) (—a<x<9). 
We obtain immediately 


(20) wed— (x) = | Lt ve) —K 9) ] dt tex. 


Take now the case a) and O<x<a,. Then 


x 


we) —9(X) > | Lt Yl) —Mt, pO) dt = | o@O—9) at O<x<a) 


whence applying lemma of paragraph 3 


u 


w(t)’ 


consequently (since w,(x)—=> G(x) for s«+-+0 and 0O=x<a,”) 


W(x) —9(x) > Q(x) (O<x<a,) where Q(u) = (4 


G(x)—9(x) = 2"(x) (0=x<a,) 
for all O< a,<a and thus for 0=x <a. We have a fortiori 
G(x)—g(x) = 2" (x) (0=x<a). 


Considering the case b) and again 0< x<a,, equation (20) gives 
0 < w,.(x)— p(x) < ex < €a, < €a (0<x<a,) 


whence 
G(x)— ¢(x)=0 (0=x <a). 
Regard now both cases a) and b) for —a<x<0O. By the linear trans- 
formation x —E equation (18) will have the form 
’ d 
(18) E ~—H-$. YO) = FEY), 


and here the fisnction ee y) satisfies the condition (17) and H(&, y)= 
— F(E, y)—F(§, y(—)) has an opposite sign as A(x, y) = f(x, y)—f(x, p(x). 
Therefore we have in case a) 


G(x) = (x —a<xs0 
and in case b) sais ( ) 


G(x)—9(x) = 2 '(—x) (—a<xs0). 


19 Kamke, loc. cit., p. 82, Satz 1. 
20 Kamke, loc. cit., p. 83. 
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Instead of the domain |x| <a, y > g(x) (domain D,) we could have considered 
the domain |x| <a, y < (x) (domain D,) without any change in the above 
reasoning. 

We have four cases corresponding to the signs of h(x, y) in D, and 
D,, resp.: 


1. G—pg= 2" (x) O Sx <a), p—g=Q"\(—x)(—a<x<0)(+4), 
2. G—y = 2" (x) » » p—g=0 » i), 
3. G—g=0. SPE MPT RE eal Cok tie (neh 
4. G—g=0 5 , p—g=0 » egos); 


-E. g. in the fourth case and for g(x)= ae ete ys uniqueness 


G(x) = g(x) follows. 


(Added in proof 24 May 1956) 


OBOBLIJEHVE OHO JIEMMBI BEJIJIMAHA HW TIPHMEHEHHE K BONPOCAM 
EAMHCTBEHHOCTH PEWWIEHMM J]MbdEPEHLIMAJIbHbIX YPABHEHHM 


YW. Buxapnu (Byyzanewt) 


(Pe3t0 Me) 


B paOote o606maetTcaA Cnefyroulad emma : 
Ilycts Y(x) u F(x) nono«muTenpupie HenpeppiBHble yHKuMH Ha OTPe3Ke Xy< xX < Xp, 


k=0,M=0,%<a<x< X). Torga u3 HepapeHctBa 
Y(x)<k+M ) F()Y(tdt 


ciepyeT HepaBeHCTBO 
x“ 
. M f F(t)dt 
Y(x)<ke ° 
Eco k=O, To, KoneyHo, Y(a)—0. 
Ora nemMa urpaeT Gonbuy10 ponb pw MCCAenOBaHHM yCTOH4MBOCTA PeweHHA AMdp- 
chepeHuMabHbIx ypaBHeHH HM 3aBHCHMOCTH MX OT Ha4abHbIX yCNOBHH HM MapameTpos, ecaM 


BbINOAHAeTCA ycnoBue JInnuIMUAa C NOKasaTeneM a — I. 
, Ora nemMMa MOMKET ObITh O6O6UIeEHa CHepyrOUHM OOpPaszom : 
Mycrb. ¥(x), F(x), k, M, Xo, Xo, @ TaKOBbI Ke, KaK HM BBILIE, cbyHKuMA w(u) Bo3spa- 


“ craioujad, HEOTpuuaTenbHa M HenpepEiBna np u 20. Torga u3 pepenencrrs 


voy ck +m | FOoLveold (Xp) <a<x<X,) 
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cnefyetT HepaBeHCTBO 


V(x) 2" jeu +m | renat| (x <a<x<X<X,). 


“ 


“Bech Q(u)= [_— (u), u>0) nv Qa) ecre cpynKuns, O6patHaa dpyHKuun Q(x). Ecan 


o(t) 
Uy 
k=0, to Y(a)=0. 

B pa6ore yOKaspiBaloTca, C HEKOTOPbIMH OFpaHHYeHHAMM, TeOPeMbI O C/MHCTBCHHOM 
Ocryna nu Ieppoua, u paerca OueHKa OTKNOHeHHA pemeHHA p(x) H w(x), yoBreT- 
BOPAIOUIAX OAMHAKOBbIM WIM Pa3IMYHBIM TpaHM4HbIM yCNOBAAM, ypaBHeHuid y’ = f(x, y)+ & 
uy f(x, z)+ e, ecm RpInOnHAeTCA ycnosne JIunumMua c noKasaTanem OC aC] wa 
ycnosne Ocryfa 


(1) (1 (x, Y2—S(% ¥1)) S O( 2—J1|)- 
Ecau, Hanpumep, BbinonHeHO yCnoBue 
(2) F(x, yo) —F(x, W1)| S Mi yo— ys |" (0<a<1,M>0), 


HavabHble YCNOEMA COBNaMawT MW &; = =O, TO 
MA 
|p(x)— v(x)| < (M(I—a) |x —£ |)" (a<x<bd), 
rae (a, b) npomexyToK, rye cyuiecTByHOT ~(x) u w(x), uv p(—E)=w(E). Ecan a + 1—0O, To 
HerkO NOKa3aTb, YTO 3Ta TPaHnua CTPeMHTCA K HY. 
Ecam ycnosue (2) samexutTb ycnosnem (1), TO mMonyyaeTca Cnenyouee HeEPaBeHCTBO : 


\P(X)—¥@)|SLQM|x—§|) (y= 0). 
PaOota copepxuT elle AOKasaTeMbCTBO TeOpeMbI O eEQHHCTBeHHOCTH Hary MO, HcnO7b- 
SyHOUee MCXOMHY!O EMMY HW, HaKOHEL, faeT MPOCTOe AOKa3aTeMbCTBO OHO us TeOpeM 
Tamapkuua,!? OTHOCAUMeHCa K MHOFO3HAYHOCTH pPeWeHHA AMGPepeHuMarbHHIX ypaBHeHHt 
nepsoro nopsagKa. 


UBER DIE DUNNSTE HOROZYKLENUBERDECKUNG 


Von 
L. FEJES TOTH (Budapest) 
(Vorgelegt von G. Hajods) 


Wird die hyperbolische Ebene durch kongruente Kreise vollig bedeckt, 
so ist die (in geeigneter Weise definierte) Uberdeckungsdichte stets > 12/2 — 
—=1,1026....' Es ist zu erwarten, daB diese Ungleichung mit Zulassung 
des Gleichheitszeichens auch fiir Grenzkreise giiltig bleibt. Im vorliegenden 
Aufsatz bestatigen wir diese Vermutung durch den Beweis des folgenden 
Satzes: 


In der hyperbolischen Ebene sei eine Menge von Horozyklen so ange- 
geben, daB jeder Punkt der Ebene in wenigstens einem Horozyklus, aber in 
_ héchstens endlich vielen enthalten ist. Dann lat sich die Ebene so in asym- 
ptotische Dreiecke zerlegen, da die Dichte der Horozyklen in jedem Dreieck 
= /12/a ausfallt. 


Die Voraussetzung, dai jeder Punkt nur durch eine endliche Anzahl 
von Horozyklen tiberdeckt ist, bedeutet keine wesentliche Einschrankung, da 
im entgegengesetzten Falle der Uberdeckung eine unendliche Dichte zuzu- 
schreiben ware. 

Unter einem Horozyklus verstehen wir im folgenden stets einen Horo- — 
zyklus einer bestimmten Horozyklenmenge, die den Voraussetzungen des 
obigen Satzes Geniige leistet. Wir nennen einen Kreis schwarz, wenn er 
wenigstens drei Horozyklen von innen beriihrt, ohne ganz im Inneren eines 
Horozyklus enthalten zu sein. Wir fassen dabei einen Randpunkt eines Horo- 
zyklus ebenfalls als einen, den Horozyklus von innen beriihrenden Kreis auf. 
Wir zeigen zundchst die Existenz eines schwarzen Kreises. 

Wir betrachten zu jedem Horozyklus den inneren Parallelbereich vom 
Abstand r. Da ein beliebiger Punkt P nur in einer endlichen Anzahl von 
Horozyklen enthalten ist, liegt P fiir einen geniigend grofen Wert von r 
auBerhalb -samtlicher Parallelbereiche. Es gibt daher einen Wert r,=0 so, | 
daB die Parallelbereiche vom Abstand r, die Ebene noch bedecken, aber fiir | 
die Parallelbereiche von einem gréferen Abstand das nicht mehr zustimmt. 


1 L. Feyes Totu, Kreisiiberdeckungen der hyperbolischen Ebene, Acta Math. Acad. 
Sci. Hung., 4 (1953), S. 111—114. 
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Dann gibt es einen Punkt Q, der auferhalb aller Parallelbereichen vom 
Abstand >r, liegt. Da Q nicht im Inneren eines Parallelbereiches vom . 
Abstand r, liegen kann, ist er ein gemeinsamer Randpunkt von wenigstens 
drei Parallelbereichen vom Abstand r,, da sonst die Umgebung von Q nicht 
durch die Parallelbereiche vom Abstand r, tiberdeckt ware. Der um Q 
geschlagene Kreis vom Halbmesser 7 ist offenbar schwarz. 

Die ,Mittelpunkte‘ der Horozyklen, die von einem schwarzen Kreis von 
innen beriihrt werden, sind Ecken eines asymptotischen Vielecks, das wir 
schwarz nennen wollen. Wir zeigen, daB die schwarzen Vielecke die Ebene 
schlicht und liickenlos bedecken. 

Es sei zunachst gezeigt, dafi zwei schwarze Vielecke nicht. iiberein- 
andergreifen kénnen. Zwei verschiedene schwarze Kreise kénnen gleichzeitig 
héchstens zwei Horozyklen von innen beriihren. Folglich haben zwei schwarze 
Vielecke héchstens zwei gemeinsame Ecken. Hatten sie daher einen gemein- 
schaftlichen inneren Punkt, so gebe es zwei Seiten, die einander schneiden 
wiirden. Wir bezeichnen diese beiden Seiten mit AB und CD und die ent- 
sprechenden Horozyklen mit Hs, Hs, He und Hp. Der zu Ha und Hg gehd- 
rende schwarze Kreis vom Mittelpunkt Maz kann weder in He noch in 
H, enthalten sein. Ebenso kann der zu He und Hp gehorige schwarze 
Kreis vom Mittelpunkt Mcp nicht ganz in H4 oder Hz liegen. Wir betrachten 
die Gerade g, deren Punkte gleichen Abstand von Ha und He besitzen. Da, 
wegen der eben erwdhnten Eigenschaft der schwarzen Kreise A und Maz 
auf der einen, C und Mc» auf der anderen Seite von g liegen, haben die 
Halbgeraden MazAund MepC keinen gemeinsamen Punkt. Dasselbe gilt fiir 
MazA und MepD, fiir MazB und McpC, sowie fiir MazB und McyD. Das 
ist aber unméglich, weil die gebrochenen Linien AMasB und CMcpD mit 
Riicksicht auf die zyklische Reihenfolge ACBD_ einander durchsetzen 
miissen. 

Wir zeigen jetzt, daS die schwarzen Vielecke die Ebene vollig bedek- 
ken. Wir fassen einen schwarzen Kreis K mit den zugehdrigen Horozyklen 
ins Auge. Sind Ha und Hx zwei zyklisch nacheinander folgende Horozyklen, 
so ist ein Eckpunkt E des Horozyklenzweiecks H,Hz,° durch einen K nicht 
enthaltenden Horozyklus tiberdeckt. Wir verbinden K mit E durch die Schar 
der Ha und Hy von innen beriihrenden Kreise. In dieser Schar gibt es einen 
von K verschiedenen ersten Kreis, der auBer H4 und He einen weiteren 
Horozyklus von innen beriihrt. Dieser Kreis kann nicht im Inheren eines 
Horozyklus liegen. Folglich ist er schwarz. Dies bedeutet, daB sich zu jeder 
Seite eines schwarzen Vielecks ein anderes schwarzes Vieleck anschlieBt. 

Wir gehen von einem beliebigen schwarzen Vieleck aus und fiigen die 
anschlieBenden Vielecke hinzu. Dann betrachten wir .die zu den freien Seiten 
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anschlieBenden schwarzen Vielecke und setzen dieses Verfahren unbegrenzt 
fort. Bleibe bei diesem Prozess ein Punkt P der Ebene unbedeckt, so 
wiirde diejenige, im n-ten Schritt auftretende Polygonseite A,B,, die P von 
den schon hingefiigten schwarzen Vielecken trennt,mit n— « gegen eine 
Grenzlage AB hinriicken. Da aber die Horozyklen vom Mittelpunkt A, und 
B, einen gemeinsamen Punkt haben, wiirde von der obigen Voraussetzung 
folgen, .daf jeder Punkt der Gerade AB, mit eventueller Ausnahme eines 
einzigen Punktes, durch unendlich viele Horozyklen iiberdeckt ware. Aus 
diesem Widerspruch folgt unsere Behauptung. 

Zerlegen wir die mehr als dreieckigen schwarzen Vielecke durch Diago- 
nalen in Dreiecke, so entsteht das gewtinschte Dreiecksnetz. Wir haben noch 
zu zeigen, daB die Dichte der Horozyklen in jedem Dreieck = \12/z ist. 


Fig. 1 


Es sei ABC ein Dreieck und Hu, Hz, He die entsprechenden Horozyk- 
len. Wir zeigen, daB schon die Dichte dieser drei Horozyklen in ABC 
der Ungleichung = |/12/7 Geniige leistet. Zufolge der Konstruktion des 
Dreiecks ABC ist der Durchschnitt von Ha, Hg und Hc nicht leer. Wir 
koénnen aber annehmen, daB H4, He und Ac nur einen einzigen gemein- 
samen Punkt haben. Ist namlich P ein in ABC liegender gemeinsamer Punkt 
von Ha, Hz und Hc, der ein innerer Punkt von wenigstens einem der drei 
Horozyklen ist, so haben die durch P hindurchgehenden Horozyklen vom Mit- 
telpunkt A, B und Ceine kleinere Dichte in ABC als die urspriinglichen Horo- 
ees die Kriimmung der Ebene — 1, so ist der Inhalt von ABC gleich 
zm und die abzuschitzende Dichte betragt (7+ 2)/, wo 2t die Inhaltssumme 
der Horozyklenzweiecke HaHz, HzpHc, HcHa bdedeutet. Bezeichnen wir die 


7 Acta Mathematica VII/1 
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Winkel dieser Zweiecke mit 27, 2@ und 2/, so haben wir 
J t=tge—e+tgs—8-+tgy—y 
und wegen 2a-+ 26+ 2y—2 
t=6 tga —a=2 \3—<. 


Damit ist unser Satz bewiesen. 


(Eingegangen am 17. Dezember 1955.) 


O HAMMEHEE ITWJIOTHOM NOKPbITHH TOPOLUMRJIOB 
JI. ®eew Tort (Bypzaneur) 


(Pes Me) 


B wacroame pa6ote aBTop fOKasbiBaeT Cnegyroulyo Teopemy : 

Nyctb wa runep6onnyecKO MMOCKOCTH JaHO TaKO€ MHOXKECTBO TOPOLHKNOB, 4TO 
KakKjad TOUKA MIOCKOCTH COJ€PxKHTCA BO BHYTPCHHOCTH XOTA ObI OAHOTO TropouHKNa, HO HE 
Gonee 4eM KOHEYHOTO yNCIa ropouMKAOB. Torga MAOCKOCTb MOKeT ObITh TaK pasOuTa Ha 
ACHMNTOTHYECKHE TPeyrONbHHKH, 4YTO B K@KOM M3 TPeyrOJbHHKOB MNOTHOCTS ropouHK— 
nos | 12/z. 


OB OJHOM 3AJAYE U3 TEOPMM TIPOWECCOB 
PASMHOSKEHUA WU TMBEJIV 


K. YPBAHHK (Bpounas) 
(IIpeacranneno A. Pe npn) 


1. Cayuaiinpii npoyecc pasmHowKenua u ru6enn (BeTBalyniica npowecc 
c 4acTuyamMM OfHoro Tua; cM. [1], [2]) aBnaeTca OHOpOAHbIM MapKOBCKUM 
MPOWeCCOM CO CHETHBIM 4MCIOM BO3MO%KHBIX COCTOAHMM, COOTBETCTBYIOLUMX 
4MCJIly YaCTHIL B pacCMaTpHBaemMOw COBOKynHocTu. Tlyctb P;(t) o6o3Ha4aer 
YCIOBHY!0 BePOATHOCTb TOrO, 4TO COBOKYNMHOCTb, HaC4MTbIBaBlad k yacTuu, 
TIO MCTe4eHHM NpoMexKyTKa BpemeHu ¢ OyseT cocTOATb u3 n YacTuu. Ipouecc 
pasMHOKeHMA MW rHuOeIM ONpepeAeTcA OOBI4YHO 3aaHMeM MHTeHCMBHOCTeH 


(fn 2205152, 82H), 


1 ee 
mae Ir t 
a dt () t—+0 
YHOBJICTBOPAIOUIUX CIE NY FOULAM YCJIOBMAM :¢ 


Gees, 0 oar Sats 1, oe 0, Sy 20 


n=0 


(1) APO, 


CBa3b M@%KJyY MHTeHCHBHOCTAMM a, M BepoaTHOcTamu P;;(f) qaloT crepy- 
joujue ypaBHeHua Kosmoroposa : 


fae! th n=0, 1,2, 32). 
a | 


n+l 


(2) 2 Prt) = kav niPr(). 


O6osHauum 4epes & 4uCIO YaCTH B MOMeHT BpemeHH f. IIpeqnonaraem, 
YTO Mpouecc perylapen, T. e. BemMYMHAa & B JKOOOM KOHEYHOM MpOMeXKyTKe 
BPeMCHH MMECT JIMIb KOHEYHOE 4MCIO CKAYKOB C BEPOATHOCTIO 1. Tlyctb 
S(&) ecTb MaKCMMaJIbHOe 4HCNO YaCTHY B paCCMaTPUBaeMOM COBOKYMHOCTH 


Sé)= sup Ey. 


Yepes 7,(&) OG03HaYMM TepBbIii MOMCHT BPeMCHH, B KOTOPOM 4MCIO 4acTHI 
TIPHHUMaeT MaKCHMAJIbHOe 3HayeHHe 


== inf 7, 
HANS) == aie 


M 4epes 7(&) MOCIeMHHi MOMEHT BPeMeHH, B KOTOPOM 4HCAO 4aCTHH TMpPHHh- 


7* 


100 K. Yp6anuk 


MaeT Ma@KCHM@aJIbHOe 3HAYCHHE 
T(6) = sup f 


§;=A1£) 
Samauew HaCTOALIeM 3aMETKM ABJIACTCA M3yY4eCHHE MATEMATHYECKOFO OKMaHKNA 
Cly4awHOM BeJIM4HHbI 
o(§) = 7.()—16). 

Ecau a, 0, To c BepostHoctbio 1 S(€)= co mp a,=-O u S(&) paBuo 
HauvaJIbHOMY 4MCJy YaCTHL B COBOKyNHOCTH np a,—O. Ecau xe a,—O gna 
k=2ua,--0, TO QA COBOKYNHOCTH, HaC4HTbIBABLUeH fF 4YaCTHI, B HadaJib- 
HbI MOMECHT BpeMeHM, NMOsyYaeM HeMOCpeACTBeEHHO qyHKUMIO pacnpeyenenua 
ciy4avHOuK BeIM4MHbI (Ss): 

P(0(§) < t) = 1—P, (t) = 1—e"™. 
OTM cAy4au He MpeCTaBAAIOT AVIA HAC MHTepeca, WM MbI UX PaCCMATPMBaTb He 
Oyqem, Mpeqnonarad B JanbHewwWemM a,==-O u a,=0. 


2. OcHOBHOH TeOpeMOM HAaCTOALIEM 3AMETKM ABIAeTCA 


Teopema 1. YcnopHoe maTemaTuyeckoe O*KMaHHe Cy4anHOM BelM- 
unubl e(€) mpu ycnosun S(§)—n 3afaetca popmyn0% 


Ee@|S@=n) =1 > = ee _— a1), 


k=1 


rye npw n= 1 


| a a O 0 xs 
-«| @2 @j 29 O46 22-10 

U,, — (— Q) ‘ ’ 
| Qn QAn-1 QAn-2 An-3 +> > Qy 


U,=1 1 U,=0 npu n<0. 


IIpumep. Paccmotpum mpouecc pa3MHOoKeHMA M rHGelM, B KOTOPOM 
YacTMa pacnafaeTca TONBKO Ha ABE 4aCTHUbl WIM UCYesaeT (cm. [1], cTp. 409). 


B 3ToM cryyae umeem a,—O qa n= 3. Ecau a— “2 +1, TO serKo npo- 
BePHTb, 4TO ae 
i m+1 
a i — — (n = 0). 

 Ecan 2K a =a,, 10 

U,=n+1 (n = 0). 
Takum O6pa30m u3 Teopembl 1 noOnyyaem (pOpMy.IbI 

a” ows. (1—a*)? 
Gill arti (lana) ad nk ecJIM Q = a,, 

(8) E@@|S@)—n)—4 Sh) Cae A ke 


2a, ecCIH Ay —A,. 
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IlpeqpaputenbHo poKaxKeM s1eMMy. 


JIemma. IIpw 1 =k=n wmeer mecto cpopmy,ia : 


J PG; =k, max oe n|\&, r)dt U;-1 ( U9 (ers 
ust 


ka Gh, - ed J ; 
JlokazaTeabctBo. Mb npeanonoxuM, 470 npouecc & peryraper 
CnenopatenbHo, np Bcex k<n umeeT MecTo dopmysia 


(4) P(& =k, Max Sy = M\b— 1) = 


= lim huss 3 max &,< 7, Sen, 2 Nie). 


m->o s=1] 
| tut 
™m 


Mz cooTHowmenui (1) 4 O_HOpo_HOCcTH Npowecca noyyaem: 
) P(E&—=k, max &, <n, Sale le 


eet 
m 


n-1 2 naar 
(5) = SPEAK, max E<alks, —pp:{*)p:(S—11)— 


—t=n=t 
1 1 
t)+o(2), 
m 
mae =) 
Jlma BepOATHOCTeH NepexOfa MUMEIOT MECTO CJeMyIOLMe COOTHOWEHHA 
(cm. [2], crp. 53): 


Du 


: —n—1)P? (= 


P(T)= > IDPi (7) 


Ait...tjgJ rt 


Orciofa crefyeT HepaBeHCTBO 
6) pry s({)Pimi ep. 
V3 oveBugHOw OUeHKK 


n-1 o 
Dyer i, 
= lee 
P(&—k, oe E,< an, Bet > alb=n 2 > Pile 
sus 


M HepaBeHcTBa (6) caefyeT ; 
P(é.—k, _max ca cll, Sect ee nit =) =o(4}, 


— tut 
m 


Orciona, ucnompaya dopmyzpi (4) u (5), nonyyaem npu k <n: 


t 
PG =k, max&, = nl&—1) —na,| PEr—=k max &<n|f&—=2—1)Py(r)de 
ust 0 usst-t 
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WJM 


P(E =k, max & <n|&)—=1) = 
(7) ust 


t 
=P (t)—na, | P&-.=k, max & <1|&—=a—1)Pr(z)dr. 


0 
Viz ypapuenuit (2) cuezyeT, TO mpu k= 1 wHTerpanbl {Pi (t)dt cxo- 
0 
qatca. CreqopaTerbHo, ucnomb3ya dopmysy (7), nomyyaem npw 1=k<n: 


JPG—&, ma max &, < n|&=r)dt= 


@ 


—|Pr (t)dt—na, jerwaire- k, max &, <n|& —n—I)dt. 


Otcioga MH u3 topMyIbI 
P(&=n, max &, = n|& =r) =P(—=n, max &, <n+1|& =r) 
nest ust 


HaxOJMM, 4TO 


[PE ==, max &. =i |G se TE a 
7 ust 


0 


(8) naArAnr (a+ UdAP"An oy pen 
1+ naAn-1 1+(a+ 1)QA, Ay” - : 


anes 1) A, Ar An 


npu k—na, 
1+(n-+ 1)agAn” 2 
rae Ak =| PY (t)dt. 
0 


Uicnospaya ypaprenua (2), monyyaem fad BemunH A, crepyioulyt cHC- 
TeMY JIMHeHHbIX ypaBHeHHh : 


aQAr=P', o 
n 
Se SQn-s A; = —d;, 
s=1 
re P—BePOATHOCTh BbIPOKEHHA NOTOMCTBA OfHOH YacTHUbI (P= lim P{(t)) 4 
t+o 


0, = NS oa npw nr. Pewias aTy CMCTeMy, HaXOJMM, 4TO 
] r 
A; = wrilé Ux-1— Ux-v-1) (k= 1). 


TlogctaBiad 9TO BbIpaxKenHe B Popmysy (8), MOy4aeM yTBEpXKeHHe JIEMMBI. 
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JlokasatenbctTBo Teopemp 1. TlockoubKy Jprnae CXOMATCA 
np k= 1, To “3 O4eBuAHOTO HepaBeHCTBa 


Pi®=\SO@=26—=)=P6OQ=rl&=ny' SPM) = 1,2) 


cueqyer 
lim inf fP(x;(§) = t|S(§) =n, & =r) —0. 


Orcioya nomy4aem paBeHcTBO 


a E(e®|S®© =2,&—=)— 
= | {P(x2(8) = t|S© = 2, & =)N—P(1,© = t|S® =n, &=njdt. 
U3 onan 

P(z,(6) = 7, S@=n|&=) = > P(max & =n, & =k, max &u <njé,—=r) 


cueqyet 


P(z,@ =¢, 86 —n2|5,=r) = 
—> P(S() =1|5, = 4HPG—k, max E,< n|& =r). 
Axanoru4Ho mosy4yaem paBeHcTBo 
P(7(6 =t S@=—2/6.=—=) = 
=> PSO =n|,—HPE=k, max, = n|f&—7). 


Orcioga Mu 43 opmy.ibl (9) caenyer 


E(e(6)|S)=2, 5 =1) = 
(10) 


* P(SQ=nl&=*) [ pe _ ws 
1 P(S@=al& =") Jrans max Ey —n|&) —r)dt. 


Ha ocHoBaHun JeMMbI M M3BeCTHOH opMysbI 
‘(pm ee 
P(S(§) = 2/4 =hk) = i i ae (n 2 1) 


(cm. [4], crp. 151; [3], crp. 373) uz cooTHomeHua (10) BEITeKaeT PaBeHCTBO 


1 - O;-1 Uzi U4 
E@@IS@—2,b—)—1 5 Her. | Yer _ Hear) 


A k=1 
IlockobKy paBaA YaCTb 3TOTO PpaBeHCTBa He 3aBHCHT OT 7, TO OTCHOfa HeMOC- 
PeACTBCHHO BbIT€KaeT yTBepxKe He TEOPeMBI. 
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3. Jlua mpoueccos, pacCMOTPeHHbIX B NPHMepe, BEPOATHOCTb BbIPOIKeHHA 
NOTOMCTBA OHO YaCTHUbI ONpeeeHa PopmMy.10On 


setts 

(11) P=min (=, ] 

(cm. [1], ctp. 410). Bpegem cuefyroujue o003Ha4eHHA 
m,= > na,P"",  m,= >) n(n—1)a,P"™. 


n= n= 


Vs wopmya (3) u (11) caegyet, 4TO QA NpoOWeccoB, PacCMOTPeHHbIX B MpH- 
mMepe, HME€IOT MECTO paBeHCTBa 
1 


1 1 1 
a +o4)—— rt +o(+}, CCIM d= a, 


n|a— 
1 


E(0(®)|S@) =2)— 


CCIM A) = . 


, 


My 
Ucnonpsya pesyistats B. M. 3o10TapéBa oKaxKem Oomee OOuLyO 
Teopemy. 


fo) 
Teopema 2. Ecau > n*a,P” < >, TO MMelOT MeCTO aCUMNTOTHYECKHe 


(pOpMy.IbI = 
= mele: ecuu m,=£0, 
peeve) ; 


m tO) ecu = m,=O. 


JlokasateabctsBo. O6osHaynm yepes V, BbIpaxenne P”"U,. B. M. 
Sonotapés goxasan ((4], crp. 152), 4ro Benmunna V, He yObiBaeT c poc- 
TOM fl MW Npw n—> 


(12) U, +, ecm m,-0. 
1 
Ipouspogauiaa cbyHkuna Belm4uH V,—V,_1 umeeT BH 
> (Va Vi1)x*= a —* — (|x, <1), 
os >, 4,(Px)" 
a=0 
Orcioma u calenyer 
S of d? 1—x 
2,2(2—1) (Va Vag) "2 = a) (|x| <1). 


iS’ QAE XT 
n=0 
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Ecau m, +0, To mnpu x1 (x<1) npapasa yactb nocnenneli OpMyJIbI cTpe- 
MHTCA K 
a= ni—1) (n—2)a,P"* 


= 2 
a, P\* ; ee as 
3m} 2m} 


(30eCb HCNOMb3yeTCA PaBeHCTBO > > a,P" 0; cm. [2], crp. 66). Virax, B cuay 


aos 


Npe€ANOJOVKCHUA TEOPeMbI 3akKJIIOUaeM, 4TO 


(13) S n(n (V.— Vn-1)< co, ecam m,=£0. 


n=0 


Ilpeqnoo%xKuM Tenepb, 4TO m,=+=0. V3 tTeopemp 1 creqyeT paBeHcTBO 


n-1 
nEC@ISQ=)—Z Sy Veni ye — He], 


IIpeqctaBuM MmpaBytO 4aCTb 9TOFO PaBeHCTBa B Bue CYMMbI TpeX CJaraeMbIx : 


ee P n-1 
nE(e(®)|S@) =n) = Fy Veen Ve= Vea) 
P s V2 k-1 fi ] 1 i S n 
Q)Vn k=0 irae seoneny re toe Ve ) va alae Vy; oy Vari 2 <—,n—k Vow Vi. 


Viz dopmyazpi (12) cuenyeT, 4TO MepBoe cuaraemoe Mp N-—>+ co CTPeMHTCA K 
1 

npenely ——-. Viz Hepapenctpa (13) 3ako4aeM, TO BTOPOe Caraemoe CTpe- 
1 


MHTCA K HyK0O. TpeTbe xe caraemoe He mpeBocxogut Cn log n(V,—Vy-1), 
rae C HekKOTOpad nOcTOAHHad, M B CMY CxOqMMOCTH psa (13) Toe cTpe- 
MHTCA K HyJ0. TakuM OOpa30m TeopeMa fOKa3aHa B Cry4ae m, == 0. 

Ecau we m,—0O, TO TeopeMa HeMOCpeCTBEHHO CJelyeT U3 AaCMMMTOTH- 


yeCKOK OpMy.IbI 


2a 
U,, re TB) 


OKa3aHHOw B padore [4]. - 


Martematuyeckui MucrutyT 
Tonpckoi Axagemun Hayk 


(Moctynua o 17. XII. 1955.) 
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ON A PROBLEM CONCERNING BIRTH AND DEATH PROCESSES 
By 
K. Ursanik (Wroclaw) 


(Summary) 
Denote by S(s) the maximal number of particles in the homogeneous birth and death 
process §,. In this paper we consider the expectation of the following random variable: 
o(3) = sup f— inf ¢. 


f:=S(E) f= 50) 
The conditional expectation of the random variable (3) under the assumption S(¢) =n is 
given by the formula 


E(e®)|S@=—n=+ y bs 
of 


where for n= 1 


Oe ae | eee 07 
U =a)" dy a; % 0 0 I, : 
| 
Ce begs Pee Pars a, | 
Uj=1,U,=0 for n<0 and ay, a,..., Q,,... denote the transition intensities of the 


process &,. 


@ 
Let P denote the probability of extinction of the process 5. If >> na,P" <>0, then 
aod) 


the asymptotic formula j 


E(e(5)|S@ =n) = 
| +00 for m,—0 


& o 
: . ; 
is true [ wnere m,= > na,P"™-' and m,= > n(n—na,P"), 
. n=O n=O 


UBER EINE VERALLGEMEINERUNG AUF DIE KUGELFLACHE 
EINES TOPOLOGISCHEN SATZES VON HELLY 


Von 
J. MOLNAR (Budapest) 
(Vorgelegt von G. Hajés) 


Folgender Satz von HELLy! ist bekannt: 

Ist in der euklidischen Ebene eine beliebige Anzahl von einfach zusam- 
menhdngenden Bereichen’ so vorgegeben, da der Durchschnitt von je zweien 
zusammenhdangend ist und der Durchschnitt von je dreien nicht leer ist,’ so 
ist der Durchschnitt samtlicher Bereiche nicht leer. 

Auf der Kugelflache gilt dieser Satz nicht. Ein Gegenbeispiel liefert 
uns das sphadrische Netz eines Tetraeders. Die vier Dreiecke des Netzes 
geniigen den obigen Bedingungen, haben aber keinen gemeinsamen Punkt.t Um 
den Hellyschen Satz auf die Kugel iibertragen zu koénnen, sind daher noch 
weitere Voraussetzungen ndtig.® 

Wir beweisen folgenden 


Satz. Ist auf der Kugelfldche eine beliebige Anzahl von einfach zusam- 
menhdngenden Bereichen so vorgegeben, daB der Durchschnitt von je zweien 
zusammenhdngend ist, der Durchschnitt von je dreien nicht leer ist, und je 
vier die Kugel nicht ganz bedecken, so ist der Durchschnitt sdmtlicher Bereiche 
nicht leer. 

Aus diesem Ergebnis ergibt sich z. B. unmittelbar folgender Satz von 
C. V. RoBinson:* : 


1 E, Hetty, Uber Systeme von abgeschlossenen Mengen mit gemeinschaftlichen Punk- 
ten, Mh. Math. Phys., 37 (1930), S. 281—302. 

2 Unter einem Bereiche verstehen wir im folgenden stets eine beschrankte abge- 
schlossene Punktmenge. 

3 Aus diesen Voraussetzungen ergibt sich, daB auch die Durchschnitte von je zveien 
und je dreien auch einfach zusammenhangende Bereiche sind. Es gilt namlich der bekannte 
Satz: Sind in der euklidischen Ebene drei einfach zusammenhangende Bereiche so vorge- 
zeben, daB der Durchschnitt von je zweien zusammenhangend ist, und der Durchschnitt 
aller drei nicht leer ist, so sind die Durchschnitte von je zweien und aller drei einfach 
zusammenhadngende Bereiche. 

4 Vgl. das Referat No. 1950 von A. W. Pocoretow in Ped. Ky pxan, MatTema- 
puKa (1955). x 

5 Vgl. C.V. Rosinson, Spherical theorems of Helly type and congruence indices of spheri- 
al caps, Amer. J. Math., 64 (1942), S. 260—272. S. auch L. M. Biumentuat, Theory and 
ipplications of distance geometry (Oxford, 1953), Kap. VIII. 

6 C. V. Rosinson, a. a. 0.5, S. 267. 
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Konnen je drei Punkte eines auf der Einheitskugel liegenden Punkt- 
systems durch eine Einheitskugelkalotte vom Radius @ <arc tg 2/2‘ iiber- 
deckt werden, so gilt dasselbe auch fiir das ganze Punktsystem. 

Wir beweisen zundchst unseren Satz durch Induktion fiir eine endliche 
Anzahl von Bereichen, die wir mit B,,B,,...,B, bezeichnen. Im Fall n=4 
ist der Satz eine. Folgerung des Hellyschen Satzes. Da namlich die Bereiche 
B,, B,, B;, B,; die Kugel nicht bedecken, laft sich ein unbedeckter Punkt 
herausheben, wodurch eine mit der Ebene homéomorphe Flache entsteht. 
Wir setzen nun die Giiltigkeit des Satzes fiir n voraus. Wir betrachten den 
Durchschnitt B, —8,-B,41 und behaupten, daf B,, B,,..., B,-1, B, den Bedin- 
gungen unseren Satzes Geniige leisten. 

Die Bereichen B,,8,, Bn: liegen auf einer der Ebene homéomorphen 
punktierten Kugelflache, da ja nach der Voraussetzung auch drei von unseren 
Bereichen die Kugel nicht bedecken kénnen. Es kann also der in der Fuf- 
note ® angefiihrte Satz angewendet werden, woraus folgt, dab By-B,= 
= B)- B,- Bri einfach zusammenhangend ist. 

Es folgt weiter aus dem schon bewiesenen Falle n 4 unseres Satzes, 
da® By: B,-B,= Bx: Bi: B,- By: nicht leer ist. 

Wegen der Voraussetzung kénnen auch B,, B;, Bn, B, die Kugel nicht 
bedecken da ja B,CB, gilt. Folglich ist der Satz fiir die Bereiche: 
B,, B;,..., Br-1,B, anwendbar, d. h. sie haben einen gemeinsamen Punkt.. 
Dasselbe gilt dann auch fiir. die Bereiche B,, B,...,B,, Busi. 

Dafi unser Satz auch fiir eine unendliche Anzahl von Bereichen giiltig 
ist, folgt aus folgendem Satz von F. Riesz:* 

Gibt es in einem kompakten Raume eine Menge von geschlossenen: 
Mengen derart, dai der Durchschnitt von je endlich vielen nicht leer ist, so 
ist der Durchschnitt aller dieser Mengen nicht leer. 


(Eingegangen am 21, Dezember 1955.) 


OBOBLUEHME OMHOM TOMOJOPMYECKOH TEOPEMbI XEJWIM AIA CbEPbI 
WU. Moabuap (Byganeut) 


(P e310 Me) 


AstTop oKasbinaeT Crenyroulyo Teopemy : 

Ec waxoaaumecd Ha cipepe OAHOCRASHBIe, OrpaHH4eHHbie u 3aMKHYTbIe OONACTH 
TakKORbI, 4YTO OOUA YACTh T0ObIX ABYX OOAACTeH CBABHA, 1H06bIe TPU MMeT OOMLyHO TOYKY 
M HUKAKHE YCTHIP€ HE NOKPbIBAaIOT BCIO Ctpepy, TO BCE OHH HMeIOT OOuLy10 TOUKY. 


“ arc tg 2/2 bedeutet den sphiirischen Radius eines durch drei Eckpunkte eines 
einbeschriebenen reguliren Tetraeders geschriebenen Kreises. 
“ S.B. Kereéxjarto, Vorlesungen iiber Topologie. I (Berlin, 1923), S. 37. 


ON QUASI-INDECOMPOSABLE ABELIAN TORSION GROUPS! 


By 
¥. SZELE (Debrecen) 
(Presented by L. Réoes) 


1. In the theory of abelian groups’ it is a well-known result® that among 
the non-torsionfree groups the only groups which are (directly) indecompos- 
able are exactly the groups C(p") with 1= k= ~, i. e. the cyclic groups 
of prime power order p* and the groups of type p®. Clearly, the direct sum 
of a finite number of such indecomposable groups has the property that it 
has only direct decompositions with a finite number of components. Calling 
a group of this property quasi-indecomposable, one may ask whether or not 
the mentioned groups exhaust the class of all quasi-indecomposable groups. 
In the present note, confining ourselves to torsion groups, we intend to 
show that the power of a quasi-indecomposable torsion group does not 
exceed the power of the continuum and that there exists a quasi-indecom- 
posable p-group of power 2%. In fact, the torsion subgroup of the complete 
direct sum of the groups C(p*) with k—1,2,... will turn out to have the 
property in question. 


2. In what follows let G denote an additively written abelian torsion 
group. We shall call G quasi-indecomposable if it has no direct decomposi- 
tion with an infinite number of (nonzero) direct summands. If we decompose 


the torsion group G into the direct sum of its p-components, G = > Gp, then 
it is clear that G is quasi-indecomposable if and only if G has but a finite 
number of p-components G,=-0 and each p-component G, is again quasi- 
indecomposable. Hence it suffices to restrict ourselves to the study of quasi- 
indecomposable p-groups C. 

The maximal algebraically closed‘ subgroup A of G is a direct sum- 
mand of G, G=A-+4H where H is a reduced p-group. Evidently, G is 

1 This paper is a posthumous work of the author; it has been elaborated on the 
basis of a rather complete manuscript of T. Szete by L. Fucus (Budapest). 

2 Since the present note is concerned with abelian groups only, for the sake of 


brevity we shall write from now on ,groups“ for the longer phrase »abelian groups“. 
3 See Kutikov [2], Szexe [5] or [7], Kuross [4]. — The numbers in brackets refer to 


the Bibliography given at the end of this note. hate 
4 A group G is called algebraically closed (or complete or divisible) if nG—G for 


every natural integer n; cf. e. g. Szere [6]. — If G contains no nonzero algebraically 
closed subgroup, then G is called reduced. 
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quasi-indecomposable if and only if in the decomposition A= > C(p®) there’ 
is but a finite number of groups C(p*) and H is again quasi-indecomposable, 
Therefore, we shall consider only quasi-indecomposable reduced p-groups G. 
Let G be a quasi-indecomposable reduced p-group and B a basic sub- 
group’ of G. B is, by definition, the direct sum of cyclic groups C(p"), 
B=B,+---+Bit-: with B,— > C(p"). 
Since each B,-+----+ 8B, is a direct summand of G, we obtain that each 
B, is a finite group. Consequently, B is countable and, since for a reduced 
p-group G and its basic subgroup B we have® |G| = |B|*, it results in our 
case that |G| = 8’—continuum. Our inference shows that this inequality 
holds not only for the case of reduced p-groups, but also for all torsion 
groups, i. e. we have 


THEOREM 1. A quasi-indecomposable torsion group G is of power = 2%, 


3. In order to establish the existence of a quasi-indecomposable group 
of power 2%, let us consider the torsion subgroup A of the complete direct 


sum of the cyclic groups’ {a,} of order O(a.) —p*, for k=1,2,... . Then 
A is of power 2% and consists of all infinite ,vectors“ 
(1) A= iMA),..-5MAr,.--> (0 =m =p*—1) 


such that the orders O(m;.a;,) are bounded and the addition of vectors is per- 
formed componentwise. Define A(m,) as the greatest exponent of p for which 
px) divides m,. Then the height® H(a) of a is 


(2) ‘, A@= min h(m,). 


If O(a)=p", we call n the exponent E(a) of a; its value is 
(3) E(aj== max (k—h(m,)) (a=+ 0). 


@ 


In certain cases the sum a 8 of a countable set of elements g;—= 


= <m\ a, mS’ az,...> of A has a well-defined meaning. This is the case if 
the sequence m, m2, ... contains, for each fixed k, but a finite number of 


terms incongruent to 0 mod p* and for m,—= >} m{? we have max(k—h(m,)) = 
=) k 


=finite. (We note that in (1) we have a= > max.) 
k=1 


5 See Kurikov [2], Kurosu [4] or Szexe [8]. 

6 See Kutikov [3] or Fucus [1]. — |G| denotes the power of G. 

‘If S is a subset of G, {S} denotes the subgroup generated by S. 

8 The height H(a) of an element a + 0 of a p-group A is the greatest non-negative 
integer A for which p*x —a is solvable. The meaning of H(a)—co is obvious. 
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4. For the group A the following theorem holds. 


THEOREM 2. The torsion subgroup A of the complete direct sum of the 
cyclic groups of order p* (k=1,2,...) is a quasi-indecomposable p-group 
of power 2%, 

Suppose, on the contrary, that A is the direct sum of an infinite set of 
its subgroups A, +0. Each A, has a cyclic direct summand {6,}=_0 (which 
may coincide with A, itself)” and therefore A has a decomposition 


(4) A=B+C with B= > {0}. 


La 
@) If the exponents of the elements 6, are bounded, say, <¢#, then A 
has an infinite subgroup B whose elements 6(==0) satisfy H(b)+ E(b) St. 
But this is impossible, because B must have two different elements 6’ and 
b” with the same first ¢ components m,aq,,...,a:, and for b=b’—b” +0 
we have the contradiction H(b)-+ E(b) >t. 


@) If the exponents E(b,)—k, are unbounded, then we may assume 
O0<k<k,<.... The infinite sum 


(5) > pb; = 6b 
t=) 


is a well-defined element of A (observe that by k; =i the first i—1 terms 
of the infinite vector p**16; are O and therefore the ith component of the 
infinite vector b is the sum of at most 7 terms). If we prove 0b¢ 8B, then the 
impossibility of (4) follows at once, considering that 6 is of infinite height 
mod B, but C=A/B contains only elements of finite height. 
If we had 0€B, i. ec. b=SQ\+-:-+5;6;, then 

(6) dap bart) € {bi} +++ +{b} = Bi. 

B; is by (4) a direct summand of A, and therefore H(d)<k;. On the other 
hand, the expression (6) of d shows that H(d) = kii—1=k;, a contradic- 
tion. (That d—0 is impossible is shown by the contradiction arising from 
the equality —p‘+1"'b;,, = p+?" 'bj2-+--- where the height of the element on 
the left hand side is Aj:1—1, while that on the right is = kiz2—1.) This 
completes the proof of Theorem 2. 


5. It may be of some interest to note that each direct summand of A is 
either finite or has the power 2». In fact, let D be an infinite direct sum- 
mand of A. Then D contains an infinite set of elements d,,qs,... such that 


9 See e. g. Szete [5]. In our present case a summand C(p®) is impossible. | 
10 Thus the continuum hypothesis is equivalent to the group-theoretica] assertion 
that our group A has a direct summand of power N. 
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{d,\, {d)},... are different direct summands of D; for example, let D' = > {d,\ 
be a basic subgroup of D. If E(d,)—=-*, is a bounded set, then D’ =D and 


4c) leads to a contradiction. Therefore, we may take O<k, <A, <... . For any 
choice of the integers r, (0 =r; = p—1) there exists the infinite sum (like (5)) 
(7) d=ndi+nrdi+--- (d/ = p‘*"'d). 


Considering that d is of infinite height mod D and A contains no element of infi- 
nite height, we must necessarily have d¢€ D. The equality of the power of D 
to 2% will follow immediately if we show that (7) is a unique form for d, i. e. 


nidi +redé +--+» =ri{di+ridz+-::: QO=n,7s=p—y 
implies r; =7r{,r2.—=rs,.... If i is the least index with s;—r;,—r; =—0, then 
—sd/ = Siid/1+--- is impossible in view of the difference of the heights 


of the elements on the two sides of this equality (cf. 4 §)). 


6. The group A is a very important example and therefore it is worth 
while getting information on its endomorphic images. First we describe all 


its endomorphisms. Let 0,, 5,,... be arbitrary elements of A such that 

(8) E(6,) =u, S r= E(a,) (r= 1, 2, 325m 
We show that A has one and only one endomorphism ¢ for which 

(9) a,2= b, (7 = 1, 2, ae 
In fact, let 

(10) b, ==€ni/ a) , Mts. ds, Fak > 

where, on account of (3) and (8), 

(11) max (k—h(nk’)) = u, Sr, 

and define 


= oS Cee ES 
(12) ae= (> meas ¢ = >'m,b,={ > mn a, > MMOs, he 
rl r=l x r=1 r=1 74 


We have to show that the sum 
DM Ne —— my, 
Pos 


contains but a finite number of terms ==0 (mod p*) and that for the finite 
sums m, which are ==0 (mod p*) we have 


(13) max (kK—h(mj)) < &. 


The first assertion is obvious in view of (3), since A(m,)— ox. In order to 
establish (13), let us take into account that by (3) A(m,) =r—E(a) and by 
(11) A(ny?) = k—r, so that 


h(m,) = min h(m, ny”) = min (h(m,) +h(n?)) = k—E(a), 
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indeed. For the mapping « in (12) we clearly have (a-+-a’)e—ae-+a’s, i. e. 
@ is an endomorphism of A. But A has only one endomorphism ¢ satisfying 
(9), for if « has the same effect on the a,’s, then the kernel M of the endo- 
morphism «—e’ contains {a,,a,,...}, therefore A(e—es’)~A/M is a homo- 
morphic image of the algebraically closed group A/{a,, a,,...}. Now A(e—e’) 
as an algebraically closed subgroup of A reduces to 0, showing that «’ —s. 
We have thus proved that all the endomorphisms « of.A may be given 
uniquely by (9) where 6, are arbitrary elements subject to (8). 


7. We proceed to prove that each endomorphic image of A is either 
finite or countably infinite or of the power 2%. In the proof of this 
assertion we distinguish two cases according as in (8) the differences r—u, 
tend to infinity or not. 

If lim (r—u,) = ~, then for a fixed element a of A we have r—u,> 
> E(a), provided that r>r,—r,(a). Hence, by (3), we conclude 


h(m,) = r—E(a) > u, for T>fo, 
thus by (12) 


oo r, 
az= > m,b, =>) myb,. 
gd | aed | 


Consequently, Ae = {6,, 6,,...}, i. e. As is either finite or countable. - 

Now assume that r—uw, does not tend to o; then there exists a fixed 
natural integer s such that for an infinity of indices r we have O=7—u,<s, 
or, otherwise expressed, 


(14) [—S< 4, St for tonto ae 
where 

(15) ie ge ee 

Consider the elements 0,,, 6,,,... and form 

(16) pi Bp, = Bi, PO = Ory os (O(6;,) =P). 


By (14) there is no loss of generality in “supposing that the indices r; are 
chosen so that they satisfy the additional conditions 
(17) PRESS EMU 2 (5 WRT eels es, {1 ees 
Now take arbitrary integers v,, with O=v,,=p—1 and consider 
a ae ee Up,p tt "Ar, 
t=1 


a, belongs to A, for by (14) one obtains p*a,—O. (12) implies 
(18) aoe = Da; ug.p're* bp, = 2 Un, OF,. 


8 Acta Mathematica VII’! 
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We show that ae—0 only if v,, =O for all é Indeed, if j is the least 
index i with v,,=-0, then Qé=-0 would mean 


— Vr; By, = rj, Ory 
which is impossible, since the height of the element in the left hand side is 
by te less than u,,,,—1, while that in the right hand side is at least 
Ur;,,—1. We conclude that different choices of v,, yield different elements in 
(18), a therefore Ae is of the power 2», qu. e. d. 


(Received 25 January 1956) 
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KBA3H-HEPASJIOXKUMbIE NEPHOAMYECKHE ABEJIEBbI TPYMMbI 
T. Cene (Jle6penen) 


(Peswme) 


Mpynna HaspiBaetcsA KBasH-HEpas1OKUMOM, eCiM m060e ee NPAMOe pasnOxKeHHe conep- 
KUT JIMUb KOHEYHOe 4HCIO NPAMbIX CaraembIx. ABTOP H3y4aeT KBASH-HEPasNOoxKHMBIe nepu- 
OmMueckHe aOeeBbI FpyNnbl, NPH HCCACAOBAHHH KOTOPbIX MO%XKHO, OYeBHAHO, OrpaHHUHTECA 
cnyyaem p-rpynn. 

ABTOPOM AOKa3bIBaeTCA, YTO MOLHOCTh KBASH-HEPasIOKUMOM NepHOANYeCKO! abene- 
BOM P-rpynnbl HE NpeBbiiaeT MOULHOCTH KOHTHHYyMa, M 3ajjaeTCA Npimep TaKoii rpynnnl, 
KOTOPadA MMCCT MOWIHOCTh KOHTHHYyMa. I]pHmepom CayxKUT nepwoguyeckan uacth A nonHoi 
UpAMOM CYMMbI LIMKM4YeCKHX rpynn NopsAAKOR Pp, p2,... . 

[lokasbipaerca, 4TO m1060e HpAMOe Cnaraemoe aTO; rpynntt A nH60 KOHEHO, 1H60 
MMeeT MOUHOCTh KOHTHHYyyma. 


TpaktyeTca TakxKe BONpOC 06 dHAOMOptpHaMaX HK SHAOMOPPPHBIX OOpasax aTOH rpynnl. 


ON ABELIAN TORSION GROUPS WHICH CAN NOT BE 
REPRESENTED AS THE DIRECT SUM OF A GIVEN 
CARDINAL NUMBER OF COMPONENTS 


By 
L. FUCHS (Budapest) 
(Presented by L. Répe1) 


1. In a recent paper! T. SZELE has introduced the notion of quasi- 
indecomposable groups defined so as to have no direct decompositions 
with an infinity of direct summands.’ He has established the existence of a 
quasi-indecomposable abelian p-group of the power of the continuum, by 
giving the typical example of the torsion subgroup of the complete direct 
sum of cyclic groups of order p" (n=1,2,...). It was also shown in [5] 
that no quasi-indecomposable torsion group exists whose power exceeds the 
power of the continuum. 

There exists an immediate generalization of the notion of quasi-inde- 
composable groups. For a given cardinal m, we may introduce the notion of 
m-indecomposable groups, meaning thereby groups having no direct decom- 
position with m (or more) direct summands. The N,-indecomposable groups 
are then just the quasi-indecomposable groups. For each cardinal m trivially 
exist m-indecomposable groups, since all groups of power less than m have 
this property. Therefore, of the m-indecomposable groups only those of power 
=m are of interest; we shall call them proper m-indecomposable groups. 

The aim of this note is to get information on the proper m-indecom- 
posable abelian torsion groups for infinite cardinals m. It will turn out 
that there are cardinals m for which proper m-indecomposable torsion groups 
do not exist; more explicitly, we shall prove that for the existence of proper 
m-indecomposable torsion groups a necessary and sufficient condition is 
either the existence of a cardinal n with n<m=n* or the existence of count- 


able cardinals S (i==1,2)...) with =m and 2 tim. Thus, e. g. if m 


is a cardinal following a cardinal of the form n®, then there is no proper 
m-indecomposable torsion group. As in the case m—=N,, one is able to 
establish an upper bound for the power of m-indecomposable torsion groups, 
the least upper bound being m*. One finds the interesting result that the set 


1 See the preceding paper [5]. — The numbers in brackets refer to the Bibliography 


given at the end of this note. 
2 By a direct summand we always mean a nonzero one. 


8* 
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of all proper m-indecomposable p-groups, if not vacuous, has the same 
cardinal number as the set of all groups of power = m*, 


2.3 In what follows, by a group we shall mean an abelian torsion group 
with more than one element; the group operation is written as addition. For 
a subset S ofagroup G, {S} and |S| will meanthe subgroup generated by S 
and the power of S, respectively. C(p*) for k—1,2,... denotes the cyclic 
group of order p", while C(p®) serves to denote PRUFER’s group of type 
po. By > A we denote the (discrete) direct sum of m isomorphic copies of 


the group A where m is a cardinal number. 

The order of an element a is denoted by O(a). In a p-group G, the 
exponent E(a) of an element a is defined by O(a)—p”™, and the height 
H(a) of a=-0O as the greatest-non-negative integer s for which p*x —a is 
solvable, or oo. ; 

If G is a reduced p-group, let G’—G and define the subgroups G* of 
G where @ is an ordinal as follows: if e—1 exists, then let G* con- 
sist of all elements of G”’ which are of infinite height in G*': if @ is a 
limit ordinal, then we define G* as the meet of all G’ with @<«. By the 
reducedness of G, for some ordinal t (not exceeding |G|) we have G'*'— G'—0. 
The least + of this property is said to be the type of G and the well-ordered 
sequence of the factor groups Ga—=G*/G*"' (@<t) is called the Ulm 
sequence of G. No Ulm factor contains elements of infinite height and none 
of them is bounded, except possibly G,-, if this exists. . 

Each p-group G contains a basic subgroup B which is defined to be 
the direct sum of cyclic groups, a serving subgroup of G and the factor 


group G/B is complete. B has a direct decomposition B—_>’B, where B, 


n=1 
is the direct sum of a set of groups C(p"). For each n we have also 
G=B,+...+B,+D, for some subgroup D, of G. B is uniquely deter- 
mined up to isomorphism. For the cardinal numbers of G and B the follow- 
ing inequality holds provided that G is. reduced: 
| |G] =|B)*. 

We shall need also the result stating that each p-group has a direct 
summand of the form @(p*) with some k (1 = k= ~). 

If G is a countable reduced p-group, then the following three impor- 
tant results hold: If G contains no element of infinite height, then G is the 
direct sum of cyclic groups (PRUFER). G is uniquely determined, up to 

8 Here we collect certain definitions and facts concerning abelian torsion groups; 


for details we refer e. g. to Kurosn [4]. 
4 See Kutixov [3] or Fueus [1]. | 
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isomorphism, by its Ulm sequence Ga(« < t) (ULM). To every well-ordered 
countable sequence of countable p-groups G, without elements of infinite height, 
none of which (with the exception of G,-:) is bounded, there exists a reduced 
p-group G with G. as Ulm sequence (ZIpPin). 

A generalization of the last result is:‘ Let p be a cardinal, + an ordi- 
nal, and Gz (0 =@<t) a sequence of p-groups without elements of infinite 
height such that 
(I) = (Glsvs_ IT \Ga; 


0=a<— min (@,t) 


(II) ea |Ga| =|Ge|* for all 6 with O<= B<tT; 


(III) | Baxi | = |p"Ge| for all ved la 73.a = 051, 2). 


where Bay: is a basic subgroup of Gay. Then there \is a reduced p-group 
G of power p, of type +, whose Ulm sequence is Ga. 


3. Let m be an infinite cardinal number. As told, we call the group 
G m-indecomposable, if in each direct decomposition of G the cardinal num- 
ber of the set of the direct summands is less than m. Clearly, if G is m-in- 
decomposable, then it is also m*-indecomposable for every cardinal m" satis- 
fying m* =m. The groups of power <m may be considered as improper 
m-indecomposable groups and therefore may be left out of consideration. 

From the definition it results at once that every direct summand of an 
m-indecomposable group is again m-indecomposable. In particular, any 
p-component G, of an m-indecomposable torsion group G is m-indecom- 
posable. Therefore, first we shall consider p-groups and then turn our atten- 
tion to torsion groups (see Theorem 3). 

Let now G be a p-group and A its maximal complete subgroup. Then 
we have G=A-++H for some reduced p-group H. It follows at once that G 
is m-indecomposable if and only if A and H are. But for a complete p-group 
A the m-indecomposibility is equivalent to the assertion that A is of the 


form 
A= > C(p?) with n<m. 


Thus A is an improper m-indecomposable group and may be neglected. 
Consequently, there is no loss of generality in confining ourselves to reduced 
p-groups. 

4. Let the given cardinal m have the property that, for every cardinal 
n, the inequality n<m implies n“e<m, and for every countable set of cardi- 


. | a4 
nals n,,1»,..., all less than m, we have 2ni<m. We are going to show 
. = 
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that for such cardinals m there do not exist any proper m-indecomposable 
reduced p-groups G. In fact, let G be a proper m-indecomposable p-group 


and n,; the power of B:= > C(p') where B= 2 Bi is a basic subgroup 


of G; let >'n;—n. Then we must have 
i=1 


m = |G| S|B|= n% 


and therefore, by hypothesis, we obtain m = n= Dn. Again by assump- 


tion we obtain m=<n; for at least one /; then G—8,+---+8;+D; 
and B;—.>/C(p') contradicts the m-indecomposable character of G. 


Observe’ that our inference also shows that for a proper m-indecomposable 
group G we must have |B;|<m whence |B| =m. Thus we obtain the 
inequality 
(1) |G| = |B = m*, 

Next suppose the existence of a cardinal number n with n<m=n*, 
Then n& = mo < (nXo)Xo — n%, i. e. nXo— m*, Consider 


(2) B= Dep) (i= 1, 2, -~) 
and define G, as the torsion subgroup of the complete direct sum of the 
groups B,,..., B;,..., that is to say, G; consists of all ,vectors“ of the form 
(3) P= O01. Viyes > (6;€ Bi) 


where the orders O(6,;) are bounded and their least upper bound is the order 
of g. It is readily seen that the discrete direct sum B—=8B,+---+8;+.--- isa 
basic subgroup of G,. Evidently, |G,| == n%» == im, 

Assume that this G, has a decomposition into the direct sum of m 
summands S,. By a well-known result each S, has a cyclic direct summand 
{a,} += 0, consequently, 


(4) G,= > {a}+H=A+H 


where y ranges over an index set of power m. A.basic subgroup B’ of G, 
is obtained as the direct sum of A and of a basic subgroup of H, thus, 
confining ourselves to the case’n = N, |A| = |B’|=|B|—n what is incom- 
patible with |4| =m. Thus G, is m-indecomposable. 

Now we turn our attention to cardinal numbers m for which n<m 
implies n®<m, but there are cardinals n; (i= 1,2,...) less than m with 


5 For finite n we refer to Szeve [5}. 
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@ 
Stim. By. a known result of set theory’ we have 
- = 
@ 
2" uw—=mn< Mn. 
There is no loss of generality in supposing that foreach i we have n** = n,, 


since the cardinals n* again Satisfy the required conditions. Under this 
hypothesis we get 


m® = (PT n)* = [Pn [Jn = [1m = ms, 


‘that is, 
(5) IT i = im, 
‘ ral 


Now define a group G, in the same manner as G, above with the sole 
modification that instead of (2) take 


(6) B:= >€(p') (i=1, 2,...). 


By (5), this G, is again of power m® and we have again to prove the 
impossibility of a decomposition of type (4). Now a finer argument is neces- 
sary. Collecting the summands {a,} of the same order, we get 


A= ra = C(p') with DT =m. 


Take into account lin the fact that A is a direct summand of a basic 
subgroup of G,; thus p; =n; < m, and from ay=m we concludem< JJ p;. 
Let a; denote an arbitrary element of 


Ai= > p'€(p)C A; 
Pj 


a; is of order p and of height i—1. It is easy to see that the infinité sum 


(7) a= 2 ai 

jis a well-defined element of G, (in the vector form (2) of a the Ath compo- 
nent is the sum of at most & terms, further pa 0). Since a is of infinite 
height mod A and G, contains no element of infinite height, it follows a¢€ A. 


We prove that a= da implies a;a/ for each i. In fact, if 7 were the 
least index with a;=-aj, then the element on the left hand side of aj—a;— 


— > (a:—a) would be of height j—1, while that on the right of height 


t=j+l 


6 See e. g. Hausporrr [2], p. 36 (corollary to J. Konia’s theorem). 
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= j. Therefore, different choices of a; yield different elements a in (7), con- 
sequently, the set of elements a in (7) has the power IT T»;. Now aé€A and 


|A| =m < Jf; are in an obvious contradiction. 
To sum up, we have proved: 


THEOREM 1. A proper m-indecomposable p-group G exists if and only 
if either of the following conditions holds: 

(i) there is a cardinal n with nc m=n®, 

(ii) there is a countable set of cardinals n,,%,... with n<m and 


0 
> nj M. 
=) 


Every m-indecomposable p-group is of power =m*; if a proper m-in- 
decomposable p-group exists, then there is also one of power m*, 

This theorem contains as a special case the principal result of SZELE’s 
paper [5]. 

5. For brevity let us write tm. We have shown that there exists 
an m-indecomposable p-group G of power t, provided a proper m-indecom- 
posable p-group exists at all. One may ask for the power of the set of 
m-indecomposable p-groups of power t. The result we find is contained in 


THEOREM 2. The set of m-indecomposable p-groups of power t= m* is, 
if not empty, of the power 2', i. e. of the same power as the set of all 
groups of power t. 


Let + be the first ordinal of power t, and for each ordinal @ with 
O0=a<t take a group Hq such that 
1. Hy=G, or G, according as for m condition (i) or (ii) holds, 


2.for 1sSa<t, He=Ff, or F, where F,= > > @(p*) and F,= 
=i] ¢t 


-ETew 
Then each Hz is a group of power t and without elements of infinite height. 
Since the sequence H, satisfies the conditions (I)—(III) enumerated in 2, we 
conclude to the existence of a reduced p-group H of power t and of type T 
whose Ulm sequence is H,. Since different choices of Hz (lS=e@<t) give 
rise to nonisomorphic groups H, it follows that the set of these groups H 
is of the power 2', 


We have to verify that each H is m-indecomposable. If H had a direct 
decomposition 


(8) H= DJ, (Jo == 9, ves, |1| =m), 
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then, denoting by X! the subgroup of a isti 
oe p-group X consisting of all el 
of infinite height, we should obtain 5 es 


W=)D> J, and Hii => J,/ Ji. 


| Here H/H" is nothing else than H), i.e., it is m-indecomposable. None of 
Jv/J, may vanish, for H can not contain any complete subgroup. This 
shows that (8) is impossible and hence Theorem 2 is established. 

Let us here point out two simple consequences of our arguments. First 
the last inference shows that a reduced p-group H is necessarily m-inde- 
composable if its initial Ulm factor H)—H/H" has this property. Further, 
if there exists a proper m-indecomposable p-group, then for each ordinal 
vt Of power not exceeding the cardinal t there exist proper m-indecompos- 
able p-groups of type vt. 


6. Next we intend to show that there exists no N,-indecomposable redu- 
ced p-group of power No. 


Let G be a countable reduced p-group and G,, G,,...,Ga,... (@<T) 
its Ulm sequence. Since each Gz is a countable p-group without elements of 
infinite height, by PRUFER’s theorem, Ga is the direct sum of cyclic groups. 
Thus the statement for the case ¢—1 is already established, and therefore 
we may assume t> 1. The orders of the cyclic direct summands of Gz, are, 
possibly with the exception of the last factor G,-1 if this exists, unbounded. 
Therefore we can represent G. in the form 


Go= Ga t+---+Ge +: 


such that each G%” is the direct sum of cyclic groups of unbounded orders 
(a <t—1). If G,-1 exists, then set 
ee i, Ve) On iat O,.-. 

By Zippin’s theorem, for each n, there exists a countable reduced p-group 
G” with the Ulm sequence Gj”,..., Gu’,...(@<7). Since the countable 
p-groups G and GY +.--+G™-+.--- have the same Ulm sequence, from 
ULM’s theorem we conclude that they are isomorphic, that is to say, G is 
not N,-indecomposable, in fact. 

7. Now let 7 be an arbitrary proper m-indecomposable torsion group 
with m>N,, and 7; the p-component of 7. The 7; are again m-indecom- 
posable. We denote by B; a basic subgroup of 7; and put 


(9) Bi= 2 2 CPi). 
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@ 
As observed in4, we must have ni, <m and > Nx =m. We proceed to show 
k=>=1 


that here equality may hold but for a finite number of indices i. For sup- 


pose, on the contrary, that > te =™ holds for i==i,4,.... Then chogem 
k=1 


k, such that nix, = ni (1 = 2,3, ...); the hypotheses guarantee the existence 
of such cardinals nix, As we have 


© © o 
sek . 
1 > Ni = > Nik, =U Tee KS pa Nik, =m, 
(fa =] = 


we see that 7 has a direct summand of the form 


(10) re, Clg 
t==1 Nik) 
which is of power m, in contradiction to the m-indecomposibility of 7. 
Hence we conclude that in 7, |B;|—m may hold but for a finite number of 
indices J. 
Now consider the basic subgroups 8; with |B;|—m;<m. We state 
that for these B; we must have > |B;| <m. Suppose the contrary, i. e. 
Jj 


> mm. Then for each j there is a ky with m,,>m,; and hence from 
2 y= m,, it follows the existence of an J; with Net; = mj. Like (10), also 
this implies a contradiction to the m-indecomposibility of 7. 

Conversely, assume that 7 is a reduced torsion group whose p,-com- 
ponents 7; are m-indecomposable and their basic subgroups 8B; satisfy: 
|B;|— m but for a finite number of primes p; and m’ = > |B; <m for the 
other primes p;. Let 


T=>S, 


be a decomposition of 7 where y ranges over an index set of power m. 
If S,; denotes the p;-component of S,, then we have also 


Ty = > ASR 


and the m-indecomposibility of 7; implies that here the set of direct sum- 
mands S,;=-O is of power y,; strictly less than m. From. pi <m and 


o 


2pm we obtain that there are infinitely many cardinals p; with m’< yj. 


Hypotheses ensure that there is but a finite number of primes p,; with 
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|Bi|>m’. Owing to the fact that a reduced Pi-group can have no direct 
decomposition in which the set of direct summands is of a greater power 
than its basic subgroup, we are led toacontradiction. This completes the 
proof of 


THEOREM 3. A forsion group T is m-indecomposable if and only if so 
are its p.-components T; and for the basic subgroups B; of T; we have: 


|B;| =m but for a finite number of them, while > |B <m for the others. 


Hence it follows easily that Theorem 1 may be extended to torsion 
groups. 


(Received 31 January 1956) 
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MEPHOAMYECKHE ABEJIEBbI PPYMMbI, HE MONYCKAWOUMWME 
MIPEACTABJIEHHE B BUJE NPAMOM CYMMbI MHOJKECTBA JAHHOU 
MOLIHOCTH KOMMOHEHTOB 


JI. ®yKe (Byganeur) 


(Pe3t0 Me) 


B xayectBe O606uleHNA KBa3H-HeEpasIOKUMbIX rpynn, BBe_eHHBIX Ce 1e, m-Hepas0- 
*KUMBIC Ppynnsl onpepenAOTCA CrepyroulUM OOpasom (m—faHHOe KapAMHabHOe ynca0): rpynna 
G HaspipaeTcA m-HeEpa3siOxKHMON, eCIM B IOGOM €€ MPAMOM Pa3IOKCHHH MHOXKECTBO KOM 
TOHEHTOB MMEET MOLUHOCTb, MeHbIIyIO 4eM ™. 

Bsupy Toro, 4TO BCe rpynnbl MOUWIHOCTeM < mM TPHBHAbHO M-HEPasAOKUMBI, aBTOP 
orpaHMunpaeTcaA cay4yaem ml-Hepagi0 + MMbIX TPyNM, HMEIOUMX MOLKHOCTb 6onbulyio HAN 
paBuyro m. OTM rpynnbl M HasbIBAIOTCA HACTOALLMMM M-HEpasIOKHMbIMK pylamu. 


Teopemal. [naToro, yTo6pl cyulecTBOBaNa HACTOALAA m-HepasOKAMaA adenera 
p-rpynna G, HeoOxoguMo M AOCTATOYHO BbINOAHEHHE OAHOTO M3 CHEAYIOUMX ABYX YCAOBUM, 


‘ 
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(1) cyuyecrByeT KapAHHanbHOe 4NCHO-N, AAA KOTOpOrO n< m< nXo ; 
(II) cyuyectByeT CYeTHOE MHOMKECTBO 1), Ng,... KAPQMHANSHIX 4MCEN, DIA KOTOPEI 


@ 
nm<omu > nj == m. 


i=l 
MouiHoctb BCAKOM m-HEpasiOx%KAMOK aGeneBow p-rpynmpr <m*, Ecan cyuyectBye 
HacTOAWaN Taka rpynna, TO cyuyecTByeT MH rpynna MOUIHOCTH in, 
Teopema 2. Muoxecrso rpynn, wmeouynx aTO nocaenHee CBOWCTBO, HM€eT MOLL 
Hoctn 2¢, rpe t= m®, 
Teopema 3 plaeT ycnosne, HeOOxOAMMOE HW AOCTATOYHOe ANA TOrO, 4TOOBI nepHonA 
yeckan aOeeBa rpynna Oblaa m-Hepa3s20%KHMa. 


ON THE NUMBER OF ZEROS OF SUCCESSIVE DERIVATIVES 
OF ANALYTIC FUNCTIONS 


By 
P. ERDOS (Budapest),- corresponding member of the Academy, and 
A. RENYI (Budapest), member of the Academy 


Introduction 


Let f(z) be regular in the circle |z|< R. Let us denote by N,(f(z),r) 
the number of zeros of the k-th derivative f(z) of f(z) in the closed circle 
|z|=r<R. In the present paper we shall investigate the asymptotic proper- 
ties of the sequence N,(f(z),r) (kK—1,2,...). 

In this direction several results have been obtained by G. POLYA (see 
[1]). One of the results of POLyA is the following: If f(z) is an entire function 
of finite order 4 = 1, then for any r>O we have 

pe, 10g VAT), 1) A 1 
”) USS 9 a rma a 

Let us denote by 9U.(/(z), /) the number of zeros of f(z) in the real 
closed interval /. Further results of POLYA are as follows: If f(z) is real on 
the real axis, and it is analytic in the closed interval /, we have 


cy 
(2) lim inf Ta GF), 1) oe Yerusdin 
if f2 is an entire function, we have 
, : : Ki (f(z), DI) 6 
(3) lim inf ra ee == 0; 


finally, that if f(z) is an entire function of exponential type, we have 
(4) lim inf 36.(f(z), D<+-°. 
k>@ 


Recently, M. A. YEVGRAFOVv [2] proved the following general result: * Let 
f(z) = >) a,z" be an entire function, the coefficients of which satisfy the 
n—O 


inequality 
la, |< MA" 
“= q(yg2).--4 
1 The authors are indebted to R. P. Boas, Jr. who kindly called their attention to 
this result. 


(el, 2) .4 5) 


' Acta Mathematica VII/2 
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where q(x) is positive and increasing for x =1, further q(x) exists and 


lim RAE where O=0 1. Then we have 


cra 9(X) 
(6) lim inf ae DU) <4 00, 


k>o@ 


In § 2 of the present paper we shall prove that the theorem of YEV- 
GRAFOV is a consequence of the following simpler and more general theorem: 


If Max |f(z)|=M(n)=e*, further if x—H(y) denotes the inverse 
bse 
function of y== G(x), we have 


(6) lim inf OEE <-+ 0, 
k>o 
We shall show also that (6) can be replaced by 
(7) lim inf BAGO =e" 
k>o 


(Theorem 2’). As a matter of fact, we shall prove more, namely we obtain a 

theorem (Theorem 2) which is much stronger than YEVGRAFOv’s theorem. 

Our theorem states that if f(z) is an entire function, M(r)=Max|f(z)| and 
|z|==r 


if we suppose only 

a) ee ton MT} 
8 lim inf —t 
®) reo = B(P) 


where g(r) is an arbitrary continuous and monotonically increasing function 
for which lim g(r) = + o, then we have 


(9) tim int AeV@) DAM — os 
: < 


k>@ 


<1 


where x =h(y) denotes the inverse function of y= g(x). 

The results (1), (3) and (4) are included in YEVGRAFOV’s theorem and 
in our Theorem 2, respectively. In § 1 we prove a theorem on functions 
analytic in a circle. In § 3 we prove some results on the sequence r= 
= |2| (k= 1, 2,...) where z, denotes that root of f(z) which is nearest to 


the origin; we generalize thereby some previous results, e. g. theorems of 
ALANDER [3] and ERwE [8]. 
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§ 1. Functions regular in a circle 


We begin by proving 


THEOREM 1. /f f(z) is regular in the circle izZ}<1 and O0O<r<1, we have 


(10) lim inf NF), 1) = K(r) 
k>o@ k 
where K=—K(r) is the only positive root of the transcendental equation 
(11) pee 
(ie Ry 


Theorem 1 can also be written in the following equivalent form: 


al 
(14K) * 
K 


THEOREM 1’. /f f(z) is regular in the circle |z|< (K > 0), 
we have 
(12) lim inf ou ==... 
k>o@ 


Let us mention the following special case of Theorem 1’: (12) is valid 
with K=1 if f(z) is regular in the circle |z| < 4. 

Theorem 1’ implies that if f(z) is an entire function, we have 

lim inf NAF __ 9 
k+>o@ k 

for any r>0. 

The proofs of the above theorems are based on the well-known theorem 
of JENSEN (see e.g. [4]): Jf g(z2) is regular in a circle \z|< R, g(0) ==0 and 
Zr, Zoy-++,2n are the zeros of g(z) in the circle |z|=o<R, then we have 


o” 1 | eee Ia a 
= log 
log FABEAREEA 20 . 2(0) 


If N(g(z), 7) denotes ‘the number of zeros of g(z) in the circle z) =r<g, 
it follows from (12) that 
&(2) | 
g(0)| 
We shall always use JENSEN’s theorem in F, form (13). 

Some simple inequalities, which will be frequently used in this paper, 
are collected in the following 


(13) N.(g(2), 7) log = = ise log 


1* 
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Lemma. If f(2)= > az" is regular in |z|<R and for some value of 
k=0 
A=1 and B>O we have 
14 | Qk | < Alax| 
(14) Hl 


then for |z|=e<R 


f2 (2) ait. vp from, Seabe 
(15) F®(0) —I)s4 t ao ' 
and thus | 
(k) A 
(16) 7BO| = 


i = Neel 
Q 
(3) 
Proor. (14) implies |a;,| >O and 
fO (es Anis (K+IVK+2)---(K+S) ,, 
Ge Fo) + Pia i 
Taking into account that ; 


1 Oe (K+S) y 
Gx = —14+5 Re eer eee 
for |x| <1, (15) and from this (16) follows. 
PROOF OF THEOREM 1’. Let us suppose that the radius of convergence 


@ 


of the power series f(z) = 2, Anz" is finite and equal to R>1. In this case 


we have Ea Val —- Thus if 1<B<R<C, we can find an infinity of 
k+y 


values of k for which Van > 7 and \jax;| = = (j=1, 2,...) and thus 


(18) |ax+;| S is) G=T, 2; :..). 


On the other hand, if R—oo, then |/|a,|—+O and thus we can find for 
any B>O an infinity of values of k for which 


(19) jais — G=1,2,..). 


J 


ON THE NUMBER OF ZEROS OF SUCCESSIVE DERIVATIVES OF ANALYTIC FUNCTIONS 129 


n kN 
As a matter of fact, if max |'|an| = '\a.,,| <a (which will be true for all 


sufficiently large values of N), then kK—ky satisfies (19). 
The inequalities (18) and (19) can be combined, and it follows that if 


F(2) = Sanz" is regular in the circle |z|< R (R>1) (but may be regular 


also in a larger circle or in the whole plane), then for any g>1 and B<R 
we can find an infinity of values of & such that 


la ; 
(20) | | an = Tl (y= 15 2)2..). 
It follows from our Lemma that for |z| =e (1<e<R) 
(k) k 
2 FO) q 
* 7(0)| = 


=e my toe 
mys 
i 4 


and thus, applying (13) with r=1 and g(z)—/(z), we obtain 


klog g+(k+1) log (1 = ah 
(22) MOO) = cee 


which implies, as g may be chosen arbitrarily near to 1 and B to R, that 


=i 
log (1 a 
(23) lim mens ghd Ad WCBS for l= 0 R. 


ko ae log e 
Now let us choose the value of @ so as to minimize the right hand 
1 


side of (23), that is, let @ be equal to (1--K)* where K is the positive root 
1 } 


f1acky © ue: 
of the equation as cea gah which has a unique solution for any R>1. 


Thus we have proved Theorem 1’, and therefore Theorem 1, too. 

We do not know whether the bound in (10) is best possible or not. 
The estimation (10) is, however, best possible in the following sense : it is clear 
from the proof of Theorem 1’ that we considered only such values of k for 
which f)(0) +0; thus we have obtained slightly more than is expressed by 
(10), namely we. proved. 
(10) lim int MUO = Kin, 

k->@ 


7) (00 
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Now (10’) is a best possible estimation; this can be shown by considering 
the function 


= {(i+K)"] 
(24) ge K)= dz 


where K is the only positive root of the equation (10) and [x] denotes the 
integer part of x. Let us put k,—=[(1-+K)"] and consider g(n)(z,K). We 
have clearly 


on (z, K) ia 
20, Kk) _ P,, (2) AG Qn (2) 
where 
Rn Ee hens gry 
P,.(z) =1 + [TET 
and 


<s ~ (kK, +1)-- *Knsj zhi ky, 
W@= 2 (Kn+j—Kn )! : 


The roots of the equation P,(z)=—0 are all lying on the circle 
1 


\z|= =5 (peat a ae 
On = (Kn + 1)-+ Kuss 


and by Stirling’s formula we obtain 


siecces! Viens 
= 
(1+K)** 


If ¢>0, we have on the circle |z|—r(1+e) 


lin) eo, =f = 


n->Oo 


& Kniimkn 
Pole (14-5] 


for n=n,(e). On the same circle we have 


Kn+j-kn 


j 
(1+ K)a+m/-1 K(1+2e) 


Cn 1)“: rar a| 2 [CERO -_ 
(Kntj — k,)! = BES 1 , ql it Pawns VG — 2, se ee  : 
(1+K)’ 
= —, we have 


1 
eR 10 R 
Qn 


|Q,(z)|}S4+4+2K for |z}—r(i+e) 
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! 1 
ifO<e< K+ 1): It follows by Roucne’s theorem, that 


(25) lim Na+ (g(z, k), r(l + &)) 
we (U+KY 


=K 


if O<8<aRTT- 


Let us mention that g(z, K) has more than cn zeros (c >0) in belie rs 
for some r,>r and every n= 1,2,. 


§ 2. Entire functions 


As it has been mentioned in § 1, it follows from Theorem 1 that if 
F(z) is-an entire function, we have 


(26) lim inf seals ==), 


k>o 
(26) can not be improved, i. e. no relation of the form 
ang ECS (2); 1) 
lim inf wo r3\C ae 0) 
hotds with lim «(k)=0O (e(&) >0) for all entire functions. (26) can, however, . 
k>@ 
be strengthened if we put some restriction on the rate of growth of f(z). This 
is expressed by the following 
THEOREM 2. Let g(r) denote an arbitrary function, monotonically increas- 
ing in O<r<-+ooc, for which a n E(t) = + oo. Let x=A(y) denote the 


inverse function of y= g(x). Let us suppose that f(z) is an entire function 
for which, putting AOR U |f(z)|, we have 


ee Sede peep 
r>+@ 2£(7) 
Then we have 
k 
& im int Ne) DAW) 


k>@ 


PROOF OF THEOREM 2. Let ¢>0 denote an arbitrary small positive 
number. Let us denote by v(r) (0<r<-+ oo) the central index of the series 


f2= ») ling 
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for |z| =r, i. e. suppose 


lan |r" S|ay~|r7 (as=0,'1, 2,. 2m 
and thus 
; h Ayr e 
(28) lav0)+5| = [aril (j= 1,2,...). 


Let us consider such a value r>0 for which 

(29) log M(re) = g(re). 

By our supposition we can find arbitrarily large values of r satisfying 
(29). : 
Applying our Lemma with A~1, B=r, k=v(r), R>r, o=e, we 
obtain 


PR|_ l for |z|=e 
\vooyl= 7 > por mes 
If (0) Ke e ) f 
. 
and thus by JENSEN’s theorem 
(30) Nro(f@, 1) 3 O41) og +. = *EOF8) 
Fane 


; 
if r=r(e) 

Now, taking into account that for every n= 1,2,... and every R>O 
we have |av|R*” = M(R), and using (29), we have 


|an|(re)" S M(re) < ex 
and thus 
|a,| 7" = exro-” (tre ly 2o.s5)s 
Therefore 
o|a.|7S1 if a=g(re). 
But it is known,’ that the absolute value of the maximal term on |z|—r of the 
power series of an entire function is tending to -++co for r—+oo; thus it 
follows that if r is a sufficiently large value, satisfying (29), we have 
v(r) = g(re), and thus A(v(r)) = re. It follows from (30) that 
= M(Ne(1+8) 

(31). Nr (SF); Ibs h(v(n)) 
Thus, taking into account that (r)—+ «© for r—+ oo and that ¢>0 is arbit- 
rary, (27) follows. 

We can prove quite similarly also the following 


2 See e. g. [7], p. 2, Problem No. 9. 
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THEOREM 2’. If f(z) is an arbitrary entire function, M(r) = Max |f(z)|, and 
. Z\=r 
x= H(y) denotes the inverse function of y=\og M(r), then we have 


lim inf sete <e, 


k>o@ 


ProoF. Clearly, the condition lim inf eee 


of Theorem 2 only to ensure the existence of arbitrary large values of r for 
which (29) is valid. Now for g(r) = G(r) (29) is valid for all values of r,. 
thus Theorem 2’ follows. 

Theorem 2 is best possible in thé following case: if g(r) is a monoto- 
nically ‘increasing and convex function for which g(0)—0, g’(0)—0, g(1) = 1 


<1 is needed in the proof 


and lim® a5. oo, then there can be found an entire function f(z) such that 
putting M(r) = Max |f(z)| we have lim inf < + co and nevertheless 
|z|=r r>o 
k>@ 


where x—A(y) is the inverse of y—g(x). As a matter of fact, if the 
sequence n, is defined by m0, m,—1 and by the recursion formula 


Ne = E ( +465] | the function 
Ful 
‘I [A(n) yr"? 


has all the properties required. This can 1 be shown again by using ROUCHE’s 


theorem as follows: 
Let us consider first f‘%)(z). We have clearly 


i 


LQ= 


few(z) — P,(2) + Q(z) 


FeO) 
where ine 
(orl) einen z 
Px (2) = (141 —Mx)! A(n+1) 
and 
Gd kj 


y bn flnctad) sates sap TF El 
WO Fe (aim F(a 


s=k-+1 


134 P. ERDOS AND A. RENYI 


Clearly, all roots of P.(z)==90 are lying on the circle 


1 
—s (Niet —n)! Thee 
ale Amd leet 


A(nis1) 


1 ; ; 
—> oo 2. ~—-—. But h'(y)=—-— _ is decreasing, 
and we have for k a eS ut as h’(y) 7) 8 
we have 
1< A(t) <| ni i (n,)e 
h(n) h* (nx) 
But 


h(y) xg" (x) 
and as g’’(x) =0 we have 


‘e’O(x—Dat 
‘eet OS 


Ae ferwxat 


Thus it follows lim e,=—1. 
k->@ 


Clearly, on the circle |z|—=-1-+-¢ we have 


"R+I-"k 
Plz (14-4) for k=k(e). 


On the other hand, on the same circle we have 


f ea lip = Bis im ( Ze a4 Rep gM 


(nki;— nx)! K+) = 
LL A(agyrets-1 f — i.) A( test) 
$=k+1 Nise 


1 
for sufficiently large values of &. As (1+x)*=e and (1 A(nxs1) + 2e 
k+2 
for ko, it follows that for |z| —1+<e (o<e<4} 


2 
| Q.(2)| =o. for k= k,(e). 


Thus f(z) has ms1—n roots in the circle |z] 1+ ¢ for 0O<e<1/2 and 
k= k,(e). 
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Let us consider now a number N, m1< N< mn. lf NS a ; 
era GO: ahr 
then f(z) has more than 5 RN roots in the point z—0O. On the other 
hand, if N>——*__, let us have N~—*_— fo<a< 4) 
1 
vain) h(n) 
We have clearly 
JL (2) i) 
Zn, —1)-.. (t= N41) PX) + 9x2) 
where 
be . Mj (Mj —1)- + (Mag — N +1) , Zon” 
qw(2)= 2 m.(n,—1)---(th—N-+1) key ae: 
as 
s—=k+1 
and 


pate) = eee eet tae NED) ( c lar 
N m.(%—1)-+-(mk— N+ 1) A(nxss) 
The roots of py(z)=O are. all lying in the circle |z|—Ry where Ry~ 


nr ae O 5 
~atali+4 Ae vr 5 as O<a<t. But on the circle |2|—=[1 + aS V5 


we have for any 0>0, if K is sufficiently large, 


Nicsj (Msg—1)- 3 “(Meg —N+ Lng 7 kti "k = 
Me (e— Toe NET) PE nore 


s=k-+1 


% ete 
(1 +26) 7-5 
“e — Bei 


4 


| : Yas 
where <1 i 0<d< >| 3 |. 
5/5 
Thus it follows by ROUCHE’s theorem that f(z) has mii—nx roots 
6\5 4 N ~ 
in the circle |z| = (1 +2) 5 y5. a Ni mh = DA(N)’ combining the cases 
mo< N= ee ad NS eet LS it follows that f@(z) has 


e —— 
1+ 4h(n;) me 4h(nk) 
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roots in the circle |z| <2. Thus we have 


in ine SC) A 


what was to be proved. 


It remains to show that lim inf “6. Ae <+ oo, This can be done as 
follows: let us put r,—A(n,) and 
ret 
Bg) Se 
TT n(n yore 


First we show that 
lim sup log # (Vx) < 
k>o Nk 
This can be proved by starting from the evident formula 


k 
e521 San yng Md 


Nk kj= h(n) 
Let us denote by S, (r=O,1,...). the set of those values of j/ for which 
h(n A(n 
AO? ss h(n) < “G2. 


Let /, denote the greatest element of the set S,. Then we have clearly 


log (Tx) H (Te) 134+ I)nz.. 


ny 
h 
Now na; = (22) and g(x) is convex, therefore 
ny, < Shela) __ Me 


ne: Ds pe 
and thus 


Nk 


log u(r) — ¥ 
e235 
Now «(r,) is {he maximal term of the series 


@ ng 
~ ATK, = Nj 
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and it is easy to show that 
a log M(rx) __ 
k>o log u(Tx) 
Taking into account that n,— g(r), we obtain 


= 4. 


lim inf 
r>o 


log M(r) 
g(r) 


By the same method it can be shown that lim inf 


r->@ 


Soe = 1, but for our 


purpose this is not necessary. 
The theorem of YEVGRAFOV can be deduced from Theorem 2 as follows: 


Let us suppose that f(a = > 4,2" is an entire function and 
a1 


M A” 
9(1)9(2)---9(n) 
where q(x) is positive and monotonically increasing for x=1, lim g(x) =-+ 


and lim ~2 () 
L+>+0 q(x ) 
let us denote by x=y(y) the inverse of y—gq(x), and let us for a given 


r>O determine the integer N by 
N=[y(2An], i.e. NSy(2An<N+1. 


lan| = Giese ea) 


=o where 0=e=!; clearly it can be supposed that g(1) >1; 


Then 
(32) q(N) S2Ar=q(N+ 1). 
It follows that for |z|—=r 

re (Ar)* 

OSM aya@.--gay StS 

where 

N)q(N— q(N)q(N—1)---9(2) 

3) == WN) 5 q( can 4) ee (An™ 

and 


(Ary 


=lt+onent Dt GT Dawa * 


Clearly we have 


; 1 1 
(Si =24- 24> 2" 42". and (S321 ta 
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Thus it follows that 
. 
(33) M(r)=2M exp [1 log 2Ar— > log (0). 


As log q(k) is positive and increasing, 


. N 
> log g(k) = Jog q(x)dx 
and therefore, by (32), 4 
log M(r) = log 2M+ Nlog q(N+ 1)— | log q(x)dx. 
According to our supposition log q(x) is of the “ae 


log g(x) =e log x + | 
i 
where lim e(t) 0; it follows that if 9 >0, log M(r)SeN-+0(N), i. e. for 
t>o 


a(t) 
ered 


an arbitrary ¢« >0O we have 

(34) log M(r) =07(2Ar)(1 +8) 

if r is sufficiently large, and thus if g(r)—2e-y(2Ar) and x= A(y) is the 
inverse of y— g(x), we obtain by Theorem 2 


tim inf EA), DAC Oe a 


k>o@ 


As 


and 


it follows that 
(35) lim inf SACOG ore eh 


k->o 


Thus we have proved YEVGRAFOV’s theorem for o > 0. 
If e=0, we have log M(r)=o(y(2An)) and thus it follows in this 
case also that : 


(36) lim int SHP2), Dat) es 


k-> 
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Now we shall suppose that f(z) is an entire function of order =1 for 
which, putting AN ta f(z), further log M(r) == G(n), the limit 
(37) [frie OED) eh ct 
neo Alogr 


exists; we shall show that in this case, denoting by x= H(y) the inverse 
function of y= G(x), we have 


(38) lim inf SH L@), DAH) ne i ee 


and thus for entire functions of order =1 and_ satisfying the condition (37) 
the assertion of Theorem 2’ follows’ from YEVGRAFOV’s theorem. Substituting 


. . . eG) j 
r= H(n) in the inequality |a,| = a (n=1, 2,...), we-obtain 


(39) | lau] = Sas 
and thus ( Hoy yy 
(40) la,| = a 


H(1)H(2)---H(a)’ 
Now let us suppose that f(z) is such an entire function for which the finite 
or infinite limit (37) exists. As 


yH'(y) _ 1 
H(y) ~ (dlog G(x) )’ 
| d log x 
it follows from the existence of lim clogs (ay Bey that lim yi Oe ay Perec 
=> d log x y>o H( H(y) a 
exists. As we have supposed that G(r) is of order =1, it follows that 


po 1. 

Thus we have shown that YEVGRAFOV’s theorem is equivalent to the spe- 
cial case of Theorem 2’ for entire functions satisfying (37). Thus Theorem 2’ 
is slightly stronger but, of course, Theorem 2 is essentially stronger than 
YEVGRAFOV’s theorem. 


§ 3. Remarks on the zero z of f(z) which is nearest to the origin 


It fT from our Theorem 2 that especially if 


lim inf —-——— eg —— 


T>@ 
* 


3 Except the numerical estimation of the left hand side of (38). 
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we obtain‘ 
lim inf Nx(f(z), 1) < eA. 
k>o 


This can be formulated as follows: If r, denotes the absolute value of 


the zero z, of f(z) which is nearest to the origin, we have for an entire 
function for which lim info ee <A, 


: 1 

fim Sup r= neo 
For entire functions of finite order 4 = 1, the behaviour of r, has been investi- 
gated by ALANDER [3] who proved that 


kro  logk — 

Now we shall prove a general theorem which includes this result of ALANDER 
as a special case. 

THEOREM 3. /f f(z) is an entire function, M(r) = Max |f(z)| and r, denotes 

|z2|=r 

the absolute value of the zero z, of f(z) which is nearest to the origin 
(k=1,2,...), then denoting by x= H(y) the inverse function of y=\log M(x) 
we have 


Paesee de Lt 9. e 
(41) lim inf 7 = log2” 
Proor. Let us start from the inequality (38). This implies that for any 
e€>0 
. {H(n)\" 
a tin (Se eal —0 


Thus we can find arbitrary large values of k for which 


(43) jas = (;Sqs len Gano 


4 This implies that for A < Sak 
e 
lim inf Ni (f(z), 1) <1, 
; k>o@ : 
i.e. an infinity of derivatives of f(z) have no zeros in the unit circle. It is known that if 
f(z) is of exponential type and lim sup eed et 
r 
A <0,7199. (See [5]) ste 


, the same assertion holds for 
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It Plows from inequality (15) that for such values of k for which (43) holds 
and for |z|=o we have 


PO ae, | + 1 


FOO) |= (eee ee 
| a) 
and thus f(z)= 0 for |z| So if 


oe ees k+1 1 
(1 ed 5 


(44) 


i. e. for a sufficiently large k if 


H(k) log 2 


(45) os kelt2« 


But (45) implies that 


OT Lt 9 Rs a 
(46) lim inf Sem = og?’ 


As ¢>0 is arbitrary, Theorem 3 is proved. 
Clearly, (41) implies 
(47) lim sup kr, =-+ 00 
k>o 


for every entire. function. 
For functions, which are regular in a circle |z|<R, instead of (47) we 


can prove only 

THEOREM 4. If f(z) is regular,in the circle |z|<.R and is not a poly- 
nomial, further z, is the root of f(z) which is nearest to the origin, then 
putting r.=|2%| we have 


(48) lim sup kr, = R log 2. 
‘ k>@ 
Proor. The proof is very similar to that of Theorem 3. If f2= 
fee] ‘ n ee 1 R"\a,| 
= i | = and thus —O for any e>0. 
=, az", we have lim sup Vian] = R he y 
Rijas| RR aeyl ae 
This implies that putting max (74 5)" ay ~ (pein we have for k=kw 
(N= 1, 2,...) | 
(49) - \ax+;| = al (j=1,2,...). 
(e) | 


2 Acta Mathematica VII/2 


142 P. ERDOS AND A. RENYI 


Thus by inequality (15) we have for |z|=9 and the mentioned values of k 


OZ) ae <eT 
f®(0) a ( ED) 
Ras. 


(50) 


therefore f(z) + 0 for |z| =e if 
e(1 aE « As, 
Eel es 
and thus if 
R log 2 
== 
6) = EFI U+28) 
for sufficiently large k. 
The assertion of Theorem 4 follows immediately. 
It should be mentioned that there exist functions f(z) regular in the 


: 1 
unit circle for which lim sup kn, <-+ oe, for example if f(z) = Tom’ we have 
k>o aa at 
lim sup kn= J. This example is due to ERWE [8]. 
k>o 


It would be interesting to determine the greatest constant by which 
log 2 can be replaced in (48). 
The question may be raised: what can be said about the series 


(52) . > Tk. 


It can be shown that the series (52) is divergent not only for every entire 
function but also for every function which is regular in some circle |z|<R 
(except for polynomials) with R>O. As a matter of fact, this follows easily 
from the results of W. GONTCHAROFF ([6], p. 34). 

The following conjecture® of ERWE is a simple consequence of this 


remark: If f(z) is regular in |z|<R, |2|<R, |2nu1| = = iz, ;and. (2. )==U) 
(n=1,2,...), then f(z) is a polynomial. As a matter of fact, we have 
r, =|z,| and thus our suppositions imply Sy < -+ oc. More can be said 
about the sequence r; if the power ites of f(z) has Hadamard gaps. If 


- 7 
F2)= 2D anz™ where = =q>1 and f(z) is an entire function, then 


5 Erwe proved that if f(z) is regular in a circle around z—0 containing the points 
z, for which |Z,4:| < a lzn|*, further f(z,) 0 (n= 1, 2,...), then f(z) is a polynomial, 
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lim sup T= -+ ce; if it is supposed only that f(z) is regular in the circle 


, : R(t rd 
Jz|< R and f(z)= > an,z% with = q>1, then lim sup rn =——~—2~ 
k=0 Ny ko Ke 2e . 
It seems that the following conjecture is true: If f(2) is an entire func- 
tion, we have 
fit Geert fe 


li te SS ee 
eer log k é 


(Received 30 May 1956) 
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O 4ACJIE KOPHEM MOC JIEQOBATEJIBHbIX TIPONSBOAHbIX AHAJIMTHYECKUX 
®YHRUMU 


0. Opnréw uA. Penen (Byfanewt) 


(Pes Me) 


Tycrs f(z) peryaapHa B HeKOTOpOM OONaCTH NOCKOCTH KOMIMICKCHOI Tepe MCHHOM, 
conepxaujeit BHyTpu ce6a Kpyr |z| <r(r > 0), u nyctb Ni (f(z), 1) osHayaeT uncao KOpHeNn 
f(z) B xpyre |z| = r(k=1, 2,...). O603Ha4HM Yepes Z; Han6onee Onu3Kni K TOUKe Z=0 
Kopenb oT f)(z) wu nycTb r,=|2x|- ‘ 

Pa6oTa usyyaeT aCHMMTOTHYECKHE CBOMCTBA NOCMEAOBATEMbHOCTCK Ni (f(2), 7) Ht 
r, (k =1,2,...). B uacrHocru, B pa6oTe AOKasbIBaHOTCA C-leAyIOUMe TEOPEMbI: 

Teopema 1. Iycts f(z) peryaaipHa B CAMHH4HOM Kpyre HM MYCTb O0<r<il. Torna 

5 INGA ts 
lim int Ni(f@), < K(r), 
k>@ k 


26 
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rye K=K(r) ectb CMHCTBeHHbIA MOAOKMTeENbHBIM KOPeHb TPaHCUeCHAeHTHOTO ypaBHeHHA 


K 
= 


i! 
a Bi K) °K 
Teopema 2. [yctb g(r) ecrb 1106ad HenpepbiBHad M MOHOTOHHO BOspacTalolad 
B HHTepBane (0 <r < co) cbyHKkuMA uM NycTb lim g(r)—-+ co. OGosHaynm yepes x —h(y( 
cbyxkunt, OOpatuyto PpynKunn y—f(x). [lycth f(z) ecrb uenaa cdbyHKuna, M US ect re \F(2)| 
a 
WH MpeANOJOKKUM, ATO 
lim inf mits nen! OE 
r+>o g(r) 


lim inf Ni(F(2), ICA) fo. Da Ss e?. 
k>@ 


<a 1. 
Torja 


Teopema 3. Iyctp f(z) ects uenaa tbyHkuna, M(r) = shen \f(z)|, x = H(y) 0603- 
si" 
HayaeT cbyHkunto, OOpaTuyto dbyHKunH y= log M(x). Torga- 


fim inf oer 
k>o@ kr, log 2 


Teopema 4. Ecan f(z) peryaapxHa B e€qHHH4HOM Kpyre H HE MHOrOUNeH, TO 
lim sup Arx => log 2. 
k>o 


Tlepeuncnenupie TeOpeMbl ABAAIOTCA O6OOuIeHHAMH pesynbTaToB Moiia [1], Earpa- 
posa [2] 1 Anaujepa [3]. PaGota copepxuT TawxKe OKasaTeNBCTBO OHO ruMOTesbI 
3 pse [8]. 


ON A CONJECTURE OF G. POLYA 


By 
CATHERINE RENYI (Budapest) 
(Presented by P. Turdn) 


The purpose of the present paper is to prove the following conjecture 
of G. Potya: 

The power series expansions of a transcendental. entire function f(z) 
around two different points za and z=b6 can not have both Fabry gaps; 
in other words, if we denote by Z,(n) and Z,(n) the number of elements equal 
to 0 of the sequence f(a), f’(a),...,f™(a) and f(b), f(b), ..., f(b), resp., 


Za(n) _ Ax(0) can not both be valid if a+b. 


It was P. ErDOés who kindly called my attention to this conjecture of. 
G. POLyA.’ . 

The reason which makes this conjecture plausible is that the corres- 
ponding assertion for power series having a finite radius of convergence is — 
-a simple consequence of the well-known theorem of E. Fasry [1] according 
to which if the radius of convergence R of the power series 


> ChZ"k 

k=0 
is finite and 

lim im 0, 

k>o Mk . 
then f(z) can not be. continued across |z|—=R. Thus if we develop f(z) into 
‘a power series around the point z—a (O0<|a|<R), the radius of conver- 
gence of this series will be equal to R—|a| and there will be exactly one 
singular point on the circle of convergence. Thus this latter series can not 
have Fabry gaps, because this would contradict the mentioned theorem of 


FABRY. 
fos) 
1 Under the stronger supposition that the series > c,z"* has Hadamard gaps, i. e. 
; k=0 
Myst 
— = 1 
7% 2t> 


“the conjecture of Pérya has been proved by Erpés (oral communication). 
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Clearly, it suffices to consider the case a0, b =1, because if the con- 
jecture of POLYA were not valid for some transcendental entire function f(z) 
and for the points z—a and z=b (a= bd), it would not be valid for the 
transcendental entire function g(z)—f[a+(b—a)z] and for the points z—0O 
and 2=1, either. 

If a0 and 61, it suffices further to consider only such entire func- 
tions which take on real values on the real axis. As a matter of fact, if for 


oo 
f(2) = > (a. +ib,)2", where a, and 6, are real, we would have 
n—0 


Z,(n) oy Z,(n) iy 
n ; n : 
the same relations would hold for the real entire functions 


g(2)= > anz" and g*(z)=> baz" 
n=0 “n=O 


and at least one of these is a transcendental entire function. 


| 


For the proof of the conjecture of POLYA we shall need the following — 


theorem® of POLyA: If f(z) is an entire function which is real for real z and 


St, denotes the number of roots of f(z) which are lying in the closed in- 


terval [0, 1], then 
(1) : lim Sete) 
n> n 


We shall use also in the proof the following elementary 


LemMaA. Let f(x) == f(x) denote a real function which is defined and 
possesses derivatives of all order in the closed interval [a,b], and let N, de- 
note the number of different roots of f(x) in the interval [a,b], further let 
Z.(n) and Z,(n) denote the number of those terms of the sequence f(a), f’(a), 
pee f(a) and f(b), f’(b),...,f¢(0), respectively, which are equal to O 
(n=O; 1)2, te )eThen 


(2) Nn = Za(a) + Z,(n)—n (n=0,1, 2,...), 


PRooF. We shall prove the Lemma by induction on n. (2) is evidently 


valid for n=O. Let us suppose that (2) is already proved for n—1, i.e. that 
we proved 


(3) Ny-1 = Za(n—1) + Z(n—1)—(n—1).° 
2 Potya published his theorem in [2] without proof. In: a recent paper of P. Erpdés 


and A. Rényt [3] it is proved that (1) holds for any transcendental entire functions also 
if SU, denotes the number of roots. of L® in the unit circle. 


e 
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Let us put 
0 if f™@)+0 and f™(b)-0, 
éx=)2 if f™(@)=—0 and f™(b)—0, 
1 otherwise. 
According to the theorem of Rolle f(z) has in the interior of [a, b] at 
least N,-1—1 different zeros; therefore we have 
(4) Nn = &n+ No_1—!1. 
By adding (3) and (4) and taking into account that «,—= Z,(n)+Z,(n)— 
— Z,(n—1)—Z,(n—1), (2) follows. 
Now the conjecture of POLYA follows immediately. As a matter of fact, 
if the power series f(z) around z—0O and z=—1 would both possess Fabry 


gaps, we would have 
(5) lim Z(n) + Z (ny _ 
n->@O n 


From (2) and (5) we would obtain 


2. 


sie, JN, 
lim — 21 
n> @® n 
and as N,=WN,, 
; eS 
lim =p 


which contradicts (1). 
The same proof gives also the following sharper 


THEOREM 1. Let f(z) be an entire function. Let Z,(n) and Z,(n) denote 
the number of vanishing coefficients among the first n+-1 coefficients of the 
power series expansion of f(z) around the points za and z=b (a=-b); 
respectively. Then we have 


lim ZOD tM) — 1, 


(6) n—-> © n 
It should be added that for 
hn Ale ain 


no better bound than the trivial bound 2 can be given. This can be shown 
e. g. by considering the entire function 


foa=> a : 


n=0 
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hich 
for whic a Z.1(n) + Zu(n) re 


u—> Ow 
‘For the same function we have 


jim 200) Zak) — 1. 


This shows that the number 1 can not be replaced by a smaller one on the righ 
hand side of (6). This can be seen, of course, also by considering a simple 
example, namely f(z) sin z, a= 0, b= >. 

These remarks show that the assertion of Theorem 1 can not be im 
proved. But if we formulate our problem as follows: what can be said abou 
the asymptotic behaviour of the sequence 

Z.(n) + Z,(n)—n= A(n), 

further questions present themselves. 

In the memoir [2] of POLYA the following theorem can also be found 

If f(z) is an entire function of exponential type, which is real on the 
real axis, and SU, denotes the number of roots of f(z) in the closed rea 
interval [a, 6], then lim St, is finite. It follows from this theorem, when com- 


bined with our Lemma, that for entire function of exponential type lim 4(a) 


n->@® 


is finite. 
We do not know any transcendental entire function for whict 
lim 4(n) =-+ oe. 


nu>@D 


A. RENyi asked the question, closely connected with the problem con: 
sidered above, what is the least upper bound of 4(n) for polynomials o 
order n. The answer to this question is contained in the following, 

THEOREM 2. If P,(z) is a polynomial of order equal ate n and a+b 
then A(n) =O, i. e. 

(7) Z.(n) + Z(n) Sn. 

PROOF. Similarly as in the proof of the conjecture of POLyA it can b 
supposed that a and 6 are real, further that P,(z) has real coefficients. As < 
matter of fact, if a and 6=-a are real and (7) would not be valid for a poly 


n 


nomial Paz) = & (an. + ibs)2* (a, and 6, are real, a?+62=-0), then | 
would not be valid for the real polynomials Qn) = S az" and Qt2)- 


=> bz, either, at least one of which is of order n. 
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Let us suppose now that (7) is false. Then for a real polynomial P,,(z) 
we would have 


Za(n) + Z,(n)=n+1. 
Thus we obtain from our Lemma that 
tg gam 
which is impossible as P (2) is a constant different from zero. Thus The- 
orem 2 is proved. 
P,,(z) =(z—a)'(z—6)"* (0=k=n) shows that (7) is sharp. 
I intend to consider the asymptotic behaviour of the sequence 


ile n WA n : ‘ ini j 
ease s\) for power series with a finite radius of convergence in a 


forthcoming paper. 


(Received 5 March 1956) 


Remark. (10 April 1956.) The above paper was already ready for pub- 
lication when Prof. P. TURAN kindly called my attention to the paper of 
G. PoLtyA, Bemerkung zur Interpolation und zur Naherungstheorie der Bal- 
kenbiegung (Zeitschrift fiir angewandte Mathematik und Mechanik, 11 (1931), 
pp. 445—449) in which the Lemma and Theorem 2 of the above paper are 
contained in a somewhat different formulation. 
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OB OJHOM 3AMAYE LP. NOKA 


Kats Peubn (Byganewrt) 


(Pe310 Me) 


r. Totia (kak coo6uma astopy Il. Ipwéw) noctasun cnepyroulyio sanayy: 
woKa3aTb, 4YTO eCAM UenaA aHanMTHYeCKan cpyHKunA f(z) HMeeT OKONO TOUKH Z=O aaky- 
HapHblii (B CMbICHe @Pa6pn) pag Teitnopa 


‘ n P k 
f@=> ¢,2.*, T. e. ecan lim — =O, 
k=0 k>@ n, 


TO pag Tetnopa or f(z) oxono0 nw60H TOUKH a +O He MOKET GObITh AaKYHAPHbIM B TOM 
xe cmbICHe. ABTOPy yfa0Ccb ,OKa3aTb STy rumoTesy B CHepyHouleH yCHeHHOH dopme: 


Teopema 1. Iycts f(z) yenaad ananutuyeckan yHKuna. Ilycrs Z,(n) u Z,(n) 
O3Ha4aeT 4HCNO HC4eZaOLUNX KOSHPpHUNEHTOB MeExAyY 2-+-1 nepBEIx KOadPuUHeHTOB pAZOB 
Teiinopa or f(z) oxonD za u z—b, cooTBetcTBeHHO, (a + 5). Torna 

: Z,(n) + Z,(n) 
ai ne sacra 


n> @ 

[oxaszaTeabcTBO OCHOBaHO Ha Caenyroujen Teopeme T. Mota: Iycts KN, O3HadaeT 
uncnO Hye n-oi mpousBonHoit f(z) or uenow BeMeCTBeEHHOM tbynkunn f(z) B HHTepBane 
10, 1]; Torma nmeem 

Re 
lim —~ —0. 
n>o 


Hoxaspisaetca ewe cneayiousan 


Teopema 2, Ilyctp P,(z)—Muorounen crenenn 2 un a + 6, Torga 
Z,(n) + Z,(n) Sn. 


LOSUNG UND VERALLGEMEINERUNG EINES SCHURSCHEN 
IRREDUZIBILITATSPROBLEMS FUR POLYNOME 
Von 


I. SERES (Budapest) 
(Vorgelegt von P. Turdn) 


Dem Andenken von |. Scuur gewidmet 


Es bezeichne I” den rationalen Zahikérper. I. ScHuR [1] hat folgende 
Aufgabe gestellt: ,Es seien a,,a@,...,@, voneinander verschiedene ganze 
Zahlen. Das Polynom 

| F(x) = (x—a) (x—a).. . (x—a,) — 1 
ist dann tiber I irreduzibel‘. 

Diese Aufgabe wurde von W. FLUGEL [2] gelist. Er hat ferner gezeigt 
[2], dai tiber Z bis auf einige Ausnahmen auch das Polynom 

h@)=(x—a,) (x—a,). ee (x—A@n) + 1 
irreduzibel ist. 


I. SCHUR hat ferner als Aufgabe [3] den Nachweis der Irreduzibilitat des 
Polynoms 


fa(x) = (x—a,)’ (x—a,)?...(x—a,)? + 1 
im Polynomenring I’[x] gestellt. Die Loésung ist in der Aufgabensammlung [4] 
zu finden. : 
A. BRAUER, R. BRAUER und H. Hopr [5] haben’ gezeigt, daf 


fe) = [Tea +1 
und 
fe) = [1 eas) +1 


unter obigen Voraussetzungen iiber die a; in I’[x] irreduzibel sind. (S.auch [6].) 
In der vorliegenden Arbeit beweise ich folgenden 


SaTz 1. Das Polynom 
M 
F(x)= [] (x—ax)" + 1 


ist in I'[x] irreduzibel, falls die a voneinander verschiedene ganze rationale 
Zahlen sind und n=1, M21 gelten. 


Den Teil M=5 hiervon verallgemeinere ich im folgenden 
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Satz 2. Es seien ay, Q:,..-, Qn voneinander verschiedene ganze rationale 
Zahlen, fn(x) das m > 2-te primitive Kreisteilungspolynom; ferner sei P(x) = 


M 
= [] (x—a) gesetzt. Dann ist das Polynom 
k=1 


Fn (P(x) 
fiir M=5 irreduzibel. Bis auf einige Ausnahmen gilt dasselbe auch fiir M <5. 


Den Teil M = 6 hiervon verallgemeinere ich noch zu: 


SATZ 3. Es seien a,, Qy,..., Qa (M =6) voneinander verschiedene ganze 
rationale Zahlen, Q(x) ein Polynom mit ganzen rationalen Koeffizienten und 
mit dem  Anfangskoeffizienten 1, Grad Q(x)<M; ferner bezeichne fm(x) 
das m-te primitive Kreisteilungspolynom (m>2) und R(x) das .Polynom 


Q(x) [] (x—a,). Dann ist das Polynom 
k=1 
Fm (R(x) 
in [|x] irreduzibel. 
In anderer Form (s. unten) lautet Satz 3 so: 


Satz 4. Das Polynom 


2Qai 


¥@)—= Q(x) [T[x—a)——  E=e") 


ist in I°(§) [x] irreduzibel, falls Q(x), a,,...,@mu, M und m den Voraussetzun- 
gen vom Satz 3 geniigen. - 


Zum Beweis brauchen wir einige Hilfssatze. 


HILFSSATZ 1. Es sei fn(x) das m-te primitive Kreisteilungspolynom mit 
rationalen Koeffizienten. Das Polynom ®y(x)=fm(R(x)) ist dann und nur 
dann irreduzibel (iiber T°), wenn w(x) ==R(x)—& iiber I'(E) irreduzibel ist. 


Dies ist namlich ein Spezialfall eines Satzes von CAPELLI (vgl. N. 


TSCHEBOTAROW und H. SCHWERDTFEGER [8], S. 288). 
Wir werden im folgenden annehmen, da das Polynom 


M 
w(x) = Q@) I] @—a)—& 
liber 1°(€) zerlegbar ist; es gilt also 
(x) = T(x) (x) 
mit nichtkonstanten Polynomen r(x), w(x) in I°(&) [x], deren Anfangskoeffi- 
zienten gleich Eins sind,’ weshalb alle Koeffizienten dieser Polynome ganz 


Sind. Die r(a,) (k=1,...,M) sind ganze Zahlen aus (6), da die a ganz 
rational sind. 
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Wegen 


T(ax)|§ 
sind die t(a,) Einheiten von J°(é). 


HILFSSATZ 2: Die Koeffizienten des Polynoms t(x) seien ganze Zahlen 
des Kreisteilungskorpers I'(§). Sind a, und m ganz rational und sind T (ax) 
und t(a) Einheiten, gilt ferner \a,—a,| > 2, so ist T(ax) T1(a) reell. 

BEwels. Nach einem Satz von Kronecker [7] laBt sich 

T (ax) = Nréx, t (a) = 718 1 
setzen, wobei Hx, Mm (komplexe) Einheitswurzeln und ¢&,, & reelle Einheiten (in 
I(S)) sind. Es folgt a,—a@|7,&—me, d. h. 
s a—alnn —ae’. 
Nach Ubergehen zu den komplexen Konjugierten folgt 
= = 
di—a ; —&E&y, . 
Nach Subtraktion entsteht ae 


... Ax —aa| nen —7e' Nh, 


a.—ai|(qenY —1. 
Ist die rechte Seite == 0, so ist ihr absoluter Betrag = 2. Dasselbe gilt 
ftir alle Konjugierten, wogegen fiir die linke Seite |a,—a|>2 gilt. Durch 
Normbildung (iiber /’) entsteht hieraus ein Widerspruch. Also gilt 


(neni —1=0, 
T= + Mh. 
Das beweist Hilfssatz 2. 

HILFSsATz 3. Es seien a,<a)<:++-<ay ganze rationale Zahlen, M26 
und (x) ein Polynom mit ganzen Koeffizienten aus I(&). Sind t(ax) fiir 
t—1,...,M Einheiten aus I'(§), so sind ihre Verhdltnisse lauter reelle Zahlen. 

Bewels. Es gelten die Relationen ; 

2<Q,—Q, As—,,..-,An—Q 
ind 
2<ay—a3, Ay— aA. 
Jieraus und aus Hilfssatz 2 folgt Hilfssatz 3. 

Mittels dieser Hilfssdtze lassen sich die Satze 1, 2, 3 beweisen. 

Zuerst beweisen wir Satz 3. Hierzu nehmen wir an, daB ®,,(x) tiber 
lem Korper der rationalen Zahlen. zerlegbar ist: 

Dy (x) = G(x): HX), 
yobei G(x) und H(x). den Anfangskoeffizienten | haben. 
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Das Polynom 
M 
WX) = Q@) [T (x—ax) 8 
ist gemaB Hilfssatz 1 in /’(§)[x] zerlegbar. Man zerlege es in Primfaktoren; 


W(X) = 1(x).-. T(X), 


so daf die Anfangskoeffizienten aller Faktoren gleich 1 sind. 
Der Grad s einer der Polynome 1;(x),..., t,-(x) ist nicht gréfer als 


M-+ Grad Q(x) 
ea, Tic a M. 


Wir diirfen annehmen, daf 
s = Grad 1,(x)< M 
gilt. Zunachst sei M = 6. Die Einheiten 


T(x) (kessthp. 27-0) 
sind dann wegen Hilfssatz 3 von der Form 
T (Qk) = NF (kK 15534): 
wobei 7 eine komplexe Zahl ist und ¢,..., & reelle Zahlen sind. 
Durch Interpolation (an den Stellen a,,..., Qs:1) ergibt sich hieraus 


T(x) = L(x) 
mit einem reellen Polynom L(x). Anderseits gilt wegen 7,(x)| w(x) auch 
L(x)|w(x). Da aber das konstante Glied von w(x) nichtreell und die iibrigen 
Koeffizienten reell sind, so ist dies ein Widerspruch, der nur durch die 
Annahme der Irreduzibilitat von @,,(x) tiber 7’ aufgehoben werden kann. 
Damit ist Satz 3 bewiesen. 
Aus Satz 3 folgt Satz 2 fir M=6 (als Spezialfall Q(x)=1). a 


Beweis lait sich auch fiir M=5 retten, da dann einerseits Grad r,(x) = 
angenommen werden kann, anderseits 


2<a4—4,, A—A, 
gelten, weshalb jetzt a,, a,, a, (wegen Hilfssatz 2) drei passende Interpolations- 
stellen sind. 
Ebenso leicht sieht man ein, dafi im Satz 2 fiir M4 und M=3nur 
dann wirkliche Ausnahmefalle entstehen kénnen, wenn a,—=a,+-k—1 


(k= 1,..., M) gelten, ferner M = 2 nur dann auszunehmen ist, wenn a,—a,+1 
oder a, —a,-+-2 bestehen. 


Zum Beweis von Satz 1 benétigen wir noch den folgenden 
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HILFSSATZ 4. Es seien a,,..., Qy ganze rationale Zahlen. Ist entweder 
das Polynom 


M 
K(x) = IT (x—a) ie] 
mod 2 irreduzibel oder ist es mod 2 einer Potenz eines mod 2 irreduziblen 
Polynoms kongruent, so ist 
M 
F(x) = IT (x—axy" +1 
tiber I” irreduzibel. 


Bewels. Nehmen wir gegen die Behauptung an, da F(x) iiber £ zer- 
legbar ist: 
F(x) = G(x)-H(x). 


Anderseits folgt mit wiederholtem Quadrieren 
F(x) = k*"(x) (mod 2). 
Nach der Annahme ist 


(1) K(x) sald (x—ax) + 1 =y"(x) (mod 2) (rie), 


wo w(x) ein mod 2 irreduzibles Polynom ist. Hiernach gilt 
F(x) = G(x)-H(x)=¥y?""(x)_ (mod 2). 
Dies ist wegen Grad G(x)>0, Grad H(x)>0O nur dann méglich, wenn 
G(x) = ¥*(x) (mod 2) (¢> 0), 
H (x)= w*(x) (mod 2) (8 > 0). 


G(x) = w(x) + 2 A(x), 
H(x) = wP(x) +2 B(x) 
wobei A(x), B(x) Polynome iiber 7’ sind. Man  betrachte das Produkt 
G(x)-H(x) (mod 4). 
Es gilt 
(2) F(x) = G(x)-A (x) = w(x) + 2? (x) A(x) +2 y*(x) BCX) (mod 4). 
Es besteht wegen (1) 


Hiernach bestehen 
(2+ P= 2"r), 


M 
LL (xa) = y'(X)—-1 +2); 
k=l % 
wobei K,(x) ein Polynom tiber J’ ist. Aus der Definition von F(x) ergibt sich 


F(x) =" (x) —1-2 ("+1 = 
(3) = wr?" (x) +2 w?""(x) +2 (mod 4). 
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Aus den Kongruenzen (2) und (3) erhalt man 
p(x) A(x) + w(x) BO) —w'2"" (x) =1 (mod 2). 
Dies ist aber unmdglich, da die rechte Seite mod 2 durch das Polynom w(x) 
teilbar, die linke Seite dagegen nicht teilbar ist. Damit ist Hilfssatz 4 bewiesen. 
Endlich beweisen wir Satz 1. Dieser Satz folgt fiir M25 aus Satz 2 
(als Spezialfall m= 2"*'). Ferner ist Fall M1 trivial. Wir haben nur noch ~ 
diejenigen Falle (fiir M— 2, 3, 4) zu betrachten die im Satz 2 als Ausnahme- 


falle iibrig geblieben sind. 
Ist M=4 und a,=a,+k—1 (k=1, 2, 3,4), so geht (1) in 


K(x) =xX(x+ 1 +1=(0?+x4+1) (mod 2) 
iiber. Dabei ist das Polynom w(x)=x’?+x-+1 mod 2 irreduzibel, weshalb 


Hilfssatz 4 anwendbar ist. 
Ist M3 und a,=a,+k—1 (k=1, 2, 3), so gilt 


K(x) =(x—ay (x—a—1)+1 (mod 2), 


weshalb jetzt selbst A(x) mod 2 irreduzibel ist. 
Ist M=2 und |a,—a,| =2, so ist entweder a,=a, (mod 2) und 


K(x) =(x—a,)? + 1=(x—a,— 1)? (mod 2) 
oder a,==a,+ 1 (mod 2) und 
K(x)=x+x-+1 (mod 2). 
Hieraus ist die Richtigkeit vom Satz 1 in allen restlichen Fallen zu entnehmen. 


(Eingegangen am 30. November 1955.) 
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PEWIEHVE UW OBOBLUEHHE OHO MPOBJIEMbI HM. LLIYPA O NPABOAUMOCTH 
MHOTO4UJIEHOB 


MW. Wlhepew (Bynaneuir) 


(P e310 Me) 
B wacroauen padore aBTop AOKaabiBaeT, 4YTO ECM 3afaHbI pasNM4Hble WeAbIe 4nCcAa 
ay (k=1,...,M;M=_1), ro 
M 


1. Muorounen J J (x—a,)2" + 1 ne npwsogum Hap noneM pauMOHanbHbix guced. 
host 
Dro 6bina ofHa us mpobsem HV. Wi ypa, mocrapnennasi B 1908-om tony. B pa6dote 
WOKasbiBaetcaA Ba OGOOOUIEHHA BTOM TeOPemEr : 


2. Ecan f,,(x) ectb m-biit (m > 2) NpHMHTHBHbIM MHOrOUNeH JeneHHA Kpyra u P(x) = 
M 


=a i T (x—a,), TO, HCKMIO4aA HEKOTOpBIe OcOGnIe cnyyan, MHOroUNeH f/f, [P(x)] He NpHBOAHM 
| Kool 
Haj MOJeM PallHOKANbHBIX 4HCeN. 


3. Myctb Q(x) ecTb MHOrOUeH C HeEAOUMCAEHHbIMK KOadpuyHeHTaMn, NpuyeM KOapaun- 
M 
eHT np CTapwem wieHe paBeH egunnue un Grad Q(x) <M (M=5) u R(x) = Q(x) al (x— ay). 
k=1 
Torga mMuorounen ©,,(x)=f,[R(x)] He MpHBO_MM Hap, NOMeEM paulMOHANbHbIX 4HCeN, 


Bce aTo ynanocb ,OKasaTb C MOMOUIbIO FAyGoKHx Teopem JI. KponeKkepa 0 efu- 
HHUaxX NOAA KOPHeH H3 eAHHHUBI. 
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ZUM BORSUKSCHEN ZERTEILUNGSPROBLEM 


Von 
A. HEPPES und P. REVESZ (Budapest) 
(Vorgelegt von G. Hajds) 


Im Jahre 1933 hatte K. Borsux [1] die folgende Vermutung ausge- 
sprochen : 

»Jede Punktmenge M des n-dimensionalen euklidischen Raumes vom 
Durchmesser D(M) ist in n+1 Teilmengen mit kleineren Durchmessern 
zerlegbar.“ (Unter dem Durchmesser D(M) einer Punktmenge M_ verstehen 
wir die obere Grenze der Entfernungen von zu M gehérenden Punktpaaren.) 

Es ist leicht einzusehen, daf die Verminderung der Zahl n+1 in der 
Vermutung nicht méglich ist. Das zeigt das Beispiel der Eckpunktsmenge 
eines n-dimensionalen regularen Simplexes von der Kantenlange D(M). 

H. HADWIGER [2] hat in Verbindung mit dieser Vermutung den folgen- 
den Satz bewiesen: 

»Ein n-dimensionaler (n >1) Eikérper K vom Durchmesser D(K)==1 
laBt sich in n+1 Teile M; ({=0,1,...,n) so zerstiickeln, daB fiir die Durch- 


messer der Teile 


gilt, wobei r den inneren Rollradius der Randflache von K bezeichnet.“ (Ei- 
kérper wird eine abgeschlossene, beschrankte konvexe Menge mit regularem 
Rand genannt, und der innere Rollradius einer Eiflache ist der Radius der 
gréBten Kugel, die ungehindert im Inneren der Eiflache rollen kann.) 

Vor einiger Zeit-hat H. G. EGGLESTON [3] die Vermutung fiir den Fall 


n= 3 bewiesen. 
Im folgenden geben wir einen einfacheren Beweis fiir einen speziellen 


Fall : 

Satz. Jede endliche Punktmenge M des dreidimensionalen Raumes vor 
Durchmesser D(M) ist in vier Teilmengen mit kleineren Durchmessern zer- 
legbar. : 

(Wir werden den Satz im Fall-D(M)=1 beweisen, was natiirlich keine 
Beschrankung bedeutet.) 


Kad 
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DEFINITION. Wir nennen Kugelpolyeder den Durchschnitt endlich vieler 
Einheitskugeln (,,Faktorkugeln“), wenn dieser Durchschnitt durch wenigstens 
drei Kugeloberflachen begrenzt ist. Wir verstehen unter den Seitenflachen des 
Kugelpolyeders jene zusammenhangenden Flachenteile je einer Faktorkugel, die 
das Kugelpolyeder begrenzen. Die Kreisbogen, dié die Seitenflachen begrenzen, 
nennen wir Kanten, und die Schnittpunkte der Kanten Ecken. Eine Kante 
kann natiirlich kein Hauptkreisbogen sein. 


HitrssatTz 1. Ein Kugelpolyeder hat héchstens so viel Seitenfldchen, aus 
wieviel Kugeln ihn als Durchschnitt erzeugen. 


BEMERKUNG. Es ist leicht einzusehen, dai eine Vollkugel vom Radius 1 
samt zwei Punkten eines Einheitskreises auch den durch diese Punkte be- 
stimmten kiirzeren Bogen dieses Kreises enthalt. 


BEWEIS DES HILFSSATZES 1. Wir werden beweisen, daB die Oberflache 
einer Faktorkugel hochstens -eine Seitenflache des Kugelpolyeders enthalt. 
Gehért ein Punkt zu allen Faktorkugeln und ist er auf der Oberflache einer 
Faktorkugel, dann ist dieser Punkt ein Randpunkt des Kugelpolyeders. Mit 
Hinsicht auf die obige Bemerkung erhalten wir folgendes: Gehéren zwei 
Punkte der Oberflache einer Faktorkugel zum Rand des Kugelpolyeders, dann 
enthalt der Rand auch den die zwei Punkte verbindenden kiirzeren Haupt- 
kreisbogen derselben Faktorkugel. Daraus folgt die Richtigkeit des Hilfssatzes, 
da zwei Randpunkte einer Faktorkugel, die auf der Oberflache des _Kugel- 
polyeders sind, zu derselben Seitenflache gehéren miissen. 


HILFSSATZ 2. /m dreidimensionalen Raume gibt es kein solches endliches 
Punktsystem S vom Durchmesser D(S)=1, welches die folgende Eigenschaft 
besitzt: zu jedem Punkte P von S sind vier Punkte des Systems zu finden, 
welche von P in Einheitsentfernung sind. 


BEWEIS DES HILFsSATzZES 2. Nehmen wir an, dab es ein System S mit 
der obigen Eigenschaft gibt. Wir bezeichnen seine Punkte mit P; (i—=1,..., 7). 
Wir schreiben um alle Punkte P; von S je eine Einheitskugel K;, und be- 
trachten das Kugelpolyeder K, welches als Durchschnitt der Kugeln K; ent- 
steht. : 

Das Kugelpolyeder A enthalt alle Punkte des Systems S, weil D(S)=1 
ist. Andererseits sind alle Punkte von S auf der Oberflache von K, da ein 
jeder Punkt P; am Rande mindestens einer Kugel K; ist. 

Wir betraehten eine beliebige Kugel K;. Der Rand von K; enthalt laut 
Voraussetzung mindestens vier Punkte von S. Bei dem Beweis des Hilfssatzes 
1 haben wir gesehen, daB wenn zwei Punkte von K; am Rande von K liegen, 
dann auch ein sie verbindender Hauptkreisbogen von K; auf der Oberflache 
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von K ist. Dieser Hauptkreisbogen kann keine Kante von K sein, weil dic 
Kanten Bogen von kleinerem Radius sind. Folglich enthalt der Rand von K; 
mindestens eine Seitenflache von K. Aber mit der Anwendung des Hilfssatzes 
1 gewinnen wir, daB auf der Oberflache der Kugel K; genau eine Seiten- 
flache F; des Kugelpolyders K liegt. 

Seien P;,,..., Pi, die Punkte von S, die auf F; liegen (s = 4). Die Flachen 
F;,,..., F;, enthalten den Punkt P;, woraus folgt, daS P; eine Ecke ist, und 
im Punkte P; mindestens vier Kanten zusammentreffen. Dieser Gedankengang 
gilt natiirlich fir i~1,...,r. 

Es ist méglich, daB K aufer P,,..., P,. noch weitere Ecken hat, in jeder 
Ecke miissen aber mindestens drei Kanten zusammentreffen. 

- Wir fiihren nun die folgenden Bezeichnungen ein: f bezeichne die An- 
zahl der Seitenflachen, k der Kanten, und e der Ecken von K. Die obigen 
Resultate ergeben also: 

4r +3d 


f=r, e=r+d (d=0), Kaas ar 


Da der Eulersche Polyedersatz fiir unser Kugelpolyeder giiltig ist, also 
f+e=k-+2 besteht, ergibt sich 
4r+3d |. 
ar 


Cpl d= k+-2 +2, 


woraus 0O=d-+4 folgt, was wegen @=O unmoglich ist, Damit haben wir 
den Hilfssatz 2 bewiesen. 

Den Beweis unseres Satzes fiihren wir mit vollstandiger Induktion be- 
ziiglich n, wo n die Anzahl der Punkte bezeichnet. Die Richtigkeit des Satzes 
ist im Fall n=4 trivial. Es sei n> 4, und wir nehmen an, daf der Satz fiir 
Punktmengen von n—1 Punkten richtig ist. 

Es sei M eine aus n Punkten bestehende Punktmenge mit D(M)-~1. 
Mit Riicksicht auf Hilfssatz 2 kénnen wir den Punkt P aus der Menge .V/ so 
auswahlen, daB die um P geschriebene Einheitskugel A; héchstens drei 
Punkte der Menge am Rande enthilt. 

Die Menge M’, die aus M durch Weglassen des Punktes P entsteht, 
ist wegen unserer Annahme in vier Teilmengen mit kleineren Durchmessern 
zerlegbar. Da die Punkte der Menge M’ mit Ausnahme von héchstens drei 
Punkten im Inneren der Kugel Kp sind, gibt es mindestens eine unter den 
eben konstruierten Teilmengen, die vollig im Inneren von Kp liegt. Erganzen 
wir diese Teilmenge mit P, so erhalten wir eine Zerlegung von M in a 
Teilmengen, die alle einen kleineren Durchmesser haben als 1. Damit haben 
wir den Satz bewiesen. 

Als Folge unseres Satzes laBt sich die Richtigkeit Weg te 
mutung fiir ein beliebiges Polyeder P beweisen. Sei die Menge jenet 


eit der Borsukschen Ver- 
iktfe 


i} 
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von P, deren Entfernung von einer gewissen Ecke die Entfernungen von den 
anderen Ecken nicht iibertrifft, eine Zelle genannt. Erstens verteilen wir die 
Ecken unserem Satze entsprechend in vier Teilmengen. Betrachten wir nun 
_anstatt der Ecken die entsprechenden Zellen, so erhalten wir eine der Ver- 
mutung entsprechende Zerstiickelung des Polyeders P. Unter den Punkten 
eines Polyeders P vom Durchmesser D(P) kann namlich die Entfernung 
D(P) offenbar nur zwischen zwei Eckpunkten auftreten. 


(Eingegangen am 27. Januar 1956.) 
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K TNIPOBJIEME BOPCYKA O PASBHEHHH 


A. Xennem u Tl. Pesec (Byganewrt) 


(Pes 10 Me) 


K. Bopcyk [lJ 8 1933 rogy Brrckasan caegyiowyio runoTesy : 

Besakoe TOYeYHOe MHOMKECTBO N-MCPHOrO NpocTpancTBa, AMaMeTp KOTOPOrO paBeH 
CAMHULEC, MOKET ObITh pasOuTO Ha n+ 1 NOAMHOXKECTBO Tak, 4YTO AMAMETP KaxKOrO MeHBILIE 
€/\MHMUBI. 

ABT PbI OKASbIBAIOT STY THNOTeSy [Isl KOHCUYHBIX TPCXMCPHbIX MHOIKECTB H m10.1H- 
aapos. BepHocth runotesbt B cryyae m00bIX TPCXMePHbIX MHOKECTB Obina AOKasaHa 
IractouomM [3] B 1955 rogy, HO npuBeneHnHoe syecbh AOKasaTeAbC TRO AAA yka3aHHHro 
BbhIWe CNHeWha/IbHOrO cnyyawt 3HAYHTEMbHO npouse. 


TRIANGLES INSCRITS ET CIRCONSCRITS A UNE - COURBE 
CONVEXE SPHERIQUE 


Par 
L. FEJES TOTH (Budapest) 
(Présenté par G. Hajos) 


Nous considérons un domaine convexe D, un triangle contenant D et un 
autre compris dans D. Ces triangles forment la frontiére d’un anneau qui renferme 
la courbe délimitant D. Nous appelerons la différence des aires et la difference 
des périmétres des triangles l’aire et le périmétre de l’anneau. - 

Nous allons démontrer les théorémes’ suivants, qui impliquent 

21-1 +1 


les constantes c=-6 {arc cos ye as (eG sin oo = 91° 28’ 30”, 


1 Voi=3 
R=arc cos | ucla 59°5’52” et r=-90°—R=-arc sin Tales z 30°54’8”. 

THEOREME 1. Chaque courbe convexe sphérique peut étre renfermée dans 
un anneau triangulaire ayant une dire =c. Le seul cas oit la constante c ne 
peut pas étre remplacée par une plus petite, est celui d’un cercle de rayon R. 


THEOREME 2. Chaque courbe convexe sphérique peut étre inclue dans un 
anneau triangulaire ayant un périmétre =c. Le seul cas oi la constante c 
ne peut pas étre diminuée, est celui d'un cercle de rayon r. 


Les théorémes 1 et 2 découlent l’un de |’autre par une polarité. En effet, 
les pdles des grands cercles d’appui d’une courbe convexe sphérique S situés 
du méme cété du grand cercle que la courbe S forment une nouvelle courbe 
S’, appelée courbe polaire de S. Il est aisé de voir que S est la courbe 
polaire de S’ et que S’ est aussi convexe. D’ailleurs, comme il est bien connu, 
la figure polaire d’un triangle ayant des cétés a, 6, c et des angles «@, f, 7 
est un triangle ayant des cétés 7—ea, 1—/, a—y et des angles 2—a, 
n—b, u—c. Par conséquent, la polarité fait correspondre 4 un anneau tri- 
angulaire enfermant S et ayant une aire a et un périmétre p un anneau tri- 
angulaire reniennant S’ et ayant une aire p et un périmétre a. Ceci prouve 


1 Le théoréme 1 était énoncé comme conjecture dans mon livre Lagerungen in der 
Ebene, auf der Kugel und im Raum (Berlin—Gottingen—Heidelberg, 1953), p. 55, of on 
trouvera des résultats analogues dfs a différents auteurs, concernant des courbes planes. 
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l’équivalence des deux théoremes. Dans ce qui suit nous ailons démontrer 
le théoréme 2. 
Nous nous bornerons a des courbes sans sommets et ne contenant pas 
un are d’un grand cercle, ce qui évidemment ne restreint pas la généralité 
Il est facile de voir qu’on peut circonscrire a notre courbe S un_ triangle 
régulier ABC; de plus, le grand cercle tangeant AB peut étre donne par 
avance. Nous distinguons deux cas, suivant qu’il existe parmi ces triangles 
un tel quae AB=BC=CA = 90°, ou qu’il n’en existe pas. 


Cas 1. AB = 90°. Soient A’, B’ et C’ les trois points de S situés res- 
pectivement sur BC, CA et AB. Nous allons démontrer que le périmétre de 
’anneau borné par ABC et A’B’C’ ne dépasse pas la constante c. 


Fig. 1 


Soient A, B et C les milieux des cotés BC, CA et AB respectivement. 
Nous affirmons que le périmétre de A’B’C’ ne déscend jamais sous le péri- 
métre de ABC. Pourle voir construisons les symétriques C* et B* de A’ par 
rapport aux grands cercles AB et AC (fig. 1). Nous avons A’ B’ + B’C’+-C’ A’ = 
= BB’ + B’C’+ C’C* = B*C*. Remarquons d’autre part que AB*=AC*= 
— AA’ =90° et que l’angle ~C*AB*=224 BAC ne dépend pas de la posi- 
tion de A’. Done B*C* atteint son minimum quand AA’ I|’atteint, c’est a 
dire quand A’ et A coincident. Mais dans ce cas Bt*C*—3BC. ce qui 
prouve notre affirmation. : 


Nous avons donc a examiner le périmétre 
p(x) =6|x—are sin + tg x}, 0<2x=AB=90° 


de l’anneau formé par ABC et ABC. En tenant compte de p(0)=p(60°) =0 
on voit que p(x) a dans l’intervalle (0, 60°) un seul maximum, a savoir c. En 
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effet, le maximum est déterminé par 


Degas bat ian iy 
cos*x //4—tg*x 


cest a dire par |’équation 
5 cos‘x—cos?’x— ] = 


qui a dans l’intervalle considéré la solution unique 


xX = arc cos Jt V2t gro 39 15” 


La discussion du cas 1 est donc fini. 


Cas 2. AB>90°. En conservant les notations précédentes, nous affir- 
mons qu’il existe un triangle équilatéral ABC circonscrit 4 S tel que A’ =A 
et que B’ soit situé sur AB. 


» B* 


AnA 
Fig. 2 


‘ 


En vertu de I’hypothése faite sur la courbe S, les points A’, B’ et C’ 
sont uniquement déterminés par ABC et les rapports «= A’B:A’C, p= 
= B’C:B’A, y=C’A:C’B varient continiment avec le triangle ABC. Sup- 
posons d’abord que tous les trois rapports sont >1 (ou, ce qui revient au 
méme, <1). Il est aisé de voir que dans ces conditions l’aire du triangle 
ABC varie d’une facon monotone en déplacant le point A’ sur S dans une certaine 
direction. On doit donc arriver 4 une premiére position du triangle ABC 
telle qu’un des rapports prend la valeur 1, ce qui est équivalent a notre 
assertion. bis 

Supposons maintenent que « =1 et ‘ic po En variant ABC continti- 
ment jusqu’ 4 ce que A’ coincide avec la position originale de 8’, on doit 
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a 


passer par une position telle que ou bien e=—1, P21, ou bien a= 


8—1, ce qui équivaut a notre assertion. 

En partant d’un triangle mentionné, considérons d’abord le cas ott C’ 
est situé sur AC (fig. 2). Puisque C’, B’ et A sont situés sur une hémi- 
sphére déterminée par le grand cercle C*CBB* et le triangle AB*C* est 
compris dans le quadrilatére B*C*C’B’, nous avons A’B’+ B’C’+C'A’ = 
— B*B’ + B’C’+C’C*= BtA+AC*=2AA. Par conséquent le périmétre de 


V'anneau considéré ne dépasse pas 


g(x) ~~ 3AB—2AA =6x—2are cos sie 2x — AB. 
En vertu de g(0)=q(60°)=-0, g a dans lintervalle (0, 60°) un seul 


maximum, déterminé par 
Z2cosx +h. 
cos x|/4 cos’x —1 


, 


gq’ = §6— 


c’est a dire par 
32 cos*x— 13 cos?*x— 1 =O. 


13+ 293 


X= arc cos ae es 46° 41717" 


Or 


et le maximum cherché monte approximativement a 90° 14’42”, ce qui est 
inférieur a c. 


Cc. -B* 


Figo 


Soit maintenent C’ situé sur BC (fig. 3). Alors C’B’ et CB ont un point 
commun O. Supposons. que les arcs OBB" et OCC* n’excédent pas 180° 
(ce qui se réalise toujours si < BAC < 120°). Alors A’ B+BC+CA = 
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= BB + BO+0C'+C’'C'= B°0+0C*=3BC etils’agit du périmétre 
p(x) traité dans le cas 1. Si d’autre part on a par exemple B*BO > 180°, le 
triangle OB’B* contient OA B*. Par conséquent A’ B’+ B’C’+C' A’ = BB’ + 
+ B'O+O0C’+C’C* = B*A+ AO+ OC*> B*A+AC*=2AA, Il est donc 
question de la différence 3AB—2AA examinée précédemment. 

Les raisonnements précédents.font voir que le seul cas ot la constante 
c ne peut pas étre diminuée est celui d’une courbe jouissant de la propriété 
Suivante: elle peut faire une révolution totale dans un triangle équilatéral 


ABC de cété AB=2 arc cos eee en touchant dans chaque position 


les cotés de. ABC en leurs milieux. Puisque le centre instantané de rotation 
d’une telle courbe coincide évidemment toujours avec le centre de ABC, la 
courbe ne peut étre qu’un cercle inscrit 4 ABC, c’est a dire un cercle de 
rayon fr. 

Citons encore les théorémes de la géométrie absolue bien connus selon 
lesquels parmi les triangles inscrits et circonscrits a un cercle ce sont les 
réguliers qui possédent le plus grand et le plus petit périmétre respective- 
ment. Il en résulte que le périmétre d’un anneau triangulaire renfermant un 
cercl@ de rayon r ne peut étre serré au-dessous de c par aucune autre 
construction différente de Ja notre. 


(Recu le 28 janvier 1956.) 


O TPEYPOJIBHHKAX, BIMCAHHbIX B BbINYKJIYIO OBJIACTb C@EPbI 
WM OMMACAHHbIX OKO WO HEE 


JI. Beem Tor (Byganewr) 


(Pe3 Me) 


Ilyctb / o6o3Ha4aeT nepumeTp HanOOAbUerO TpeyrOJbHUKa, BIMCAHHOFO B HCKOTOPylO 
BpinyKy!0 OGAacTh ciepsil, a L nepumeTp HanMeHbUerO TpeyrOAbHUKa, OMMCAHHOTO OKONO 
Ton »e OOnactTu. Torna 


L—l<=6 [are cos | ise —arc sin | ei), 


Papeuctso mMeeT MCCTO JIMLIb B CyYae Kpyra oMpeseseHhoro pafuyCa. AunanormunHan TeO- 
pema umeeT MECTO M AIA NAOWAyH. 
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EINE KENNZEICHNUNG DER REINEN UNTERGRUPPEN 
. ABELSCHER GRUPPEN 


Von 
HORST LEPTIN (Hamburg) 


(Vorgelegt von G. Hajos) 


In einer Arbeit in der Mathematischen Zeitschrift! werde ich zeigen, daf 
jede abgeschlossene reine Untergruppe einer Priiferschen Gruppe und allge- 
Meiner jeder abgeschlossene reine Untermodul eines linear kompakten Moduls 
iiber einem vollstandigen diskreten Bewertungsring algebraisch direkter Sum- 
mand ist. Mithilfe dieses Satzes werden wir beweisen: 

Eine abgeschlossene Untergruppe § einer kompakter abelschen topologi- 
schen Gruppe ( ist genau dann rein, wenn algebraisch direkter Summand 
ist, d. h. wenn (S, betrachtet als abstrakte (diskrete) Gruppé, direkte Summe 
von § und einer geeigneten anderen Untergruppe ist. 

Fiir diskrete Gruppen kénnen wir diesen Satz so formulieren: 

Eine Untergruppe H der abelschen Gruppe G ist genau dann rein, wenn 
in der Charaktergruppe von G der Annullator von H direkter Summand_ ist. 

Bei dieser Formulierung des Satzes ist es zweckmafig, die Charakter- 
gruppe von G als abstrakte Gruppe zu betrachten. Daf beide Fassungen 
unseres Satzes Aquivalent sind, liegt daran, daB der Begriff der reinen Unter- 
gruppe fiir diskrete und kompakte Gruppen selbstdual ist: Bezeichnet n& fiir 
natiirliches n die Untergruppe aller n-fachen der Elemente aus 4) ( irgend- 
eine abgeschlossene Untergruppe der diskreten oder kompakten Gruppe ©) 
und n-1() die Untergruppe aller x€ ® mit nx€, so ist die Untergruppe X 
genau dann rein, wenn fiir jedes natiirliche n eine der beiden Gleichungen 
(und damit jede der beiden Gleichungen)’ 

rAK= Ran n-*(R) = R-+ 2°1(0) 
erfiillt ist. Der Ubergang zu der Charaktergruppe bewirkt lediglich Vertau- 
schung der beiden Gleichungen. Ist nun H rein in G, so ist der Annullator 
von H in der Charaktergruppe © von G also rein und abgeschlossen und 
folglich algebraischer direkter Summand. Umgekehrt: Ist { algebraischer di- 
rekter Summand von G, so ist 6 und damit auch H rein. 
1H. Leptin, Linear kompakte Moduln und Ringe. Il, Math. Zeitschr. (im Erscheinen). 

2 Sind % und B Untergruppen von @, so bezeichnen wir mit %-+ B stets die von 
% und B erzeugte Untergruppe von G. Fiir die direkte Summe benutzen wir das Zeichen 
<p“, fiir die algebraische direkte Summe das Zeichen »(+)*. 
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BEWEIS DER BEHAUPTUNG. Fiir jede kompakte abelsche Gruppe % be-— 
zeichnen wir mit 2° die Zusammenhangskomponente der Null. Offenbar ist 


D, a nX und 4/9 ist eine kompakte Priifersche Gruppe. 
Wir setzen nun voraus, da®B %t eine reine abgeschlossene Untergruppe 
der kompakten abelschen Gruppe © ist. Dann gelten die Formeln 
(1) (G/RY = (G+ H)/H, 
(2) HR — Rn S. 
(1) folgt aus der Kompaktheit von ©: 
(G/RY = fl n(G/R) = f (n& + K/R) = (() nS) + R)/N — (G+ K)/M. 


(2) folgt aus der Reinheit von WR: 
KR = NY aNR—l(KRnnG) = Rn(N2G)— Kn Ss. 
Die Zusammenhangskomponente ist als Divisionsgruppe stets rein, sogar 
algebraisch direkter Summand, (G°+)/R ist also reine Untergruppe von 
@/R. Da KR reine Untergruppe von © ist, folgt, daB auch G+ in G rein 


ist. Dann ist aber auch (G°+)/G° abgeschlossene reine Untergruppe der 
Priifergruppe ©/G’, also algebraischer direkter Summand: 


G/F = WE (+) (CO 49/6 


mit einer i. a. nicht abgeschlossenen Untergruppe °c. G’ ist als Divisi- 
onsgruppe algebraischer direkter Summand von Y: Y& == 8(4-)G*. Daraus folgt: 


G = B(+)(G@ +N). 
Wt —= Rn OG ist direkter Summand von G’: G'—€(+)RnG. Daraus folgt 
G+ R= C(+)R. 
Setzen wir also SG =%(-++)G, so haben wir 
G=S(+)R 
und damit ist unsere Behauptung bewiesen. 


(Eingegangen am 31. Januar 1956.) 
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OHA XAPAKTEPMCTHKA CEPBAHTHbIX NOArPYNN ABEJEBbIX PPYNN 
X. Jlantruu (lam6ypr) 


(Pe 30 Me) 


ABTOp AOKa3biBaeT Cmepyroulyo T Opemy: 

3amKHyTaA nNoArpynna  KOMMyTaTHBHOK HM KOMMaKTHOM TOMOMOrMYeCKON rpynnb G 
cepBaHTHa TOra HM TOABKO TOrga, ecru $ ECTb IpAMOe CraraeMoe AIA AGCTPaKTHOK rpynnyl G. 

Cnencrsuem oTOH TeOpeMbI ABASeTCA yTBep»KAeHMe: MOgrpynna H KomMMyTaTHBHOH 
rpynnsi G ceppakTHa Tora M TOABKO TOrsa, eCAM B XapakTepwcTHyecKOli rpynne G anHyss- 
top H ecrb npxamoe Craraemoe. 
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O CXOJMMOCTHM TPHTOHOMETPHYECKOrO TAPMOHUYECKOrO 
MHTEPMOJIMPOBAHNA 


O. KULLU (Byzanemr) 
(Mpegcrapneno A. Penn) 


§ 1 


B nactrosiew padote mpuperensi HEOOXOMMMbIe MW JOCTATOYHbIe yCJIOBUA, 
KOTOPBI€ HaflO HaJIOKUTb Ha MATPHLly y3JI0B, 4YTOObI HMeIa MeCTO CXOMMOCTb 
TPHPOHOMETPHYECKOO MHTePNMOJIMpOBaHMA JIA HEKOTOPbIX KaCCOB nepHomu- 
4YeCKUX yHKUMH. 

XOTA M3YYeHHIO TPMrOHOMETPMYeCKOrO MHTepnosMpoBaHMA MOCBALeHA 
OOUIMpHad JIMTepaTypa, MHE M3BECTEH JIMUIb OMH pesybTaT Takoro posa. ITO 
cpopmyImpoBaHHoe X. XaHOM B paGote [11] HeoOxoqumoe Mu jOCTaTOUHOe 
YCNOBMe€ CXOJMMOCTH B TOYKAX HeMpepbIBHOCTH qyHKIM C OrpaHM4eHHbIM 
M3MCHEHMEM OOLIETO MHTEPNOMAWMOHHOTO Mpowecca, YaCTHbIM Cy4YaeM KOTO- 
poro ABIAeTCA TPMrOHOMETPH4eCKOe HHTepnomMpoBaHue. (I]paBusbHOe JOKa3a- 
T€JIbCTBO JOCTATOYHOCTH 9TOrO ycoBuaA ObIIO gaHo C. M. JIO3HHCKUM B 
ctatbe [7].) Hmwke ccbopmMysmpopaHHbI HeOOXOMMBIe M OCTATOUHbIe yCOBKA 
PaBHOMePpHOK CXOMMOCTH Ha BCeH BeLIECTBEHHOM OCH TPHroHOMeTpH4ecKorO 
MHT€PMOJAWMOHHOrO Mpowecca JIA MHO)KECTBA MepHOmM4ecKHX UM aHaJIMTH- 
4eCKMX Ha BeLECTBEHHOK OCH tpyHKuMA (§ 5, Teopema 5°), MWId BCeX HECKOJIbKO 
pa3 HenpepbiBHO AudpepenuupyembIx nepwomMyeckux dyHKUHi (§ 7, Teopema 8), 
WIA MpOCTpaHCTBa NepwOAMYeCKHX CPyHKUMM, MMEIOUWIMX HECKOIbKO aOCOMOTHO 
HeMpepbIBHbIX MpousBopHbIx (§7, Teopema 7); Mw AIA BCeX NepwHomM4eCKHXx 
(pyHKUMH, WMeIOWIMX HECKONbKO MpOM3BOAHbIX C OFPaHHYeHHbIM W3MeHeHHeM 
(§ 9, Teopema 9). B mocneqHux Tpex cay4yaax jjaHO TaKKe HeOOXOAMMOE UM 
JOCTaTOYHOe YCAOBME CXOMMMOCTH TPHFOHOMETPHYECKOrO MHTePNOJMpOBaHHA B 
OTJe€IbHEIX TOUKAX. IIpuBefeHa TakoKe HaMMeHbIlad 3aMKHYTAA OONACTb, OONAAa- 
joulad TeM CBOMCTBOM, 4TO JIA aHaJIMTM4eCKMX B HEM Mepwos_MyecKHX yHKWMA 
TPHPOHOMETPH4ECKHH MHTEPNOMAUMOHHBIM MpOlecc PaBHOMePHO CXOMMTCA Ha 
BCeli BEUeCTBEHHOM OCH Mpv 060M BbIOOpe y3i0B MHTepnonupoBanua (§ 5, 
Teopema 6). Hakone, JaeTCA WOCTaTOUHOe ycCOBHe PaBHOMepHOH CXOJMMOCTK 
TPHTOHOMETPH4ECKOrO MHTEPNOMMPOBaHMA [IA BCeX MePMOMM4ECKUNX HENPepbIB- 
HBIX yHKUMH C OrpaHH4eHHbIM M3ameHeHHem (§ 9, Teopema 10). 

1 9ra Teopema, a TaxxKe Teopembi 1, 3 u 6 Opin Ge3 AOKAsATEALCTBA NPHBEACHE! B 


aametxe [3]. 
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) 


_— 


Bce atv pesybTaTbl (KpOMe MOCTeAHerO) ABIAIOTCA aHaOraMH HEKOTO-— 


pbIX TEOPeM O CXOAMMOCTH alIreOpaM4eCKOFO MHTEPNOAMPOBAHHA, AOKASAHHbIX 
JI. Kanmapom B paoore [1] u B. MW. Kppiazopnm 8 crarbax [4] u [5}. 
A MmO1b3yi0Cch MeTOaMM, paspaGOTAaHHbIMM B 9THX paOoOTax, a TakoKe HEKOTO- 
PbIMM MOJYYeHHBIMM TaM pe3yJIbTaTaMMH. 

YNOMAHYTHIe Pe3yJAbTATbI O CXOMMMOCTH TPHFOHOMETPU4eCKOrO HHTEPNOA- 
IMOHHOFO Mpouecca fA MeEpMOAM4eCKMX aHAJIMTMYECKUX (PyHKUM ABAAIOTCA 
C€CTBUAMM HEKOTOPbIX TeOpeM O CXOAMMOCTH MHTepMO.IMpOBaHWA aHaJMTH- 
YeCKUX B 34MKHYTOM Kpyre *yHKUMH rapMOHM4eCKMMM MHOrOWIeHaMH. /loKa3za- 
TeIbCTBY 9TUX TeOopeM NocBALeHbI §§ 2—4. 

Hactoaujad CTaTbA COfepyKHT OCHOBHBIE pe3y-IbTaTbI fMCCepTallMH Ha 
COMCKaHHe y4eHOw CTeneHH KaHAufaTa du3MKO-MaTeEMaTH4eCKMX HayK, Hallv- 
CaHHOM aBTOpOM MO, pyKoBOACTBOM mpodeccopa B. VU. Kppraosa. 

Tlob3ytoCb BO3MOMKHOCTbIO, YTOObI BbIPAsHTb MOH rulyOoKy!O Oaroyzap- 
HOcCTb mpodeccopy B. UW. Kpbia0By 3a ero WeHHbIe COBeTbI HM MOCTOAHHOe 
BHUMaHve. Sl O4eHb Mpws3HaTeyeH TakwKe akagemuky B. VW. C blteed Mi 
akajemuxy A. PeHbMu 3a BHAMaHMe K MOeH padorTe. 


§ 2 


Ilycrb n m1060e HEOTpUuaTeIbHOe WeNOe YNCIO, N= 2n+ 1, 2, 2,...,2~ 
NPOUSBOMbHbIe KOMMJEKCHbIE YMCA, MOMyJIb KOTOPbIX paBeH eMHMue. Mpi Oyzem 
Ha3bIBaTb MX y3IaMM WHTePNOJMpOBaHHA MIM MpocTO yaamu. Y3e1 HasbiBa- 
€TCA MpOCTBIM, CCIM OH OTIMYAETCA OT BCEX OCTAJIbHbIX Y3.1I0B, M M-KpaTHbIM, 
ecM CpefM OCTAabHbIX y3I0B m—I1 copmagawT c HMM. Ilyctbh f(z) s106aa 
KOMMJI€KCHO3HA4HaA PyHKUMA, ONpefeeHHad B 3aMKHYTOM kpyre |Z} = 1. 

Mob! OyfeM Ha3bIBaTb rapMOHMYeCKHM MHOFOWIeH N-Ol CTeneHH 


(1) dy + > (ax Re 2*-+ bg Im 2) 


MHTEPNONAUMOHHBIM HM OOO3HaYaTb 4epes H,,[f(z)], ec OH COBNajaeT C MHTep-— 


TomMpyemon cbyHKuneit f(z) BO BCex y3nax uM ero m—I1 nepBbIe OAHOMepHEIe 


MPOMSBOAHHIe BNOMb OKPyKHOCTH |2|—= 1 COBNMa,atOT C COOTBETCTBYIOUIMMH TIpo-— 


M3BOHBIMM MHTepNOsMpyeMOnw cpyHKUMH (CyLeCTBOBaHMe KOTOPbIX npemnomara- 


€TCA) BO BCeX m-KpaTHbIxX yaax. (OgHOMepHad NpoHsBOAHad B TOKE 2, 
onpefeaeTca Tak: 


of _ jimf@—Ke) ) 


dz |ze|—=1 a—<£0 


£>Zy 


Ceiiuac MbI noKaxKeM, 4TO rapMOHMYeCKH MHTEPNOAAMOHHEI MHOrOUNeH BCerma 
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cyulecTByeT HM CAMHCTBEHEH. (B TOM Ciy4ae, Kora BCe y3NIbI NpocTsle, cyujecTBO- 
BaHWe M CfMHCTBCHHOCTh YFapMOHM4eCKOFO MHTeEPNONAUMOHHOTO MHOrOWleHa 
ONEBHIHO, HOO WIA MOObIX NPOCTHIX y310B X,, X,... ,Xw €[0, 27) u m060i 
ompefeeHHow Ha oTpesKe [0, 2:7) dbyHKuun g(x) CyUeCTByeT e€MHCTBEHHbIH 
TPHTOHOMETPH4eCKM MHTeEpNONAYMOHHBIM MHOroWIeH T,[g(x)] u 


Anal f(2)] = Tal g Qo], 


CCIM MOJIOKUTb 


xa, a= 82, en —se) 

Ilyctb ¢ 11060 KOMIIEKCHOE YMCIO, MOJJIb KOTOPOrO GOsbWe eAMHULUbE, 
Jlokaxem, Mpexye BCero, 4TO CylecTByeT TapMOHM4eCKMM MHOFOU.IeH, MHTep- 
NOJMpyIOllN yHKIUH10 — 

Tlon0KuM 


ne 

wwn(z)= “LT (@—%). 
Torja 

wy(z) t"—wy(t) 2" 

on(t) 

€CTb MHOrowleH N-O cTemeHH OT MepemMeHHOM Z. IIpu z= +t On papeH Hy.IN0. 
SHayuT 

on(z) t’- —oy(t)2” 

(z—t) on(t) 

ecTb MHOrowleH N—1-o0 cTreneHu. Sanuiem ero B Buje 


td 
PAL) 


k=0 


Torja 


wy(z) t'—on(t)z" Sy: 2% S beat 
(z—?) 2" wn(t) —s a =—* 


Tipu |z|—1 970 papeHcTBO MO)KHO NepenucaTb B BUAe 


X < wy(z) t*"—on(t)2" 
(2) a cue ia Sez Bex Sr cane or 


M3 gstToro PaBeHCTBa BUJHO, TO CTOAIMKA =CleBa rapMOHH4eCKHH MOE 


= 


| i—1 
paBeH B y3lax 2; BeJIMYHHe fe: a B m-KpaTHbIX y3lax ero NepBble 7 


OMHOMEPHbIe NMPOUSBOAHbI€ PaBHbI COOTBETCTBYIONIHM MPOHSBOAHBIM cpyHRui! 


—_ 4uTO H TpeOOBAIOCh OKAZATb. 
—z 


4* 
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; 
Mbi uMeeM MpaBo BBeCTH JIA TAPMOHHYECKOFO MHOFOYeHa, CTOALIETO B 
1 
jleBo “actu paBeHcTsBa (2), OGo3sHayenue H,, BES . Torga dopmy.y (2) npu 


|z|—=1 MOoxKHO nepenucaTb B BHIe 


| wn(z) t'—on(t) 2" 
in| t—z | toy (theta 


(3) 


Orcioja, M0s10)KUB 
R. (f(2)) =f) — An [F(2)], 


nosyuaem opmy.ly 


1 wn(2) és 1 
(4) Rt |— ree mare 


Anasoru4Had doOpMysia, KaK W3BeCTHO, MMeeT MeCTO JIA asIreOpanyeckoro 


et; MHTepnoJIMpyroOllero dyHKIHtO 


MHOrowleHa N—1-ov cTeneHu Ps ; 


1 
t—z 


(2) B y3nax 2: 
bh. it on(Z) 1 
©) —Puilzts|- w(t) t—z" 


OgHako, 9TO paBeHCTBO MMeeT MECTO MPH BCAKMX KOMIVICKCHBIX 2, MZ, 
OTJIMU4HBIX OT f¢. 

Tlokaxxem Tenepb, 4TO rapMOHMYeCKHH MHTEPNOMANMOHHBIM MHOFOWIeH 
CyuecTByeT JIA MtOOOK cpyHKUMH, AHAIMTM4eCKOH B 3aMKHYTOM €MHMYHOM 
Kpyre. Ilycrb f(z) ayanuTu4una npu |z|=1. Torga cyujectByer Takoe 4Mcu0 
r>4, 4ro dynxuna f(z) avanuTH4Ha HM B Kpyre |z| =r. 


PaccMOTpuM MHTerpa 
: 1 
| Fit) Hy alae. 


(6) 27i 
|t]=r 


1 
OvesnyHo, _KoadppuynenTsl Cc; TapMOHH4eCKOrO MHOrOUeHa i 39 He- 


MpepbIBHO 3aBucaT OT f. TloaTOmy MHTerpan (6) HMeeT CMBICA MpH BCex Zz M- 


1 
ABJIACTCA YTaPMOHMYECKMM MHOrOWIeHOM. B= yasax H.| Foy | CoBNaqaeT c 


1 
ies CrenosaresibHo, unTerpan (6) papex Tam 


ser |KO =Ke. 


\t|=r 
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Oguomepuble mpousBoguple ‘MHTerpana PaBHbl UHTerpasamM OT COOTBETCTBYIOUIUX 
NPOMSBOAHBIX MOAMHTerpaIbHOrO BbIpaKeHua. HO nepBble m—I1 OHOMepHEIe 


1 
TIPOM3BOJIHbIE - 
p pi oT H, ‘oF B M-KpaTHbIX Y3.1aX PaBHbl COOTBETCTBYIOLUIMM 


NPOM3BOAHbIM OT ia a MHTerpaJibl C STHMM MPOM3BOAHbIMM PaBHbI COOTRET- 


CTBYIOUMM MPOMSBOAHEIM OT f(z). CreqoBaTenbHO, nepBbie m—I1 ofHOMepHBIe 
MPOMSBOMHEIE MHTerpata (6) B KpaTHBIX y31ax CoBMasaloT C cooTBeTéTByIONMMH 
NPOMSBOAHKIMM dbyHKynMH f(z). Hame yreepoxgenue OKaszaHo. - 

/laa uwuTerpaa (6) Tenepb MOKHO BBecTH OGo3sHayeHne H,[ f(z)]. Us 
cnpabesIMBOcTH (popMysbI (3) cpa3y caeqyeT paBeHcTBO 


patil wn(z)t'—oy(t)2" 
nlf @l=z] FO oy(t) eat at 


|t|=r 


Nostomy 


(7) Ra [F(2)] = 


wy(2) t” dt 
|r on(t) 2"t—z 


KonveuHo, MH 9TH OpMyJIbI MMeIOT MECTO JTHIIb ecm |z| = 1. 

MbI NocTpousM rapMOHM4eCKMH MHTEPNOJAUMOHHbIM MHOFOWIeH [IA BCAKOM 
AH@JIMTM4eCKOM B 3AMKHYTOM eCAMHMYHOM Kpyre dpyHkunu. Ilyctb g(z) 00a 
onpeyenenHaa mpu |z|=1 dyHkuMA, MMeIOlad B M-KpaTHBIX y3ulax MepBble 
m—1 OfHOMepHBIe npousBo_Hble. OueBugHo, cylecTByeT aHaIMTM4eCKad B 
Kpyre |z| = 1 tbyHxuna (Hampumep, anreOpamueckuit MHorounen) f(z), MHTep- 
nosupyroulaa dyHKyuio g(z) B yaax 2. Torga rapMOHMYeCKH MHOrOWIeH 
H,[f(z)] Oyaet wHTepnosMpoBath uM syHKuMIO g(z). CreqoBaTesbHO, cymlecTByeT 
PapMOHHYECKH MHTEPNOAAUMOHHbI MHOFOWIEH JIA BCAKOH by nna 2(z). Dror 
MHOrOWIeCH efMHCTBeHeH, TaK Kak, €C/IM CMCTeMa yPaBHeHHid OTHOCHTeIbHO 
KoapuveHToB a, “ b, MHOrouneHa (1) BCerfa paspelMMa, TO ee pellieHne 
€MHCTBEHHO. 

Jlio6onbITHO OTMeTHTb, 4TO, ECM ycnoBue |Z,|—=1 He BbIMONHEHO, TO 
TapMOHHYECKM §=MHTEPMOJIALMOHHbIM §=MHOTOWICH MOKET HE CYLICCTBOBATH. 
Ilyctb, Hanpumep, 21, 22,---, Zn+2 BeLCCTBEHHBI. Torga AA KOapPUIMeHTOB Ax 
MHOrowteHa (1) JOJDKHbI BBIMOJHATBCA ypaBHeHHA 


DS aRezt =e) (== 172.0, 1-2); 


221 
It|=r 


4TO, BOOGIE FOBOPA, HEBO3MO)KHO. 
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§ 3 


Hyctb zt (N= 1, 3,5,...;K=1,2,..., N) mpomaBorbHble KOMIIEKCHBIE! 
4HCua, MOJyJIb KOTOPBIX paBeH enuHnye, f(z) 3alaHHaa B Kpyre |2| = 1 cbyHKUAA 
Mbl MOKEM MOCTPOUTh MOCeAOBATebHOCTh TaPMOHMYECKHX MHOFO4ICHOB 
H,[f(z)], wxtepnosupyroumx dynKunt f(z) B yauax Ze (k= 1,2,..., N). 

Mbt 6yfeM TOBOpUTh, 4TO TapMOHM4eCKHH MHTEPNONAYMOHHKI mpouecc 
WJIM MpOCTO rapMOHHYECKOe MHTEPNOAMPOBAHHe CXOMMTCA B TOYKE Z K yHKUMH 
f(z), ecan 


lim H.[f@] =f): 


Ec 9TO COOTHOUWICHME BbINOJHACTCA Ha HEKOTOPOM MHO)KECTBE PaBHOMePHO 
OTHOCHTEIbHO Z, TO MbI OyeM TOBOPHTb, 4YTO TapMOHMYECKOe HMHTEPNOsIMpO- 
BaHHe PaBHOMePHO CXOJMTCA TaM. 

* Kakopbl Te YyCJIOBMA, KOTOPBIM JOJDKHbI YAOBETBOPATh Yy3JIbl, “TOO! 
rapMOHHYECKOe MHTEPNOJIMPOBaHHe PaBHOMEPHO CXOMHOCb JIA BCEX aHaJIMTH- 
yeckux B Kpyre {z|=1 cbyHxuni? Ilpexge 4em OTBeETHTb Ha STOT BOMPOC, 
HanOMHMM O/[HO Hy>KHOe HaM ompesesenne. 

TlycTb jd HeKOTOPOK OeCKOHEYHOK MOCTEMOBaTEIbHOCTH HaTYPAaJIbHBIX 
uuce N 
Ox Ho non(ksedyam MeN ymca eet 
O6osHauum yepes Na, b) uucno yanoB c BepxHHM MHeKCOM N, [iA KOTOpHIX 


asxm™M<o. 


: 
Mbt roBopum, 4TO y3vIbI x; ) pacnonoxKeHbI Ha orpeske [0, 27), a yaubl 2a 


Ha OKpy)KHOCTH |Z|==1 paBHOMepHO, ecaM mpu BCaKUxX OSa<b5.20 
. Na, 6) b—a 
| pat ae," 
nee N 2 


Tenepb MbIl MO)KEM OTBETHTb Ha MOCTABJICHHbIN BbILUe Bompoc. 


Teopema 1. jlia toro, 4ToObt rapMOHMYecKHi MHTepNoOAAUMOHHBIM 
NpOwecc paBHOMePHO CXOMMICA B Kpyre |2|=1 yA BCeX aHaJIMTMYeCKMX TAM 
(pyHKUMH, HeEOOXOAMMO M AOCTATOYHO, YTOOBI y3bl MHTepNOMpOBaHHA pac- 
noJlaraMCb Ha OKpyxKHOCTH |z|=—= 1 paBHOMepHO. 


JlokasaTeAbCTBO fOCTAaTO4HOCTH ycroBuaA. TpeqnonoKum, 
4TO Y3JIbl PACNOJOKEHbI Ha OKPyKHOCTH PasHOMePHO, M NYyCTb 
N 
. 
 x(z) = [] (z—2k”). 
k= 
orga mo ogHon Teopeme JI. Kaamapa (cm. [1]) qa scex r>1 mu Bcex t, 
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NOKAWIMX Ha OKPyxKHOCTH |f|—= 7, paBHOMepHO OTHOCHTeNbHO ft 

lim |@y(t)|" =r. 

N->o 
CnegopateibHo, pM BCex 2, AIA KOTOpbIx |Z|—=1, paBHOMepHO BbINOAHAeTCA 
COOTHOLUEHHE 


tim |on(z) | S 1. 


Us MOAY4EHHBIX PaBeHCTB BAAHO, 4TO MPH AocTaTo4HO Romina N 
lon(f "=P, Jov(z))" = r'® 


H, CJI€AOBATCbHO, JIA OCTATKA MHTepNomMpoBaHna cbyHKuMu f(z), mpescTaBieH- 
HOrO @opmys10H (7), uMeeT MECTO HepaBeHCTBO 


|Rolf(z)]| = Cr, 
rye 


fils ( ; 
_ aaGaay | fee )| dx. 
0 
TloatoMy paBHOMepHO OTHOCHTENbHO Z 
lim R,[f(z)] =0 


STO COOTHOWeHMe OKA3aHO HaMM JIMUIb mpu |z|=1, HO MMeeT MECTO H B 
Kpyre |z|}=1, Tak Kak Wiad rapMonMyeckux dyHKynh R,[f(z)] umeer mecto 
NpHHUMN MaKCHMyMa : 


max | Ralf (2)]| = Has | Rn[F(z)] |. 


JlokazsatenabcTBO HEOGOXOAMMOCTH yCuOBHA. VapectHo, To 
ECM Y3/Ibl HHTEPNOAMPOBAHMA PaCNOsO*KeHbI Ha EMHMYHOK OKPyKHOCTH He- 
PpaBHOMepHO, TO mpu HeKOTOpom |f|>1 anreOpamyeckni MHTepMOJIAWMOHHBIK 


(cm. [10], crp. 159— 


Mpouecc He CXOMMTCA PaBHOMePHO JIA *yHKUMK 


162). Dto yrBep»KeHHe OCTAeTCA B cule H BTOM Ciy4ae, ECM PaCCMATPHBaTb - 
MHTEPMOAUMOHHBIE MHOFOYJCHEI JIMLUb YeTHOM CTeMeHH. 
3rTo osHadaeT, YTO HE BbINOMHACTCA PABHOMEPHO OTHOCHTEMbHO 2 COOTHO- 


WeHHe ; 
LJ|-° 
n> @ z 


Ho torga Tem G6o/ee He MOMKET PaBHOM€PHO OTHOCHTEIBHO 2 BbINOHATbCA 
COOTHOWIEHHE 


1 
lim oe | ==(), 


n> @ 


— PES 


Tak KaK MMeeT M€CTO PaBCHCTBO 
1 


1 i 1 
R[s|-5 pte — Peal 
aBsaouleeca cylegqcTBMem opmy. (4) u (5). 

OTMM 3aBepLaeTCA OKAZATEIbCTBO HEOOXOMMMOCTH YCJIOBMA. 

Kak M3BeCTHO, MMeeT MeCTO CJlefyroulad Teopema JI. KaamMapa: 

Jia paBHOMepHOm CxO_MMOCTM ayreOpaM4ecKkoroO MHTepNOMpOBaHuA B 
HEKOTOPOM OOaCTH, OrpaHM4eHHOH KpuBoK JKopyana, HeOOxoAMMO M AOCTa- 
TOYHO paBHOMepHoe pacmpefeseHve y3I0B MHTepNOMpOBaHMA Ha rpaHule. 
(Cm. [1], mpa 9TOM NOHATHe paBHOMepHOrO pacnpeseeHHA y3/10B, KOHe4HO, 
o606eHO.) 

lip fOkasaTebcTBe aHaJIOrMYHOM STOMY pesyIbTaTy TeopembI 1 HaM 

NPMUIIOCh OFpaHM4MTbCA CJYYaeM Y3JIOB, PACNOJIOMKEHHBIX Ha OKPyKHOCTH, Tak 
Kak papeHcTBo (4), B OTIM4MM OT oOpMysbI (5), ObI10 OKA3ZAHO JIMIb WIA 
aToro cay4as. 
SaMeTUM, 4TO PaBHOMepHOe PaCNOO*KeHHe y3N0B HeEOOXOAMMO HM AIA 
MpOcTowH CXOAMMOCTH rapMOHMY4eCKOrO HHTepNosMpoBaHHA B Kpyre |z|=1 qua 
BC€X AHAJIMTMYeCKUX TaM yHKUMM, a He TObKO JIA PaBHOMePHOM CxOAM- 
MOCTH. OgHakO, JOKa3aTeMbCTBO 9TOTO YTOYHeEHHA TeopeMbI 1 JOBONbHO rpo- 
MO3{KO M NO3TOMY MBI ero He NPHBOAMM. 

SaMeTMM TakwKe, 4TO B TeOpeme | BMECTO aHANMTMYECKHX B Kpyre |2|= 1 
(byHKUMH MO)KHO TOBOPHTb O rapMOHMYECKMX TaM qPyHKUMAX, TaK KaK PaBHO- 
MepHad CXOAMMOCTh rapMOHHYECKOFO MHTeEPNONMPOBaHHA KO BCeM TrapMOHMYe- 
CkMM B Kpyre |z|=1 dyHKUMAM paBHOCHJIbHa CXOJMMOCTH rapMOHHYecKorO 
MHTEPNONAUMOHHOTO Mpowecca Mia BCexX aHaNMTMYeCKHX pw |z|=1 dyHKuni. 
JlevicTBMTeIbHO, CCIM MHTepNONMpOBaHHe PaBHOMePHO CXOAMTCA LIA BCeX 
TapMOHHM4eCKHX (pyHKuUMH u(z), TO OHO CXOAMTCA M WIA BCeX AaHaNMTHYeCKHX 


*pyHKuni 
f(2) = u(2) +iv(2), 


? 


TaK KaK, O4eBHHO, 

A, [f(2)| = A [u(2)] + (A, [v@))- 
OOpatHoe 3ako“eHHe MMeeT MECTO B CHJY 3TOH 1KE POPMYbI, TAK Kak BCAKAA 
rapMOHMYeCKad PyHKUMA eCTb Bel[ECTBEHHAA 4YaCTb HEKOTOPOM aHaNMTHYeCKOH 
(py HKWMH. 


YKaKEM TeNepb OMHO CNeNCTBMe TeopembI 1, KOTOPOe. HAM MOHAaOOUTCA 
B JlaJIbHeMLUeM. 


Teopema 2. TapmMonnmuecknit wHTepnosaMoHHE mpouecc PaBHOMepHO 
CXOMMTCA Ha OKPyKHOCTH |2|—=1 ja BCX AHAIMTMYECKMX TAM (PyHKUMii B TOM 
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M TOMbKO B TOM CJly4dae, CCIM y3JIbl MHTEPMONMpOBaHHA pacnonoxKeHbI Ha 
oKpyxHocTu |z|—= 1 paBHomepuo. 


JlokasatTenbcTBo. Ycnosue HeoOxomumo, Tak Kak ero BbINOTHeHHe 
CienyeT U3 CXOMMMOCTM TPHTOHOMETPH4eCKOrO MHTeEPMOMpOBaHMA JIA BCex 
aHanuTM4ecKux pu |z| = 1 dynKunit. Jlokaxkem ocTaTOUHOCTh Haero ycuOBMA. 

Tyctb dbynkyua F(f) ananutw4na Bo BHemHOcTH Kpyra |t| = 1. Ee moxHo 


MUTeEpnoJMpoBaTb B y3nax f, (|f|—=1) rapmMonmuecKuMM (byHKUMAMM CJleqy- 
foulero Bua : 


+> (a Re Re —— + 0; Im +r}. 


Bynem o6o3HauatTb MHTepnosupyroulue cbyHKuMM TaKoro Bua 4epes I,,[F(t)]. 
Ecan nos0%KuTb 


1 1 1 
ee Se, cet 7 f(z ~F(4), 
TO 


H,[F(O)] = Anlf()]- 
Tak Kak, Kpome Toro, dyHKyua F(t) mpoOeraeT BCe MHOMKECTBO aHaJINTH4eCKUX 
npu |¢|=1 dyxkuun, ecru fe) mpoG6eraeT BCe€ MHOMKECTBO aHAJIMTM4eCKUX MPH 
z| <1 dynxunit, u ysann ? pacnonoKenbt Ha OKpyxHOcTH |z|=1 paBHo- 


1 
MEPHO, CCJIM TaM PaBHOMECPHO PaCIIOJIOMKEHbI Y3JIbl rom ,» TO COOTHOILCHHE 
k 


(8) lim 9¢,, [F(t)] = F(d) 


n> @ 


BBINOJHACTCA PAaBHOMEPHO OTHOCHTEIbHO ¢ BO eta Kpyra |¢t]|=1 gna 
BCeX AHAJIMTMYeCKUX TAM yHKUMi, ecrm ysubI ft? pacnomoKeHbI Ha OKPy>K- 
HocTv |t|—=1 paBHomepHo. ; 

Tlyctb, Tenepb, wyHKWMA g(Z) aHaIMTM4HA Ha eAMHMYHOM OKPy>KHOCTH. 
Ona MOvKeT ObITb MpefcTaBeHa B Bue CyMMBI 


g(2)=f@+F@), 
rye f(z) axanura4na npu |z|= 1, a F(z) npu |z| = l. Oxesnyno, 
H,[g(2)] = Aaf@]+ Ae lF) 


B cayyae paBHoMepHoro pacnpesfeseHHA y30B, PaBHOMEPHO Ha OKpyKHOCTH 
|| = 1, 


(9) | lim Ha [f@)] =F). 


H,, [F(2)] = Xn [FI 
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ecau |z|=1, Tak KaK Tora 


| 1 
Re z* = Re—, Im z= —Im>. 
Ho mpx paBHOMepHOM pacnoOJOKeHHM y3IOB Ha OKpyKHOCTH |Z|—1 paBHoO- 
MepHO OTHOCHTeIbHO f MMeeT MECTO cooTHOUWIeHHe (8). CneqopaTesbHOo, pH 


|z| = 1 paBHOMePHO OTHOCHTeAbHO Z 
(10) lim H, [F(z)] = F(z). 


A ecaw Ha OKpyKHOCTH |Z|==1 paBHOMepHO OTHOCHTEIbHO Z MMeCIOT MeCCTO 
dbopmysbt (9) u (10), TO paBHOMEPHO OTHOCHTEbHO Z BbINOHACTCA MK COOTHO- 
WweHHe 


jim A, [g(2)|=g (2), 


4TO H TpeOOBaOCh OKa3aTb. 


§ 4 


HaviemM HaMMeHbLUyIO OOaCTb, AHAaIMTHYHOCTh dbyHKUHH B KOTOpOH 
rapaHTHpyeT CXOAMMOCTb rapMOHM4eCKOrTO HMHTeEpNOsMpOBaHHA B Kpyre |2| = 1 
Np 11060M BbIGOpe y310B Ha OKpyKHOCTH |2| = 1. 


Ecau |t} =r wu |zj=|z?|=1, To, ovesnguo, 
jox(z)|=2", — |@x(f)| = (r—1)". 


Bocnosb30BaBluiMch STHMM HepaBeHCTBAaMH, OWCHMM MpaByto YaCTbh HepaBeHCTBa 
(7). Mbt npuyem K HepaBeHctsy : 


Reis c( ZZ)" 


Ecam cpyukuna f(z) avanuTu4na B Kpyre |z|=3+2)/2, To MOxKHO C4MTaTb 


r>3+2)/2. B atom cayyae en 
H€paBeHCTBa CTPeMHTCA K HYJIKO MpH n—+oo, CnefopaTenbHO, K HYJIIO 
CTpeMHTCA M J€BaA YaCTb HePaBeHCTBa, 4TO O3HAYaeT PaBHOMEPHY!O CXOJH- 
MOCTb rapMOHM4eCKOrO MHTepnosMpoBaHHa at cbyHkunn f(z) Ha OKPyKHOCTH 
|z| = 1, a, cneqopaTenbHO, H B Kpyre |z| = 

Ilyctb, Tenepb, 


<1 mM NOsTOMy NpaBanA 4aCTb NpeAbiAyuero: 


2 —=1, z—=—1, t=—342)2. 
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Torga 
w(2)=—2", w(t) =(24+2)2)”, 
a aad Bet es ACL) (—1)" 
"1 t{—z._ ; 


~ (24272)" (1442/2 20492419 


Pe3iomMpyeM CKa3zaHHoe. 


Teopema 3. Tapmonnmyeckuit unrepnoasyMonnbiii mpoyecc paBHomepHo 
CxOMMTCA B Kpyre |Z) = 1 AA Bcex anamuTMYecKux np |z|<3+2)/2 dynk- 
HHH, Kak Obl HE ObLIM BbIOPaHb! y3Ibl MHTepNoAMpOBaHMA Ha OKpy>KHOCTH 
|z|=1. Myc» |f] =3+4 2/2. Cymectsyer dynxuna c equHCTBeHHOM ocoGeH- 
HOCTbIWO B TOKE f, WIA KOTOPOH rapMOHMYeCKOe MHTEPMOJMpOBaHHe pacxomMTCa 
B HeKOTOpOl TOUKe OKpyKHOCcTH |z|—1 MpnH HeKOTOpOM BBIOOpe y3I0B Ha 
9TOK OKPyKHOCTH. 


B. WU. Kpsinos B padorte [4] pemmua caenyroumyto sagauy. Mycts F u 
@ moObie OrpaHHyeHHble 3aMKHYTbIE MHO)KECTBA Ha MIOCKOCTM KOMITIeKCHOK 
MepemeHHouw z. Haiirn Havmenbillyio 3aMKHyTy!O OOacTb B, avasMTM4HOCTS 
@yHKWMM B KOTOpOH rapaHTMpyeT CXOAMMOCTb asreOpam4ecKoroO MHTepnosMpo- 
BaHWA Ha MHOKECTBe M, npn 000M BbIGOPe y3IOB MHTepMOsMpoBaHHA Ha 
MHOKeCTBE F. 

J[roO6ONbITHO OTMETHTb, 4TO AIA Cy4as, Korfa F ecTb OKpyxKHOCTD |z|— 1 
a ® xpyr |z|=1, o6nactb B ectb xpyr |z|=3, paguyc KoToporo noyTH 
BIBOE MeHbUIE 4YeM NOsy4eHHOe BIE 4ncI0 3+ 2/2. 

Tak oKe, KaK MCxOWA M3 TeopeMbI 1, Oblia NOMy4YeHa Teopema 2, MCxOsA 
M3 TeOpeMbI 3 MOET ObITb MOJy4eHa CJeAyIoOlaAd 

Teopema 4. [Ipu s1060M BbIOope y310B UHTeEPNOJMpOBaHMA Ha OKPydK- 
HocTH |z|==1 rapMOHMYeCKHM MHTePMONAUMOHHbIM Mpouecc paBHOMepHO 
CXOJMTCA TaM JIA J060K yHKUMN, aHAaIMTMYeCKOK B KOJIbUe 3—2V 2S|z|s 
=3-+4 2/2. Mycrp ¢ m06aa TouKa sToro Kouba. Torga cyuiecTByeT pyHKuMA C 
€MHCTBEHHOM OCOOeHHOCTbIO B 3TOM TOYKe, JIA KOTOPOM rapMOHMYeCKOe HH- 
TepnosMpOBaHHe PaCxOMMTCH B HEKOTOPUH TOUKe OKPyxKHOCTM |z|/—=1 NpH 
HEKOTOPOM BbIGOPe PaCNOMOKEHHBIX TaM Y30B MHTePNOMMpOBAaHHA. 


§ 5 
Vimeet mMecto culefyroulaxt 


Teopema 5. Jaa Toro, 4TOObl TpHroHOMeTpU4eCKMH MHTePNMOALMOH- 
HbIM Mpoecc paBHomepHo CXOMMJICH Ha BCeli BeLIECTBEHHOM OCH JIA BCeX 
NepMOMM4eCKMX MH aHaMTMYeCKUX TaM cbyHKUM, HeEOOXOAMMO HM AOCTATOYHO, 
4TOOKI Y3/IbI MHTEPNOAMPOBaHNA PacMosaraliMCh Ha OTPe3Ke [0, 27t] paBHomepHo. 
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JlokasateabcrsBo. Tlyctb fava CHCTeMa y30B MHTepnoJIMpOBaHHAa 
x02 (k= 1, 2,...,.N;N=1,3,...), mpwiem 


N 
02x = a Say S27. 


Mbt uv 3yecb fOMycKaeM KpaTHBbIe y3vIbl. 
Beeryga cyujecrbyeT €MHCTReCHHbIM TPHrOHOMETPHYeCKHA MHOFOWICH N-OM 


cTeneHy 
T,[ g(x) ] = @+ > (a coskx +, sin kx), 
k=>1 


WHTepnosMpyoulMi sm06yI0 s3ayaHHyto Ha oTpesKe [0,2] tyHKumio g(x) B 
yauax x)’, Tak Kak 


T, [g(x)] = 42 [PQ 


re 
a) ‘Inz 
N le 
ze", Mae f(z) = 2). 


Ecam qpyHKuua g(x) mpoderaeT BCe MHOKECTBO MePHOAM4eECKMX MW aHaMTH- 
YeCKUX Ha BeLIECTBEHHOM OCH pyHKUMM, dyHKuuA f(Z) MpoGeraeT BCe MHO)KECTBO 
aHaJIMTH4eCKUX Ha OKpyKHOCTH |z|—=1 dyHKUMH, M HaoGopoT: ecru f(z) 
mpoOeraeT MHO)KeECTBO aHasMTM4eCcKMX mpu |z|—1 cyHkKuMH, TO dyHKUMA 
2(x)=/f(e") npoGeraeT BCe MHOMKECTBO NMePpHOAM4eCKMX M AHAJIMTMYECKMX Ha 
BelI[eCTBEHHOM OCH dyHkKuUMH. Kpome Toro, paBHOMepHOe pacnoOKeHHe y3JIOB 
xt? Hwa oTpesKe [0,27r) no oOnpefeeHMtO PaBHOCHJIbHO paBHOMepHOMy pac- 
npejenenuo ys3n0B 2, Ha oKpyxKHocTu |z/—1. Tloatomy Teopema 5 saBia- 
eTCA MpocTO nepedpasupoBKou TeopeMbI 2, 4TO MH TPeOOBAOCh JOKAZaTb. 

3SaMeTHM, 4TO HM B 9TOM Cly4¥ae paBHOMepHOe pacnpefenenne y310B He- 
OOXOJMMO HE TOJbKO JIA PaBHOMePHOM CXOAMMOCTH TPHTOHOMeTpH4ecKorO 
MHTEPNOMMPOBaHMA MeEPHOMM4eCKHX AHAJIMTHYeCKHX yHKUMH Ha BCeH BeLIeCcT- 
BeHHOM OCH, HO M JWIA MpocTOH CXOAMMOCTH TaM. 

AHaJIOrM4HbIM O6pas0M MOXKHO MepedpasnpoBaTb M Teopemy 4: 


Teopema 6. Ecuan cbyHkuna nepwoqu4Ha M aHaJMTM4YHa B mMoNOCe 
[Im x|=2In(1+)2), to Tpuronomerpuyecknit wHTepnorAMOHHBI mpouecc 
PaBHOMePHO CXOMMTCA JIA Hee Ha BCeH BeLeCTBeEHHOM OCH Mp 060M BbIGOpe: 
y3I0B MHTepMosIMpoOBaHHA Ha OTpesKe [0, 274). Ilyctb xX mt06aa TOUKA yKasaHHO 
nonocbl. Cyulectsyer nepnoqnyeckad cbyHKuMa, aHaJIMTM4ecKaad Be3qe KpOMe 
ToueK X-+-22k (kK=—0, 1, 2,...), WIA KOTOPOH TpuroHOMeTpH4eECKOe MHTEpNOsMH- 
poBaHHe pacxOuTCH. B HeKOTOpOH TOUKe oTpesKa [0, 277) .npuw HeKOTOPOM 
BhIOOpe y3/10B TaM. . 


2 B panpuehuiem Bepxunu wnjeKc 4acto 6yperT onyckaTbca. 
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SaMeTMM, 4TO OGJaCcTh aHaMTM4HOCTU (PyHKWMM, rapaHTMpyroujaa cxomn- 
MOCTb allreOpaM4ecKoro MHTepNOAMpOBaHUA Ha HEKOTOPOM OTpe3ke mpu 11060M 
BbIOOpe y3I0B TaM, paBHa CyMME /IByX KPyrOB C IeHTPaMM B KOHIAX oTpe3ka 
M payMycaMH, paBHbIMM JIMHe OTpesKa. (Cm. [4].) 

B jpyx mpefbiyuMx TeopemMax Mbl MM@/IM B BHLy KOMMIeKCHOSsHa4HBIe 
NepwOmM4ecKMe aHasMTM4eCKMe cbyHKUMM. OjHakO, TeopeMa BepHa MU B TOM 
ciy4ae, CCIM MMe€Tb B BHAy JIMIb NepMonmueckue aHamMTM4ecKue cbyHKIMH, 
BCUIECTBCHHbI€ Ha BeLeECTBeEHHOM OcH. JloKaxKemM 9TO. Ecam CXOMMOCTb MMeeT 
MECCTO JWIA BCEX MePMOMM4eCKHX AHAJIMTMYECKMX PYHKUMM, TO OHA, OYeBHIHO, 
MMCCT MECTO HM JIA BeLECTBEHHBIX TICPMOMMYCCKUX AHANMTMYECKUX yHKUMi. 
Tlyctb CxOAMMOCTb MMeeT MeCTO JIA 9TMX cyHKuMi. Bcakaat Tepnoquyueckaa 
aHasIMTH4ecKad byHKuma f(x) MOKET ObITh MpefcTaBeHa B Bue CyMMBI 


f@=A@+if£@), 


rye f,(x) u f.(x) BeulecTBeHHBI. Tak Kak 


Ri [FO] = RelA] + Ri LAO), 
TO paBHOMepHad CXOAMMOCTb K HYyJIKO MOCNefoBaTembHOCTH FR, [f(x)] caenyeT u3 
PaBHOMepHOM CxOAMMOCTH K HyJIO NOCe_OBaTembHOCTeH R, [fi(x)] u Ril A(x]. 


§ 6 


B jaibHeiwem HaM MpHeTCA BOCMOAb30BaTCA MBBeCTHOK dopmys0u 
Diinepa. Ona HaM MOHAOOUTCA B HECKONbKO Oosee OOUleH opMe 4eM OOBIMHO 
M MOSTOMY MbI CeH4ac MpHBeseM Ce JOKAZATEMCTBO. 

IIpexge Bcero onpezeium mHOrowteHbt Bepuyaiv. OTO MOKKHO CfeaTb 


Tak : 
(11) B(x=1, B(d=k[ Bradt+B, (k=1,2,3,.... 
0 


Yucna B, onpeesatoTcaA paBeHCTBOM 


2a 


| Bx@)dx—0 (eel oie); 


Dro ompefeteHve paBHOCHIbHO OObIYHOMy (CM., HaripuMep, [12], crp. 392) u, 
MCXO[A W3 Hero, Cpasy MoNyYaeM HYKHbIe HAM CBOMCTBA 9THX MHOPOMJICHOB : 


, FF esha) est feed orc 
ee B,(0) = Bx(1) PORNO 


Onpeyenus MHorowieH BepHysu, MOoKHO, Kak OObI4HO, ONpefeMTh MepHosH- 
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yueckHe yHKUMM, ACCOMMMpPOBaHHbIe C HAMM: 
(13) Br (x) = Bx ({x}), 
rye {x} o3Ha4aeT pOOHy!O 4aCTb 4MCIa xX. 


Tenepb Mbl MOKEM HaMMcaTb CJelywolulyo opmy.ly : 
1 


(14) fay — [pate FBO pe) pO} —H | Bae — df 


0 ) 
Ecnuu m= 1, TO aTa dOpMysia UMECT MECTO JIA BCEX HENPePbIBHbIX Ha OTPe3Ke 
(0, 1] cdbyHkuni, a mpu m=2,3,... AA BCeX *yHKWMH, MMeIOUIAX Ha OTPeske 


[O, 1] m—1-yto npousBogHyto C OrpaHH4eHHbIM M3MeHEHHeM. 
Jlokaxem 3TO yTBepxKeHHe METOJOM MaTeMaTHYeCKOM MHJyKIMM. 
Nyctb m=1. Jlna aroro cayyaa uz cpopmy.a (11) nu (13) nosyyaem 
cyleyroulve PaBeHCTBa : 


x—t—-— ecJIH b eee @ 


1 
(5). = F(x eee bay F 
canine Gs, 0 ecJIM 8 gat 


Tak Kak dyHkuua f(t) nO ycnoBuio HenpeppiBHa, a dpyHKuMA Sk,(x—Tt) umeer 
OrpaHW4eHHOe M3MeHeHHe, TO MHTerpat 


1 
[®.@—# df(t) 
0 
cyujectByeT. CyefyroulMe BbIKIaqKM, JOKa3bIBaloulMe dopmyay (14) B cayyae 


m= 1,\8 KOMMCHTaAPpHAX HE HYy)KaloTcs. 


Jae—o df(t) =f{x- me df(t) + 


4 j aft) =|[x—t— 4} p00] ~fnoae1— 3) (71) Feo = 


=(x-4] 1-104 re dt fx) = B(x) LF) FO + | Fat—F00. 


TipeanonoxKum, 470 opmya (14) Bepxa npxh m=r—1=1. Tokaxem, To 
Tora OHA BepHa HM npAx m=r. Unterpan 
1 


Jxo—p af 
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ieee CMBICH, TAK KAK MPH fF = 2 cyHKyMA &,(x—t) HenpeppiBua, a cpyHKWHA 
f(t) umeer OrpaHM4eHHoe u3MeHeHHe. UTOObI 3aBePLIMTb JOKA3aTeIbCTBO, HaM 
OCTae€TCA 3aMETHTb, 4TO 


|; (r-1 --1) 1 =I 
nJ &,(x—t) df’ (t) = [a.—1 f° ob—4 lr (t)d &(x—t), 


] r-1 < 
Eni (dB (x—t) = Gay} &@-9F" (t) dt — 


) 


x an Ja.e—0 df) = io d+ 5 BHO [pe-n(y_ p00) —f(x) 


Mw nosToMy 


k= 
tt) 


A) BH af (= LPO [pf Fo + | FO at 


IIpeo6pasyem nouyyenHyio dopmysy. Ipexge scero npegqno.0KuM, 4TO 
bynkuaa f” (x) aOconoTHO HenpepbiBHa. Torga papenctsBo (14) nepenumerca 
Tak: 

1 1 

Ad ~<) Bi (x) k-1) (1) Ll ee Drees i 

Fx) = J FO t+ & FON — aay J FO Bmx) dt. 


% 0 


OTO MW eCTh POpMysia Duepa, KOTOPy!O OOBIYHO JOKA3bIBAIOT B MpeANOOKeHMH 
HenpeppipnocTu dynKunu f”(f). 
Ecau npeanoi0KuTb, 4TO 


f®O) =f(1) (K==0, 1,...,m—1), 


TO opmyia DiiNepa OyseT BbITIAeTh MpOUte : 

1 1 

A ier r 
(16) f(x) | ft) dt | | &nlx—DS"at. 

0 “0 

Tlpeanonokum, HakoHeu, 4TO dyHKyna f(x) MpuHaieExuT KIaccy As; ala 
MbI 0603H@4uM MHO)KECTBO (yHKuyMi, HMelouMXx Ha OTpesKe [0, 277] adcomoTHO 
HeNpepbIBHY!0 MPOM3BOHY!O WM YAOBETBOPAIOWIMX YCJOBKIO 


(17) f©O)=f(22) (k= 0,1,...,m—1). 
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Jlia Takux cbyHKuMH dopmysa (16) mepenmuetcaA Tak: 
2 


(8) A= Pf att [JO Kalx— dt 
0 0 

rye MOJIOMKeHO 

(19) ey = eB. &. [2 o). 


C nomoutbio papexctsa (18) TpMroHOMeTpH4ecKM MHTepMOJAUMOHHBIA MHOrO- 
1 e 
WICH BCAKOM dbyHKuMM m3 Kacca AS’; ) MOKET ObITb npesctaBleH sopmysoii : 


(20) T, Lf] = fro dt frre Ta[Ku(x—t)] dt. 


B jalbHemuiem OyeM C4MTATb, YTO BC Y3JIbI MHTEPNOJIMPOBAHMA MPOCTHIe, TO ECTb 


(N) 


Os x a ea xe 2. 


B aTOM cayyae TPHrOHOMETPH4eCKHH MHTeEPNOJAWMOHHbIM MHOFOWIeH BCAKOM 
cpyHKuun f(x) MOKeT ObITb gi Pape B Bue CYMMBI 


(21) Tf) = > F (xt) th, v0), 

re ty, (x)* cyTb TpHrOHOMeTpH4eCcKHe MHOFOYJeHbI N-OH CTeENeHH, ONpeqeeH- 
HbI€ yCJIOBHAMM 

0, ecm il=&k, 
I, econ (==k 
UroObl yOenuTbca B BepHOCcTH qopMybI (20), OCTaTOUHO 3aMe€HHTb B Heli 
T, [f(x)] « 7, [Kn(x—f] coorBetcTBeHHO cymMMaMu 


& fe) tk (x), 2 Km (Xe—8) f. (x) 


M MpHHATb BO BHMMaHMe paBeHcTBoO (18). 
Ecam BBeCcTH O603Ha4eHHe 


(22) Fm, n(8) = Frm, nt, X) = Tn [Kmas(x—d)], 
TO dopmysia (20) nepenumerca B Bue 


ty, w (XP?) = (k, 1=1, 2,...,N; N=1, 3, 5,...). 


(23) To [PO = gh [£00 at + | FCO) Fatal, x) at 


5 Mb 4acToO OyfeM OnycKaTb BTOPO MHTeKC. 
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Onpejenenne (22) B cayuae npoctbix y310B MHTEPNONMPOBAHUA PaBHOCHJIbHO 
CieyrouleMy Onpeyesennto : 


Faalt,x)=— gh] S (etm) f(a) + Gia) (a) 4), 


Fm, n (tx) = — | Fm-tjn(t,X)dt+Cm, n(x) (m=1,2,3,...), 
0 


rye Cr, n(x) onpefensetca paBeHCcTBOM 


2a 


(24) | | Fn, n(t, x) dt=0. 


JleictsutTenbHO, B Cuy dopmys (22), (19), (15) uw (21) 


Poalt, x)= Ta (Kix—0)=T. T.|= a,|% =| — 


Ble Huo- Berio 


2 21 2 


M3 opmys (22), (21), (19), (13) w (12) cnezyer npu m=1, 2,... paBeHCTBO 


o- Fm a(t, %) = be Ta [Knss &—O1= D te 2) 5 Kes 1) = 
pe _(27)" | a Tae : Fon bs eg 


= — dy [Kin(x—D)] = Fett. (i, ay; 


a cooTHouenve (24) npx m=O, 1,2,... cuenyeT 43 PpaBeHCTB 


27 2n 
N 
J Fon, n(t, x) dt= > th (2) | Kins (x:—#) dt, 
k= 
0 


1 


=‘ |at— 2x RDm+1 (# —1] dt= 


0 


en a le (x,—t) dt ~ja. = 


1 


=25 | Buss(O dt —0. 


0 


5 Acta Mathematica VII/2 
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So7 


ByfeM UCKaTb HeEOOXOAMMOe M OCTATOYHOe YCOBMe WIM CXOAMMOCTH 
TPHrOHOMETPHYeCKOFO MHTEPNOJIMPOBaHHA B TOUKE X € [O, 27r] quia BCex cbyHKUAK 


Aan 
IIpexye Bcero 3aMe€THM, TO OCTaTOMHO BE dil oes (py HKUMAMA 


mMHooxectpa A$”. Tak Mbl O603HA4MM NMOJMHOKECTBO KIacca AS, 9eMeHTbI 
KOTOPOrO yAOBJIETBOPAIOT YCJIOBHIO 


[700 ax=0 


JleicTBUTeIbHO, €CJIM CXOJMMOCTb MMeeT MECTO Aa BCeX oe uz AS” P 
TO OHa MMeeT MeCTO M Ia BCex cbyHKuni us A$”. (Mycth g € Ay,’. Nonoxum 


= pele dx; fJ=g—c. 
Torja 
FEA, lim T.[g(x)]=lim Tole] + lim T.[F(9)] =e +f) = g(2).) - 


O6patTHoe 3akIOYeHHe OYeEBHIHO. 
Ecau f € AS”, To dbynkuna 


(29) 9()—=fi” 


npwHawiexuT Kiaccy L. Tak Mbl OOO3Ha4YaeM MHOKECTBO CYMMMPyeMbIX Ha 
orpesxe [0, 27t] tpyHKunii, yoBNeTBOpAIOUIMX CNeMyOUeMy YCJIOBHIO : 


Qn 


| @)dx=0 


(Tak kak 
[rere dx ie (2:2) =f (0) a 0.) 


Ecum xe g€L, To dbynkuna 


(26) F(x) = | 9) Kmis(x—t) dt 
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a =(m) 
ese MHOKECTBY A2n. (Pynxyna f(x) a6comoTHO HenpeppiBna, Tak 
K 
2n 


a (x) = | 90 2 kane dt — Cae Ge fo0f Buel ee )ar— 
. 27 


(nF! 
27 2Qa 
eh > x—t cS ay ( 
Joos Pt)ar— | enone 
0 0 : 
2a 2 


ic 

Ba) (9Oat— | roa 
, 0 

a 9Ta dyHKuus, oueBugHo, aOCOJIOTHO HenpepbiBHa. PyHKyua f(x) yqoBleT- 

Bopset ycnosuio f(2.2)=-f”(0) (k=0, 1,..., m), TAK KaK 


27 


Ye C2 ee t 
f'(0) = soho oat a= 


5 nS, 2a j 
ae a 1! Jy (f) Britt bere Bie a 22M) 


Caesonareasno, cpopmyibr (25) wu (26) ycTaHaBiMBaloT MeKIy cbyHKUMaAMu 
MHODKeCTB Ay,’ u L B3aMMHOOAHO3HAYHOe CooTBeTCTBHe. ConocTaBUB aTOT daKT 
c popmys10K 


Qn 


UL WHF) — TAL] — J [Kis (X—t) Fan, n(x, OIF") dt, 


KOTOpad cpasy cienyeT v3 tpopmya (18) u (23), BHM, 4TO CXO{HMOCTb 
TPHFOHOMETPHYeCKOrO MHTeEPMOMpOBaHHA B TOUKe X WIA BCeX GyHKUMH H3 
MHOKecTBa A$” paBHOCHJIbHa BbINOJHEHKIO oe 


(27) lim U, [9 (x)} = 


la BCeX yHKUWH U3 MHOKECTBA ‘by 

OjmnaKko, ecau ycnoBue (27) uMeeT MECTO IA BCeX cyHKUMi 43 eet 
OHO MMeeT MeCTO M JIA BCeX CyMMMpyeMbIX qyHkM. /loKaKeM 3TO yTBep- 
yenne. Tpexne Bcero ycCOBUMCA OO03Ha4aTb MHO)KECTBO CYMMMPyeMbIX Ha 


otpesxe [0, 277] Pyean Epes L. Tyctb 
2n 


meds c= 5 | g(t, se ge nan 
0 
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Torga 
g=wte wel. 


Bpiue Mbi Bue, 4TO 
27 2n 
[ Ke(x—fdt=-0,» | Fan(,x)dt=-0 (m==0,1, 2,09), 
6 0 


Tloatomy 
Un{c] = | elKmss (x—t)— Fn, n (x, )] dt=0 
0 \ 


M, CJI€OBATeJIbHO, 
Unly = Unk), lim Ung] lim Us fy(x)] = 0, 


4TO MH TpeOOBaJIOCb [OKa3aTb. 

Ecam ycrosue (27) BbINOHeHO JIA BCeX cpyHKUMH U3 L, TO OHO, KOHEYHO, 
BbIMOJHeHO M JIA BCex cpyHKuMii us L. 

V3 cka3saHHoro ACHO, YTO JIA CXOAMMOCTH TPHrOHOMeTPH4eCKOrO MHTep- 
NOJIMpOBaHuA B TOKE X AIA Bcex f€ AS? HeoOxoquMO M JOCTATOUHO, 4TOOBE 
qa Beex g€L BeinomHANIOCh ycnoBue (27). Ho fia CXOAMMOCTH MOCIe,OBa- 
T@JIbHOCTH HEKOTOPbIX ONepaTopoB U,,, oOTOOpaxKaroulMx GOaHaxoro MpOCTpaHCcTBO 
F Bb Oanaxoro mpoctpaxctBo G, kK HeKOTOpOMy onepaTopy LU, Kak M3BeCTHO, 
HEOOXOAMMO M OCTATOYHO, YTOOI BbINOJIHAIMCh CJlefyIOulMe yCJIOBHA : 

1. MOCIeqOBaTeIbHOCTb HOPM OnepaTopoB U,, orpannuena, 


2. MOCMEAOBATeJIbHOCTh ONepaTOpoB U,, CXOMUTCA Ha HEKOTOPOM MHODKECTBE, 
BCIO/ly MIOTHOM B MmpoctpaxcTBe F. (CM., Hanpumep, [2], crp. 98.) . 

B nauiem cnyyae F==L, G ectb mpocTpaHcTBO BeLIIeCTBCHHbIX 4HCEJI 
(8TH MpOCTpaHcTBa JeMCBUTEbHO ABIAIOTCA OaHaXOBbIMM MpOCTpaHcTBaMH, re 
HOpMa OMpefeseHa COOTBETCTBEHHO OpMy.IaMH 

2a 

ligll= J le@)lax, IIxll=Ix), 

0 
U=0, ycuopue 2 BbINOAHEHO [WIA MHO)KECTBA TPHTOHOMeETPHYeCKHX MHOFO- 
wieHOB. (MHO)KECTBO TPHTOHOMeETPHYeCKHX MHOFO4WICHOB, KaK M3BECTHO, BCIOAy 
MJIOTHO B Mpocrpanctse L. Ec @ ecTb TpHrOHOMeTpHY4eCKHA MHOrOUNeH 6e3° 
NOCTOAHHOFO YJI€Ha, TO HETPyAHO MOCTPOMTh TPMrOHOMeTPHYeCKHH MHOrOWIeH f, 
quia Kotoporo f”*” —g, Ho gaa BcaKoro TpuroHOMeTpH4ecKoroO MHOroUeHa 
TPHFOHOMCTPHY4eCKHH MHTEPMOJIANMOHHbIA Mpouecc, O4eBMAHO, CXOMMTCA 
NOSTOMY fA Halle dyHKuMM @~ BbIMOMHAeTCA ycoBMe (27). Ho, Kak MBI 
3Haem, U,,[c] 0. Moatomy ycrosue (27) BbiilonHAeTCA AIA BCeX TPHroHOMeTpH- 
4YeCKAX MHOPOYICHOB, 4TO HK TpeGOBANOCb [OKAa3aTb.) 
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Kak M3BeCTHO, JIA HOPMbI MHTerpaJIbHOrO ONepaTopa umMeeT MeECTO PpaBeH- 
CTBO, KOTOPOe B HallleM Cy4ae ZanNMuleTCA Tak: 


(28) || Un|| = max |Kasi(x—f)—Fun, » (x, f)). 
tE[0, 27] 

(Cm., nanpumep, [8], crp. 175.) Mpagna, o6prano sgpo MHTerpabHOrO OMepaTopa 
C4MTaIOT HEMPEPbIBHO 3aBHCALIMM OT f, 4YTO B HaleM Cjly¥ae MMeeT MECTO 
nmpu m=1,2,3,..., HO CooTBeTCTBy!ola1 cbOpmMyja uMeeT MecTO uaa 
KYCONHOHEMPEpbIBHBIX Aep, KAKOBbIM ABAeCTCA Hale A,po npu m—O. B atom 
HeTPyAHO yOeAMTbCA, MPOCMOTpeB COOTBeTCTByIOlee AOKAZaTenbCTBO. CuenoBa- 
TeIbHO, PaBeHCTBO (27) uMeeT MeCTO AMA BCeX pEL B TOM M TOAbKO B TOM 
cay4ae, ECM OrpaHM4eHa MOCMeAOBaTebHOCTb (28). 

Tak Kak qdyHKuua Kyyi(x—f) oT n He 3aBUCHT, TO OrpaHHYeHHOCTh 
NOCEMOBATeIbHOCTH (28) PaBHOCMJIbHa OFpaHHYeHHOCTM NMOCeqOBaTebHOCTU 


(29) max |Px, n(X, 1}: 


tE[0, 2n]} 


OrpaHv4eHHOCTh 3TOM MOCHeMOBATEbHOCTH M ECTh MCKOMOe HeEOOXOAMMOE U 
MOCTATOUHOe YCIOBMe AIA CXOAMMOCTH TPHrOHOMETPHYeCKOrO MHTEPNO.MpoOBaHHA 
B TOUKe X IA BCexX yHKuM us AY,’ 

[na Toro, YTOGbI NOMYAUMTh HEOOXOAMMOE M AOCTATONHOR YCOBME PaBHOMep- 
HOM CXOMMMOCTH TPHroHOMeTpHYeCKOrO UHTepNoMpoBaHuA Ha OTpe3sKe [0, 277] 
a, CleMOBATebHO, M Ha BCeli BeLeCTBeHHOM OcH ja Bcex cbyHKunii u3 AS”, 
HajO JIMUIb 3aMCHUTb opMyly (28) paBeHCTBOM 

|| On|] = max | Kmis(X—f)— Frm, n(% 1) 
x, tE[0, 27] 
a MOCNefOBAaTe.IbHOCTL (29) MOCIEAOBATEIbHOCTbIO 
max | Fr, m(%; t)|. 


x, tE[0,2n 


Pesiomupyem CKa3aHHoe. 
Teopema 7. /\na Toro, 4TOObI TpuroHOMeTpH4eCKMH MHTEPNOAAYMOHHBIA 
7) s (m) 
mpouecc cxogusca B TouKe x € [0,27] mia Bcex sbyHKyMA “3 MHOKECTBA Ad, 
‘(m = 0), HeOOxoAMMO HM JOCTaTOUHO, YTOObI BbIMOJHAIOCh Cleyroulee yCIOBHe: 


cyujectpyeT Takoe uncio0 M, 4TO MpH BCAKUX n=1,2,3,... MMeeT MEeCTO 
- PaBeHCTBO 
(30) -. | Fin, n(x, t)| = M. 


Jia paBHoMepHOw CxOAMMOCTH Ha BCel BeELI[ECTBEHHOM OCH HeEOOXOAMMO XH 
JOcTaTOYHO, 4TOObI cyulecTBOBaNO TaKoe He 3aBucaujee oT xX yncIO M, 4TO 
mpu n=1,2,3,... m m6bnIx x €[0, 277] BEINONHAeTCA HepaBeHCTBO (30). 


3ameTum, 4TO, paccyKad Tak dKe, KaK M BBILIe, HeTpyHO 6bI0 Obt 
NOJYYMTb yCOBMe CXOMMMOCTH B CpeqHeM TPHrOHOMeTPH4eCKOrO UHTepnoJIMpo- 
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BaHHA PyHKUAH v3 AS”, MCCJIEQOBAaTb tle eas TPHrOHOMETPH4ECKOrO HH- 
TepNOJMPOBAHMA IA BCeX PyHKUMH M3 AS”, m-++ 1-aa mnpousBoqHaa KOTOpBIX 
cyMMupyeMma CO cTeneHbIO p> 1, a TaKKE MOKABaTb CJEAyIOUlyo Teopemy : 


Teopema 8. j\na Toro, 4TOObI TPMrOHOMETPHY4eCKHH HMHTEPNOALMOH- 
HbIii mpowecc cxogMsca B TOUKe Xx € [0, 27] AA BCex yHKUMK U3 C27 (m= 0), 
HEOOXOMMMO HM JOCTATOYHO, YTOObI BbITIOJIHAIOCh CJIefyroujee yCNOBHe: cyuse- 
cTByeT Takoe 4uucio M, 4TO MpH BCAKMX n= 01,2. 


(31) \/ Fant =M 


CXO_MMOCTb paBHOMepHa Ha BCeH BeLECTBEHHOH OCH B TOM HM TOJIbKO B TOM 
cay4ae, ECM CyulecTByeT Takoe He 3aBucalee OT x M, 4TO HepaBencrBo (31) 
BLINOMHAeTCA AA BCex x € [0,27] u n—O,1,2,. 


Spec C3 oGo3HayaeT MHO)KECTBO Mm paz HeNpepbiBHO sUddbepentupye- 
MBIX (PyYHKUMH, yAOBIeETBOPAIOUMX YCJIOBKIO 


FOO) =f22) (k=0,1,...,m). 


§ 8 


PaccMOTpuM npocTemiuMe Cy4an NpesbiAyuAx Teopem. 
Nyctb m=O. Torga HepapexctBo (30) paBHOCHAbHO Crefyroulemy : 


(x) + >, (%—7) t.(x)| = M. 


Hepasenctso (31) B 9TOM Cuy4ae BBITIAMT Tak: 


dn(x) = M 


rye 


in(X) = DS? |tu(2)] 


Kak M3BeCTHO, 9TO HepaBeHCTBO He BbINOJIHACTCA MpH BCex x€[0,27] u 
n==0,1,2,... HM JIA KaKOM MATPHUbI y310B MHTepnonMpoBaHHa. 
IIpu m-==1 HepapenctBo (31) paBHOCHIbHO Cenytoulemy : 
N+1 l-1 


(32) 2 (ix) 2, (Xe +2) te()-+ > (x —a) t.(x)| = M, 


TE NOMOKEHO Xo ==O, Xvi = 27. Kak M3BeCTHO, TpMroHOMeTpHyecKHii HHTep- 
NOJAWMOHHBIM MpOUeCc CXOAMTCA WIA HeKOTOpOH dyHKynn f(x) B TOKE x, 
CCIM BbINOJIHEHO yCIOBHe 


(33) lim An(x) Ex[f]==0 
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o 


SIeCh © 


E.[f]= inf max | f(x)— a (a, cos kx + 6, sin kx) |. 


oh, by 0Sa=2n 


Conoctasum sto joctaToukoe ycroBue ¢ MOYYCHHBIMM BBIe 6oee CAODKHBIMK 
HEOOXOJMMBIMM MH OCTATOYHBIMM YCAOBMAMM Ha OMHOM TIpMMepe. 
Ilyctp 


(N) kK) 25C 
xt? = HW 2 (k=#1,3, 4,...,.N), O< x) <<. 


MoxkHO Noka3zaTb, 4YTO ycOBKe (32) BLINOAHEHO WIA BCex TaKMX CUCTeM y3J10B 
B TOUKE X70, NOsTOMy NO TeopemMe 8 TpHroHOMeTpHYeCKOe MHTepnomMpo- 
BaHWe CXOJMTCA B TOUKE :T WIA BCeX MepMOAM4eCKUX HenpepHIBHO AUdepeH- 
UMpyembIx byHkynk. OuveswsHo, ; ' 


Tlyctp f(x) m06aa dbyHKWHA, He ABIAIOUIaACA TPHrOHOMeTPH4eCKUM MHOTO- 
yneHom. Torga E,[f]=_0 u nosToMy MO)KHO MOJIO)KUTb 


io EnLf] 
NE ff] 
B aTom cayuae 
En [f] dn(ze) = |b, n(x)| En. [f] ~ 22 NEMS. 
CnejopaTebHO, ycnoBue (33) He BbINOHEHO. 


§ 9 


Byyem Tenepb HCKaTb HeOOXOAUMOE HM MOCTATOYHOEe ycnoBue CXOJMMOCTH 
TPHTOHOMETPH4eCKOrO MHTEPMOMMpPOBaHHA B TOUKE X € [0, ota Wek paBHoMep- 
Holi Ha BCefl BellleCcTBeHHOM ocM ANA cbyHKyMi MHOKecTBAa V3, “(m2 2). TaK 
MbI O6O3Ha4aeM “MHOKeCTBO qyHKuMii, uMeromuMx Ha oTpesKe [0, 22] m—1 
NPOU3BOAHY!O C OFPaHMYeHHBIM M3MeHEHHEM HM YAOBETBOPAIOUIMX CHEAYIOLIEMY 


Be By0 é fo (0) = fw (2 7) (k =)! yerey M— 2). 
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TIpexge Bcero, npeoOpasyem ia aToro ciyyaa dopmyay (14). Monona 


fOO)=7"(1) (k=0, 1,..., m—2), 
MbI,MO)KEM TIpH m= 2 mepenucaTb ee Tak: 


Aa =| A at +2, | Bax) Bmx af. 


o (m-1), 
Orcioya cpasy nomy4aeTcA HCKOMOe PaBeHCTBO AIA *yHKuMH us Vy ’: 


(34) Ao) = | FO dt+| Kass af), 
rye 

K(x, t)= Cpe () Bn Reel 
Caegcrsuem dopmy.tt (34) aBanetca papencrBo 
(35) RolFO— | RulKa(s 1 4F°"C, 


0 
SileCb MOsI0+KeHO 
Ril) =f) — Tr [F]- 
Vicxoga u3 atom opMyvibl, KaK M BBILIe, HeTPyHO MOKa3aTb, 4TO JIA CXOJH- 
MOCTH TPHrOHOMCTPHYeCKOrO MHTEPNOJIMpOBaHMA B TOKE X JIA BCeX cbyHkKuMA 
u3 Ver) HEOOXOMMO, TOOK CyleCBOBaIO TaKoe 4HCIO M, To np Bcex 
t¢€ [0,27] u n=O, 1, 2,... BernomHeHo culefyrouyee HePaBeHCTBO : 


(36) |Rn[Km (x, f)]| = M. 
Ojvako, Tenepb MbI He 3HaeM OyjeT JIM BEINOAHEHMe aTOrO yCIOBHA JOCTaTOY- 
HbIM WIA CXOMMMOCTH, TaK KaK B MpoctpanctBe V dyHKunii c orpaHH4eHHBIM 


2; 


M3MeHeHHeM Ha OTpeake [0, 277] [re le|| = V 90] MHO)KECTBO TPHOHOMETPH- 
0 


4€CKUX MHOPOYCHOB HE BCIOMY MJIOTHO. 
Kpome HepapeHctsa (36) npu scex ¢€(0, 27] OWKHO BbINOAHATECA 
TawKE Cileyroulee ycoBue : 


(37) lim Ra [Kn(x, t)] = 0, 


Tak Kak (pyHKuna K,,(x,f) mpu Bcex t€ (0,27), o4esngHo, npunaqnexKut 
MHOxKecTBy V5," 
TlokaxeM, 4TO BEINOIHeEHHe NOJIY4CHHbIX HEOOXOMMMBIX YCOBK JOCTATOYHO 


JIA ey a TPHrOHOMeTpHYeCcKOoroO MHTepnOJIMpPOBaHHA B TOUKe X JIA BCexX 
SE Var’. 
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Kak M3BeCTHO, MMCeCT MECTO Takaa TCOPpeMa: ECCIIM MOCAEIOBATeCIBHOCTh 


HenlpepbIBHbIX Ha oTpesKe [0,277] dynKunit f,(t) paBHomepHo orpanuuena u 
MOuTH Bese Ha [0, 27] cxoquTcaA K Hy”, TO 


lim | fu(t) dt=0.' 
0 


Tlyctb tpynxuma g(t) umeer Ha orpesxe [0,2] orpannuennoe uamenenue. 
IIpeoOpa3ys, Kak OObI4uHO, uHTerpaEI Cruitbeca 


i fa(t) de(t) 


B uHTerpasbt Pumana (cm. [6], crp. 211), monyyaem us npeppizyulel Teopemt 
Takoe CJIeCTBHe : 


lim | f.(f) det) =0. 


Tqnooxus ‘ 

In(t) = Rn[Km(x, O)] 
(ata nOCcMefOBaTeNbHOCTh OrpaHM4eHHa B CHy HepaBeHcTBa (36) um cxosuTca 
K HyJO0 B Cully (37)), 


gQ=fr 
Mosyyaem UCKOMOE COOTHOIEHME 


lim R,,[f(x)] = 0. 


HesHayntebHO BMJOM3MeHHB MpefbiyuMe paccyxKeHHa, MOMKHO HaHTH TakoKe 
YCNOBMA PaBHOMePHOM CXOJAMMOCTH TPHIOHOMETPH4eCKOrO MHTepnOMpoBaHHA 
Ha BCeli BeLIIECTBEHHOM OCH JA BCeX yHKWMK u3 pedis 

Pestomupyem CKa3aHHoe. 

Teopema 9. /lia Toro, 4TOObI TPHrOHOMeTPHYeCKHK MHTeEpNOAAYMOHHEIN 
mpouecc cxoquica B TOUKe x € [0,27] AA BCex byHKUMK U3 ver (m = 2), 
HeEOOXOAMMO MM fOCTaTOUHO, 4TOObI mpu seex f€[0,27] u n=—0,1, yates 
BbINOJHANOCh HepaBeHcTBo (36) u mpu Bcex ¢ € (0, 27] ycnosue (37). Cxogu- 
MOCTb PaBHOMepHa Ha BCe BeLECTBEHHOK OCH B TOM M TOJbKO B TOM CJly4ae, 
ecm ycnosue (36) BEInomHeHO mpu Bcex x € [0, 27], t€[0, 27] (n=O, 1, 2, pen) 
a ycmoBve (37) BbINOJHACTCA PABHOMEPHO OTHOCHTEJBHO X MPH BCeX t € (0, 2:7]. 


4 Cm., Hanpumep, [9], crp. 114. Tam dbynxuun f,(f) C4uMTaIOTCA MMUIb CyMMHPyeMbIMH. 
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Nyctb O= x =22;0>0;e, ecTb MHOMKECTBO 3Ha4¥eHHH f, yOBeTBOpA- 
OULMX OJHOMY H3 HepaBeHCTB 
Ix—t| = 0, |2a+x—t| Sd, |x—2:t—t| = 0; 
a €) €CTb MHOMKECTBO OCTAJIbHbIX TOYeK OTpe3sKa [0, 2:7]. MmeeT Meco crepyrousani 


Teopema 10. Ilyctb cyulectayet taxoe M, uTo npu Bcex x€[0, 227] 


i 
> te, x(x) 
Kez] 
M mycTb npu s00nIx 0 >O, ¢>0, x € [0,2], t€l, cyuyectByet taxoe Ny, “TO: 
npu N>WN,. 
(39) ae thw (X) | Ss, ecm t<x; 
ty, St 


(38) © =M (2==772)9. FIN ee] 355, ey, 


& te.x(X)| <2, ecmm t>x.. 


cy >t 


Torga TpHrOHOMeTpH4eCKHH MHTEPNOJAUMOHHBIA MpOUeCcC PaBHOMEPHO CXOMMTCA | 
Ha BCeM BeUeCTBEHHOM OCH [IA BCEX Ne€PHOMMYECKHX HeMpepbIBHbIX yHKUHit, 
MMEHOLUMX Ha OTpesKe [0, 277] orpaHH4eHHOe M3MeHeHHe. 


okaszaTenbcrtso. fla HenpeppiBHbix Ha oTpeaKe [0,27] dynkunii| 
f(x), fopmyay (35) MoxKHO MepenucaTb CremyIOuMM O6pa3om: 


2n 


Ralf] = | RilKi(xD] df(O. 


iv) 


Tak Kak 
asa ecu f=x 
< x—t ax? afew 
KG = 8 (39) 8 (5 )—) 7 
By 1 ecam t>x, 
1 
TO 
>: t.(x), e€cJIH — rat 
Ri[Ki(x, t)| eet OR 2» 
ae = h), CCH ri > x. 
OuesusHo, k= 
(40) Ralf] —| RalKiCo, 0) df(t)+ | RalKile, Naf. 
& 2 


Hycth ¢>0,0=x=2a. Tak kak cyHKqua f(é) Henpeppipua, nepwoguuna uM 
umeeT Ha oTpesKe [0,27] orpaHH4eHHoe M3MeHeHHe, TO CylecTByeT TaKoe 
O>0, 3aBucaulee MUb OT 8, YTO 


& 
4/0 S2Gnen: 
Ilo ycnosuto (38) 

|Rn[Ki (x, | = M+1. 


bs 
4 


a“ 
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Conoctasiaa atu Ra cbakta, BAUM, 4TO 


(41) Rik aro] =, 
OuesusHo, : 
Vi = V FO. 

Ecnu t€e,, To mpm pocrarouHo 6ombuux N no yciosuto (39) 

PRATGS Deena 

44 V/ f(t) 

SHa4uT, 
(42) | RIK Olaf] =>. 


e% 


Conoctabiaa Hepapenctsa (41) u (42) u papexctso (40), BuyuM, 4TO mpH 
OCTaTOYHO OoNbWIUXx N 


|RnlKi(x, O]| = &, 


4TO KM TPpeOOBaIOCb OKa3aTb. 
JlerkO OKa3aTb, 4TO YCOBMA TeOPeMbI BbINOJHEHbI B CJly4ae paBHOOT- 

wn) k—!I 
CTOAUIMX Y31I0B X, arp ea Mostomy teopema Baane-Iyccena, cor- 
JIacHO KOTOPOM TPHrOHOMETPH4eCKOe HHTEPHOHpOBaHHe B Cy4ae paBHOOT- 
CTOALIMX Yy3JIOB PaBHOMepHO CXOJUTCH Ha BCe BeLECTBEHHOM OCH JIA He- 
TIPepbIBHBIX NMe€PHOAM4eCKMX yHKIMH, MMeHOUIMX Ha OTpesKe [0, 27] orpaHn- 


4eHHOE HU3MCHEHHE, ABJIACTCA CJICMCTBHEM TeCOPeMbI 10. 


(loctynuazo 6. Il. 1956.) 
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ON THE CONVERGENCE OF THE TRIGONOMETRICAL 
AND HARMONICAL INTERPOLATION 


O. Kis (Budapest) 


(Summary) 


In this paper necessary and sufficient conditions are given for the uniform con- 
vergence of the trigonometrical interpolation for the following classes of functions : 

1. the class of periodical analytical functions, 

2. the classes of periodical, several times continuously differentiable functions, 

3. the classes of periodical, several times absolute continuously differentiable functions, 

4. the classes of periodical functions with several derivatives of bounded variation. 

Then we give a sufficient condition for the uniform convergence of the trigono- 
metrical interpolation in the space of the continuous functions of bounded variation and 
we determine the smallest closed domain with the following property: the trigonometrical 
interpolatory polynomials of the functions, periodical and analytical in the domain, con- 
verge uniformly if the fundamental points of the interpolation are arbitrary. 

In the proof of the theorems concerning analytical functions we use some results 
on the interpolation by means of harmonical polynomials of functions which are analytic 
in the unit circle. 


EXTENSION OF MULTIPLICATIVE SET FUNCTIONS 
WITH VALUES IN A BANACH ALGEBRA 
By 
A. PREKOPA (Budapest) 
(Presented by A. Rény1) 


Introduction 


Let X be a given set, and let R,S be some classes of certain subsets 
of X. We say that & is a ring if A4+- BER, A—BEK whenever ACR, BEA. 
We say that S is a o-ring if it is a ring and if for every sequence Aj, Ay,..., 


where A;€S ({=1, 2,...), the sum oy As is also contained in S. 
i=1 : 


Let & be a commutative Banach algebra with a unity, i. e. a Banach 
space, where for all pairs f€%, g€R a product fg—gf is defined such that 
if hes, then (fg)h —f(gh), (f+g)h=fh-+ gn, ||fg||S|lf\| \lg|| and there is 
an e€& such that ef—fe—f, |le||—1. 

I shall consider set functions f(A) defined on the elements of a ring R 
such that the values f(A) lie in ®; f(A)€R for AER. 

A real-valued set function @(A) defined on & is called of bounded 
variation if there is a number K such that for every finite sequence of pair- 
wise disjoint sets A,, A,,..., Ar, A: ER Gaal 2, ..4,t) we have 


2 |e(Ai)| =X. 
Let g,,22,... be a sequence of elements of &. I say that the infinite 


product J/g; converges if the number of the factors which are equal to 0 
(=1 


is finite and if g;=-0 for i=), then there is a 2. €B such that 


i= IN g: 


Ny 


| 
lim == (). 


: n> 


I define the value: of the infinite product as gy if m—1 and as 


if a)>1. 


ee 
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A set function f(A) is called multiplicative (completely multiplicative) 


in R if for every A,ER, AER, AA, =O (A,, Asp. Ave =0 for i-Ek, 
A=>aca, the relation 
read | 


(1) fA+a)—fara) — (fa) L170) 


holds. I suppose in this case that f(0)—e. 
A real-valued set function (A) is called subadditive (completely sub~ 


additive) if for every pair A,, A, of disjoint sets of R [for every sequence 


A,, Ao,... Of pairwise disjoint sets of RX, for which A = > Aca], we have 
k=t P 


u(A) = a(A) + e(A) [ways S 2 “u(A)). 


The purpose of this paper is the extension of a completely multiplica- 
tive set function defined on the ring ® and satisfying certain conditions, to 
a completely multiplicative set function defined on S(), which is the smal- 
lest o-ring containing &. First I prove four lemmas. 


§ 1. Lemmas 


LEMMA 1. Let uw be a real-valued, non-negative, completely subadditive set 
function defined on aring &. If u is of bounded MORAEOH, then the set function 


Var, (A) (AER), i. e. the least upper bound of the sums >  u(A;), where A;C A, 
A:ER (i=1, 2,..., 7), A: Ar =0 for i=Ek, is a Prin eg be on the ring &. 


Proor. Let B,, B,,... be a sequence of pairwise disjoint sets of &, 


for which B— >’ B,€&. Let us choose subsets A,, A:,..., A, of B which 


1 A real-valued, non-negative set tunction m, defined on a ring &, is called a meas- 


, @ 
ure if for every sequence B,,B,,... of disjoint sets of &, for which B- >, 8 € A, 
=! 


we have m(B)= > m(B,) and m(0) = 0. 
t= 
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are elements of & and 
Var, (B)= > u(A)+¢ 
t=1 


where ¢>0 is a given number. Using the subadditivity of the set function ie 
we obtain that 


(A) = > u(ABy) 
and thus 
Vary (B)S 2, Di (ABi) +e >) Di u(ABy)-+e = D Vara (By) +2. 

= cal is Kae) 


This inequality is true for all ¢>0, hence we obtain that 


Var, (B) = > Var, (Br). 
k==2 ; 
It is trivial that | 
Var, (B) = >) Var, (Bx) 
poms | 
and thus Lemma]! is proved. 


LEMMA 2. Let fi, fo,..-,fr and £1, 22,...,2, be such finite sequences of 
a Banach algebra, for which 


lw 


| 


2 KAKI =1,2,..., 17). 


2m [el 


Then 


|e =e Sita 
Proor. Starting from the identity 
Lf. — I] 8: = Qf fs Fe 8) BiB 


and taking the norm in both sides, we obtain the required inequality. 


Lemma 3. Let f,,fr,... be a sequence of elements of a .commutative 
Banach algebra with a unity. If 


pa le—fil] < °°, 
then the infinite: product 
Is 


converges to the same element by every ordering of the factors. 


204 A. PREKOPA 


Proor. By the inequality 
>It IAlll sD llefll < 


there is an m such that ||f||>0 for i=, and the infinite product of posi- 
tive numbers 


TT \h\ 


1=No 


is absolutely convergent. Let 
K= 110+) IlAllD- 


By Lemma 2, for every pair m,n (m=m,n=n,), we have 


Tipe We 


1=Ng 1I=Ny 


Taking into account our assumption, it follows that there is an f) such that 


n 


lim | fh—IT fi =0. Let i,,%,... be a rearrangement of the sequence ng, 


eel eee and let N, be a number such that the set m,m-+1,..., Nn con- 
tains the numbers 4, 4,...,é. If A, is the following set of integers: A,—=_ 


tty n+1, »oey Na} —{h, b, eeey tats then we have 

n Nn 
UT f,,— LT f|| = K? > \le—fill- 
k=1 k=ng kEAn 


This inequality implies the convergence of the product //f,, to the element 
k=1 


max (m, n) 


KF = >, xile—fill: 


i=min(m, n}+1 


Jo; this proves our assertion. 


LEMMA 4. Let & be a ring and w(A) a real- and non-negative-valued’ 
subadditive set function defined on the elements of R such that the following 
conditions hold: 


a) u(A)=K, AER, where K is a constant ; 
b) if Aj, As,... is a sequence of pairwise disjoint sets of the ring &, then 


> (Ay) < 09, 


From these conditions it follows that the set function u(A) is of bounded 
variation. 


PROOF. Let us suppose that «(A) is not of bounded variation and choose 
such disjoint sets of SA, Bi”, BY’,..., BY (k,>1), for which 


k 
Swat) 22K 
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Since the set function u(A) is subadditive, it follows that at least in one of 


ky Ky 
the sets 2, BY and 2, BY it is not of bounded variation. Let the set 


ky 


>, Bi” have this property. Then we can find sets of &, BO, BO.s,..., BP 


ei ish 7 


aa 
which are subsets of > Be and 
tl 


DS “ (BY) = K. 


l=k,+1 
In the same way as before it can be seen that the set function u is not of 


keg k 

bounded variation at least in one of the sets >} B)” and > B® and so on. 
l=1 Gl 

After a finite number of steps the chain will terminate; indeed, if u(A) is 


(1) 
l 


ler 
not of bounded variation in any of the sets >’ B!”, then from the inequality 
==) 


> (Bt) =(r+1)K 
(1) 


it would follow that the sequence of disjoint sets, BY, 2 ,... would have 
the property 
2, (Bi) =o, 
EES 


but this is impossible because of Condition b). Consequently, there is a 
number n, among the numbers k,,%,,... such that u(A) is not of bounded 


variation in the set > B. From the subadditivity of (A) it follows that 
i=1 


the variation will be infinite at least in one of tlie sets BY”, BS’,..., BM?. This 
may be the set Bi. Then, since 


a k 
> (Br) = > (8) =2K 
ps i= 
holds, we have in view of Condition a) 
n,-1 
2 “(BY) = K. 


A repetition of.the preceding consideration shows that in the set By, there 
are disjoint sets of &, BY, BS”,..., Br,, such that the variation is infinite in 


the set BY and 
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Carrying on this procedure we may choose a sequence 
| %» pe (2 
BY, BY, oeewy BO ,, BP, BE fe3.4 re eee 
of disjoint sets of R such that 


@o nke-l 


pa > H(Bi) = 0, 


==) tol 
but, by Condition b), this is a contradiction. This completes the proof of 
Lemma 4. 


§ 2. Extension of completely multiplicative set functions 


THEOREM 1. Let f(A) be a completely multiplicative set function, defined 
on the ring &, for which ||f(A)|| 1 (A€&)./f for every sequence Ay, As,... 
of disjoint sets of K the relation 


2) > le—f(An | <= 


holds, then there is one and only one completely multiplicative set function 
f*(A), defined on the o-ring 8(R), for which f*(A) =f(A) if (AEA). 
If A,, Ao,... is a convergent sequence of sets of 8(R), lim A, =A, then 
k->@ 


lim f°(Ax) = °(A). 
Proor. Let A,, As,... be a sequence of disjoint sets of , for which 
A=DAca. From the inequality 
\|e—f(Ai + +++ + Angi) |] = lle —F(Ar + +++ + An) f(Ansi) |] = 
= |le—F(Ans1) + f(Ans1) —F(Ai + +++ + An) f(Anst)|| S 


S ||e—f(Ans1) || + || f(Ans1) |] - le —f(Ar + ++» + An) || S 
= ||e—f(Ans1)|| + lle—F(Ar + «+: + A.) || 
it follows that 


6) e—1( 54s} = 5 le—/4 


Thus the conditions in Lemma 4 for the set function ||e—Jf(A)|| are fulfilled, 
hence |je—f(A)|| is of bounded variation. Taking the limit n—+oo in the 
relation (3), we obtain 


(4) \le—S(A)|| = a lle—f(Ad||- 
Hence «(A) = ||e—f(A)|| is a completely subadditive set function. By Lemma 1, 
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Var, (A) is a bounded measure on &. Let m(A) (A€S(R)) denote the extend- 
ed measure of Var, (A) to the o-ring $(&). 

Let us form a sequence of rings in the following manner: R=, &, 
is the ring of the sets which are limits of some convergent sequences of R, 
and if R, is defined for all »<<,, then &,, is the ring of the sets 
which are limits of some convergent sequences of the ring > &,. Clearly, 


> a, = $(A). ie 
In the sequel we shall use the following remark: if E, is a sequence 
of sets of R such that lim £,==0, then from the inequality 


TL-» CO 


we obtain that 
iim J( En) =e. 
Let A, be a convergent sequence of sets of &,. In this case 
lim (A,—A,»,) = lim (An — An) = 0, 
|| f(An)—F(Am) || = || F(An) —f(An Am) |! + | F(Am)—f(An Am) || = 
= ||f(An Am) f(An—Am)—f(An Am) || + || f(An Am)f(Am—An)—f(An Am) | = 
S||f(AnAm)]| «|e —f(An—Am)|| + || f(An Am) || + |e —f(Amn— Ax) |i = 
= ||le—f(A,—An)|| + ||le—f(An—Az)|| +0 if mane. 

Thus the sequence f(A.) is convergent. Let us define the set function f, as 
follows: if A€R,, A=lim A, where A,€R, (n=-1, 2,...), then 


© f(A) lim f(An) 


We prove that f(A) is uniquely determined. Let An€cXy, An€ece 
(n=1,2,...) be two sequences such that 
lim A, = lint A; == A. 


n-> © n>@o 


hence 


Clearly, 

An == An An + (An—Av), At, == An An+ (An—Az), 
Since A,A,— A and 
lim f(A,—An) = lim F(An—An) ae €; 


n-> © 


it follows that the sequence f(AnA,) converges and 
lim f(A.) = lim f(An) == lim f(An An). 
The uniqueness of the set function f, implies that f,(A)=f(A) for AER. 


6* 
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f,(A) is a multiplicative set function on &R,. In fact, if A and B are: 
disjoint sets of R,, A=lim A,, B= lim Bn, An€Ro, Br EH (2 =1, 2,...), then 


since f(A) is a multiplicative set function ‘on &), we have 
fMA-+ B) = lim f(An-+(Bs—A»)) = lim f(An)f(Bi— An) = f(A) fi(B). 
We prove that f,(A) is a completely multiplicative set function on &,. 
First we prove that if «,(A) = ||e—f,(A)||, AER, and if BER,, then Var,,(B)= 
<=m(B). In fact, if B,, B,,...,B, are disjoint sets of R, for which B;\OB 
(i=1,2,...,r) and BY”, BY”,..., By? are sequences of sets of &, for which 
B:= lim B® (i=1, 2,...,, BO BY =0 for i-=-k,n=1,-2,..., then 


Sie—K) sm(SH) (n= 1,2... 


If noo, we obtain 


= lle—f,(B)|| =m (> 3) = m(B), 
which proves the assertion. 
If B,, By... is a sequence of disjoint sets of R,, B=> Bé&,, then 
kel ” 


from the inequality 
& lle—A(Bs)|| = m(B) 
it follows the convergence of the infinite product [7f,(B,). As f,(B) is mul- 
k=1 


¢ ; oo 
tiplicative on &,, if C.— > By, we obtain 
. k=n 


= 


6 — [1489 | —=|(T1 4) ACs) — TTB) 
= le—7(Caa)ll a m(Caa) oO if nese: 


hence f,(B) is a completely multiplicative set function on the ring &,. 

Such as for R), we can prove also for &, that the set function 4,(A) = 
= |/e—fi(A)|| (AER) is completely subadditive and of bounded variation. By 
Lemma 1, Var,,(A) is a bounded measure on &,. We have seen that if 
A€ER,CR,, then 


Var,,(A) S m(A). 
On the other hand, since A, CR,, we have 
~ Var,(A) = Var.,(A) for AER. 
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Thus 
Var,,(A)=m(A) if A€é &, 
and since the extension of a bounded measure is uniquely determined, we 


obtain 
Var,,(A)==m(A) if AE&. 


Let us suppose that for every ordinal number y for which v<7,<@,) 
a completely multiplicative set function f,(A) (A€&,) is defined satisfying 


f(A) =f, (A) In) eA € Ry, wey 
and 
Var,,(A)=m(A) where p,=||e—f,(A) I, ACR». 


Let us define a set function g,, on the ring >’ &, as follows: 


&v(A)=f(A) if AER, v< %. 


Obviously, g,, is a multiplicative set function. We shall prove that it is also 
completely multiplicative. In fact, if A,, A,,... is a sequence of disjoint sets 


of the ring > &,, A== >) Ar€ > &,, then 
VoVy k==1 


VN 


a | €— £7,(Ax) | = m(A), 
hence the infinite product [J g,,(A,) converges. Since 
k=1 


gnlA) (TT ent) @n,( > As} 


it follows that 


gnA)— TT] &nAs) 


- whence 


=m|( > Ay) +0 if n+ = 


k=n+4+1 


=< 


e— 8% >) As] 
k=n+l 


ent) = ID g(As) 


Such as we have constructed the set function f, we can construct the 
set function f,, defined on &,, with the aid of the set function g,, defined 
on > &, and it is easy to see that f,, has the properties what we have 


VM 
supposed in the transfinite induction. 
~ Let us define the set function f*(A) (A € 8(&)) in the following manner: 


P(A)=f(A) if AER. 
f*(A) is a completely multiplicative set function. In fact, If VAS Aguas to 8 
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sequence of disjoint sets of the o-ring $(R) = > KR, and Ax € Ry, (k= 1, 2,...), 
then there is a »’ <a, such that » <»(k=1,2,...). It follows that A, € Ry 
(R= breseus)y a Ay €R,, hence 

4! 


r(Sa)=1(S4)=T%-49= UF eo. 


By the same way we can prove that if A, is a convergent sequence of sets 
of $(R), lim A, = A, then 


lim f*(A,) =f" (A). 

PROOF OF THE UNIQUENESS OF THE EXTENSION. Let f** be a completely 
multiplicative set function defined on the o-ring $(R). First we remark that 
if A,, A,,... is a non-decreasing sequence of sets of $(R), lim A, =A, then 

cs n-1 

PA (TT Fans Ad] P(A) = F(A) tim [TF (Ana Ad), 
hence . 
©) f(A) lim f*(A,). 

Let us suppose that the set functions f*, f** coincide on the ring > &,, 

F(Ay=fr(A) if AE DA. 


We shall prove that /* and f** coincide on the ring &,, too. 
Let 8,, B,,... be a non-increasing sequence of sets of = lim B, =B. 


VN n>o 


The set functions f*, f** are completely multiplicative, hence 


f°(Bs) =F°(B) [1 f* (Bx— Bus), 


f*(Bs) =f"(B) [Lf Gx— Bu. 
Taking into account our assumption, we obtain 
f°(Bs—B) = TT f (Bx—Buxt) = [1 "Gx —Bus), 
f*(Bs) =f" (Br); 


F°(B)F (Bn — B) = f*(B)f* (Bn—B). 
Since lim f*(Bn—B)- -é, it follows that f*(B) = f**(B). 


hence 
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Let C,,C,,... be a convergent sequence of sets of > &,, lim C,—C. Let 


A, — Ci Cry eeey Arar CoC eR Bens (r, a= 1; Dy. te 
Obviously, A,..,, e> Ry, Arn Cn, Arn = Arst,n. Hence we conclude 
(6) F° (Ca) =F" (Ca — Arn) f*(Arsn) =F" (Cu— Ar nf" (Ar, ns 
Since lim A,,, =A, and for every fixed n the sequence Ain, Ao», A3n-»+ iS 


T>O 


non-increasing, we have 


(7) tim f**(A,, ») = lim f*(Ay,) = f"(An) =f"(An)- 

On the other hand, we know that 

(8) lim f*(Cx— Arn) =f" (Co— An), 

hence by (6), (7) and (8) we can write 

(9) Ff (Ca) =f" (Ca— An) f* (An). 

The sequence A,, A,,... is non-decreasing, jim A,==C, hence by (5) we 
obtain | 

(10) lim f**(Ax) = f**(C). 

We know furthermore that ts | 

ai limf*(C)= lim (CC) =F(C), lim f*(C—A,) =. 


Taking the limit n—+oo in the relation (9), (10) and (11) imply 
f(C)=f"(C). 


By the principle of transfinite induction it follows that the set functions /*, f** 
coincide on the o-ring $(R)— > &,. Thus Theorem 1 is proved. 


THEOREM 2. Let & be a ring and f(A) a completely multiplicative set 
function, defined on the ring &, for which f(A)€R, ACA. Let us further 
suppose that there is a bounded, completely additive, real-valued set function 
@(A), defined on the ring &, for which 


(12) F(A] S27 (AER), 
and that for every sequence A; of disjoint sets of R we have 
| Qille-fA4d Il < 


In this case there is a uniquely determined completely multiplicative set function 
f*(A), defined on the o-ring 8(&), for which f*(A)==f(A) if AER; for 


212 A. PREKOPA 


every convergent sequence A,, A:,... of the o-ring $(R) we have 
lim f* (Ax) =f* (A) 
k>o 
where A=lim Ax. 
k+> oo 
Proor. Let us consider the set function g(A)=2™ f(A). I prove that 
g(A) satisfies the conditions of Theorem 1. By (12), ||g(A)|| <1. Furthermore 
lle—g(A)|| = |le—e2 7 +e2 2 PM F(A)|| = 
(13) =|I—2°%| + je—f(A)| 2° = K(1p(A)| + lle—F(A) I), 


where K is a positive constant, hence if A,, A,,... is a sequence of disjoint 
sets of R, then by (13) we have 


SF le—etAnil = K(Z e491 +S lle—MAn|l) < ~. 


Let g*(A) and *(A) denote the extended set functions corresponding to the 
set functions g(A) and (A), respectively. Clearly, the set function 
fr(Ay= 27% gr(A) (AE S(R)) 
is completely multiplicative and f*(A)—f/(A) for AER. If A,, ds,... is a 
sequence of sets of $(), lim A, =A, then by Theorem 1 we have 
k>@ 


lim g*(Ax) =g"(A) 
whence 
lim f° (Ax) =f°(A). 
Thus Theorem 2 is proved. 
REMARK. If for every AER the inequality 0<0d,=<||f(A)||=d, holds, 
where d,, 0, are constants, and if 
(14) IFA) F(B)|| = ||F(A)|| FB) |, 


where ACR, BER, AB=0, then for the set function f(A) the condition (12) 
of Theorem 2 is fulfilled. In fact, for g(A)=log,||f(A)|| the relation (12) 
holds. For instance, (14) holds in the Banach algebra of the complex num- 
bers. 


Finally, | express my thanks to A. CsAszAR for his valuable remarks. 
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ON STOCHASTIC SET FUNCTIONS. | 


By 
A. PREKOPA (Budapest) 
(Presented by A, Rényi) 


Introduction 


The theory of stochastic processes, as it has been founded by KoLMo- 
GOROV in 1931, originally dealt with the mathematical treatment of random 
time processes. In later years, however, there arose many practical problems 
which are not random time processes but the method of solution of which 
was similar to those used in the theory of stochastic processes. Such prob- 
lems occur e. g. when investigating the spatial distribution of stars or col- 
loid particles, when counting bloodcells, when investigating the quantity of 
rain or crop in a given area etc. 

There is, however, an essential difference between the mathematical 
models of the above mentioned problems and that of those described by 
random time processes. In a time process we are generally interested only 
in the state of the system at the moment ¢, which is characterised by a ran- 
dom variable &, when considering the random distribution of points in the 
plane, however, the state of the point system will be described most per- 
fectly by random variables attached to sets of the plane and not by such 
that are attached to the points of the plane. If A is a set of the plane, then 
there corresponds to A a random variable §(A) which gives the number of 
points in the set A. Thus &(A) is a random set function. 

The subject of this paper is the investigation of some problems con- 
cerning such random set functions. I introduce the notions of stochastic 
additive and stochastic completely additive set functions and examinate prob- 
lems some of which are generalizations of problems arising in the theory of 
‘real-valued set functions or similar to them and some of which are of prob- 
abilistic nature. 


DEFINITION 1. Let & be a ring consisting of some subsets of a space H. 
Suppose that to every element A of KR there corresponds a random variable 
E(A) =E(m@, A) such that if A, A,,..., A, are disjoint sets belonging to the 
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ring &, then the random variables §(A,), §(A:), -- + E(A,) are independent and— 


(1) 5(A) = > § (Ai); 
in this case §(A) will be called a stochastic additive set function. 


DEFINITION 2. A stochastic additive set function —(A) defined on a ring 
& will be called a stochastic completely additive set function if for every sequence 


A,, Ao,.-. of disjoint sets of R, for which A = & AER, the equality 
k= 


@ 


E(A) = > §(Ar) 


k=1 
is satisfied. 

For the sake of brevity, the word “stochastic” will be omitted and if 
an ordinary real-valued additive (or completely additive) set function will be 
considered, this will be mentioned explicitly. 

The idea of random set functions has appeared first in a paper of 
S. BOCHNER [2]. The notion introduced by him is similar to that introduced 
by Definition 1 but in [2] it is not required that the random variables be- 
longing to disjoint sets should be independent. It is possible to make further 
generalizations, for instance, taking instead of the ring R a Boolean algebra, 
or instead of a single random variable §(A) a random vector E(A) = 
== (&,(A), & (A), ..., §(A)) etc. Some special random set functions have been 
considered by H. CRAMER [3], E. MARCZEwSKI [9], C. RYLL-NARDZEWSKk! [12], 
further by A. BLANC-LAPIERRE and R. ForTeT [1]. 

From the point of view of practical applications it is important that if 
e. g. H is some finite-dimensional Euclidean space, there should correspond 
a random variable to any sphere, domain, and eventually even to more com- 
plicated sets. As it will be shown in § 1 of Chapter III, by the construction 
of KoLmMoGorov ([6], § 4) we can construct stochastic additive set functions 
which are defined on intervals or on finite sums of intervals but the general 
problem cannot be solved by this method. In order to get further we have 
to deal with the problem of the extension of stochastic set functions. 

The main purpose of this paper is the extension of a stochastic com- 
pletely additive set ‘function defined on a ring & and satisfying certain condi- 
tions, to the smallest o-ring $(R) which contains &. 

The extension of some special stochastic set functions defined on sets 
of Euclidean spaces has been considered by H. CRAMER [3], E. MARCZEWSKI 
[9] and C. RyLL-NARDZEwskI [12]. The theorems of the present paper con- 
tain as special cases the relevant theorems of [9] and [12]. In [3] a theorem 
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is proved concerning the extension of a random set function generated by 
the differences of an ordinary one-dimensional stochastic process. 

The problem of extension of stochastic set functions is a generalization 
of the convergence problem of the series of independent random variables. 
Namely, if &,5,... is a sequence of independent random variables and & 
is the ring of the finite sets of the natural numbers, then the set function 


&(A) = (AER) 


can be extended to the o-ring S(R) if and only if the series > & converges 
k=1 


with probability 1 regardless of the order of summation ([4], p. 118, Corollary 1). 

There is also another way to construct the theory of random set func- 
tions. The theory of stochastic processes can be built up by considering the 
space of functions of a real variable and defining a measure in this space. 
As it has been proved by E. Hopr [5] the same procedure can be carried 
out also in the space of additive set functions defined on a ring R&R. The 
measure thus defined is, however, only finitely additive. From several points 
of view, however, it is necessary that the probability should be completely 
additive. Thus the extension problem arises in another connection also here. 
But in this case the fulfilment of the conditions ensuring the possibility of 
extension is not a simple problem even in particular cases. 

The notion of a stochastic additive set function is in some sense a gen- 
sralization of the notion of a process with independent increments. Namely, 
we are Often interested in the differences &,—&, only; these and their finite 
sums can, however, be regarded as a stochastic additive set function. 

I wish to express my thanks to Professors A. RENYI, B. SZOKEFALVI- 
Nacy and A. CsAszAr for their valuable remarks. 


Definitions and notations 


Let H be an arbitrary set and & a class of sets of some subsets of H. 
The class & of sets will be called a ring if A+ BER, A—BER, provided 
hat ACR, BEA. If HER, then & is called an algebra. If for an arbitrary 


quence A,, A,,... of sets of the ring (algebra) we have & Area, then 


R will be called a o-ring (o-algebra). If A is a ring (o-ring) and AE&, then 
4K -denotes the algebra (o-algebra), the elements of which are those subsets 
f A which belong to the ring &. $(R) denotes the smallest o-ring contain- 
ng the ring &. 


218 A. PREKOPA 


a 


A real-valued, non-negative set function m(A) defined on the elements 
of a ring R will be called a measure, if for every sequence A,, A,,... of dis- 


joint sets of A for which A = 2 Acca we have 
k= 


(2) m(A) = > m(Ay). 


k=1 

If m(A) may have also negative values but the relation (2) holds with- 
out any restriction, then m(A) will be called a completely additive set function. 

The n-dimensional Euclidean space is denoted by R,. If A is a 
Lebesgue measurable set of the space &,,, then |A| denotes its n-dimensional 
Lebesgue measure. 

The random variables which we consider in this paper are all supposed 
to be defined on the same space of elementary events 2. The elements of 
$2 are denoted by wm. We suppose that there is a o-algebra 3 consisting of 
some subsets of the space £2 and on the elements of S a probability meas- 
ure P_ is defined for which P(§2)—1. The measurable functions defined on 
the space §2, which are finite-valued almost everywhere, are called random 
variables. If § and n are two random variables, then the relation & =; means 
that 

P(§=7)=1. 


Inequalities between random variables have similar meaning. If &,&,,... isa 


sequence of random variables, then the relation &—&€ (or lim &—8&) 
k> 
denotes that i 
P(lim & —&)=1. 
k>@ 
The relation §—>& (or lim st & = §) denotes that for every positive « 
k>o@ 


(3) lim P(\&—&| >) =0. 


If f.(t) and f(t) are the characteristic functions of &, and £ respectively, and 
f.(t) f(t) for every value of ¢ (or what is the same, the convergence is: 
uniform in every finite ¢-interval), then this will be expressed by 
(4) I(t) => f (0). 
(4) follows from (3), and if §=0, then (3) follows from (4). 
If § is a random variable and for the real number Q(A) the relations 
P(E=Q(4)) 24, PE=Q(A))Z=1—A 


(where 0<4 <1) are satisfied, then the number Q(A) will be called a a- 
quantile of the random variable &. 


ON STOCHASTIC SET FUNCTIONS. I 219 


I. AUXILIARY THEOREMS 


§ 1. Set functions which are subadditive or of bounded variation 


DEFINITION. Let (A, B,...) be a class of sets. A real-valued set func- 
tion «(A) defined on the elements of will be called of bounded variation 
if there is a number K such that for every system of sets A,, Ay,..., A,, con- 
sisting of disjoint sets belonging to A, the relation 


if, 


> |@(Ai)| SK 
holds. 
The smallest number AK for which the preceding inequality holds, is 
called the variation of a. If only sets A, A (K=1,2,...,r) are admitted, 


then the number 
sup a(A 
wae (Ax)| 


will be called the variation of the set function « in A. We denote this quan- 
tity by Var.(A). 
DEFINITION. Let CI(A, B,...) be a class of sets and @(A) a real-valued 


set function defined on the elements of 1. We call the set function @ sub- 
additive (superadditive) if for every system A,, A,,..., A,, consisting of disjoint 


sets belonging to 4, for which A= > Aéd, the relation 
k=1 


eds Seay — (ea= Decay] 


k=1 k= 
holds. 
If a set function @ is both subadditive and superadditive, we say that 


a is an additive set function. If in the above inequality r may be also infinite, 
then @ will be called completely subadditive (completely superadditive). 

If « is a set function of bounded variation, then the set function Vara(A) 
is obviously completely superadditive. We shall often use the following theo- 
rems which are proved in [11]. 

THEOREM 1.1. Let & be a ring and « a real-valued, non-negative set 
function defined on & for which the following conditions are satisfied : 

a) @(A)=K where K is a constant; 

b) @(A) is subadditive ; 
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c) if Aj, Ay,... is a sequence of disjoint sets of K, then 


> @(Ax) < cv. 
k=1 


Under these conditions «(A) is of bounded variation. 


THEOREM 1.2. Let & bea ringand «(A) a completely subadditive set func- 
tion of bounded variation. Then the set function Vata(A)(A€R) is a bounded 
measure on &. 


§ 2. Some inequalities 


In this § we derive some inequalities which we shall use later. In ad- 
vance we mention the following elementary inequalities : 


sin xx 

tee = — = 

1 gir fe fxies ht 

p—SE S18 if O<est and |x|2e, 
SUT Co sk ae 

1— aod ifroixp= 1% 


Let § be a random variable, F(x) and f(t) denote its distribution function 
and characteristic function, respectively. If O<«=1, then using the preceding 
inequalities we obtain 


for f(t))at| = 1\i { (1—e)d F(x)dt | = 


z] N—Abidt= 5 


-1-@ 
—{(i— ip a d F(x) = 7 J vare+(1— sine) cig > 8). 
-~o |x|sSe 
Hence 
1 
1 : 
(1.1) $f i1—reolae > min (a 1— sine} | eae +Pcg >9). 
-1 |z|=e 
Let 0 be an arbitrary positive number. Then analogously we obtain 
é o ; 
| ) 
35 | Ay lae = (1— me «| aF(x) = 
(1. 2) : Kea 
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We shall often use the following well-known inequality: if f(t) is a 
characteristic function, then 
(1. 3) I—Rf(2t) =40— HF)! 
oeee e. 9. [5],-p. 61), 

The following theorem is a straightforward generalization of a lemma 
in [4], p. 113. . 

THEOREM 1.3. Let § be a random variable and denote Q(A) a A-quan- 
tile of §. Let z be an arbitrary real number and s(x) a non-negative function 
such that if x=z, then s(x) is non-decreasing and if x =z, it is non-increas- 
ing. We. suppose further that M[s(E—n)] exists where 7 is a random vari- 
able having the same distribution as § and independent of § Under these 
conditions M[s(§— Q(A))] also exists and the following inequality holds: 

(1. 4) M[s(§—n)] = min (A, 1—4) M[sE— Q(4))]. 

PROOF. Let & =&— Q(A), m= 7—Q(A). Then the value O is a A-quan- 
tile of &. Denote F,(x) the common distribution function of §, and 7,. Then 
we have 

M[s—n)|=M[s&—m)] = f J s@—yaredry)= 


-@ -® 


2 J Jse—yar@anont J Js —dhadro)= 


= zi dF(y) | sx)dF@+ J dF(y) | s@adFh@w= 
y=0 x=z y=0 ace 


= min (2, 1—2) | s(x)dF,(x) = min (4, 14) M[sE—Q(2)) | 


Coro.iary. If s(x) is the function defined by 


On ix =e, 
Bi lis sere, 
then the inequality (1.4) gives 
{1,-5) P(|§—7| > #) = min (4, 1—2) P(JE—Q(A)| > 2). 


From the inequalities (1.2) and (1.5) it follows that 
6 ; 
ale 1 
a6 fa-iropae > P(ie—n > | = 
-6 
min (A, 1—A) Z| 
2 Mn plie—a@l> a}. 


(1. 6) 


1 9, denotes the real part of the complex number z. 


7 Acta Mathematica VII/2 
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§. 3 Boundedness of sets of quantiles 


Let Z be an arbitrary set and & (z¢€Z) a family of random variables. 
Denote by Q(A, z) a A-quantile of the variable 5,. If for every 2 we choose 
a Q(A,z), then we obtain a set: {Q(4,z),z€Z} (this set is uniquely deter- 
mined or not according to whether the quantiles Q(A,z) for every z being 
uniquely determined or not). 

Let us define the following quantities : 


u,=lim sup P(& < —é), w,.=lim sup P(E. > «). 
&>o zE€Z &>o 2€Z 


The connection between the variables §& and the quantities u,, yp, is shown 
by the following 


THEOREM 1.4. Jf the quantiles Q(A, z) can be chosen in such a way that 
the set {Q(A,.z),z€Z} is bounded from below (from above), then we have 
(1.7) Sh (uy=1—A). 

If the quantiles Q(A, z) can be chosen in such a way that the set {Q(A, 2), z€Z} 
is not bounded from below (from above), then 


(1. 8) He die (ug l1—d): 


Proor. Let us first prove the first half of the inequalities (1.7) and 
(1.8). The proof of the statements in the brackets proceeds in a similar way. 
Suppose that there is a number K(A) for which the inequality Q(A,z)= 
= k(A) (z€Z) holds with a convenient choice of the quantiles Q(A, z), and 
suppose that wu, >A. Then, for every e, the relation 


sup P(E, << —e)>4 
2E€Z 


- 


will be fulfilled. Let e be a number such that —é¢= (A) and let us choose 
a 2 for which 
P(&.,.< —&) >A. 
Hénce it follows that for every 2-quantile Q(2, z) of the variable &, the re- 
lation 
QA, 2o) <a =——= i = k(a) 
holds which is a contradiction. Consequently, the first half of (1.7) is true. 
Now suppose that the set {Q(A,z),z€Z} is not bounded from below 
with a convenient choice of the quantiles Q(2,z). Then, for every #, we can 
find a z, such that 
P(E, <—a)24. 
It follows that for every « the relation 
sup P(E. << —e)=A 
2E€Z 
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holds, hence 
#4, = lim sup P(é, < —e)=A. 
&>o 2E€Z 


Thus we have proved also the first half of (1. 8). 


CoroLiary. /t follows from the inequalities (1.7) and (1.8) that, for 
every fixed value of 4 (0<4<1), the sets? {Q(A, 2), z€Z } will be bounded 
from below (from above) if and only if «=O (=O). Let us define the 
quantity 

He=lim sup P((\&.j >). 
Clearly we have i 


MSs, MgShs, MSM t+ mh: 

Hence it follows that for every fixed value of 2 (0<i<1) the sets {Q(A, 2), 
z€Z} will be bounded if and only if u;~0. 

Similarly, from the inequalities (1.7) and (1.8) we obtain also the fol- 
lowing statements: 
For every fixed value of 2 the sets {Q(A,z),z€ Z} (0O<4<1) are not 
/bounded from below (from above) if and only if u,=1 (t= 1). 

For every fixed value of 4 the sets {Q(d,z),z€Z} (O<A< 1) are 
bounded if and only if u,=1. 


§ 4. Compactness of sets of distribution functions 


Denote by & the set of one-dimensional distribution functions. P. LEvy 
has introduced the notion of the distance of two distribution functions. The 
distance of the distribution functions F,(x) and F,(x) is defined as the lower 
bound of those values A for which the following inequality holds: 

F,(x—A)—A & F,(x) S Fi(x+h)+h (— 0 <x<+ oc). 
Let us denote this number by L(F,,F,). Clearly L(F,, F,) = 1. It is known 
that this distance satisfies the axioms of metric spaces, i.e. 

a) L(F,, F:)=0 if and only if K=F,; 

b) L(Fi, Fs) =L(F:, Fi); 

c) L(F,, FB) = L(F,, Fh) +L (Fi, Fi). 


2 If we speak about the boundedness (unboundedness) of the sets {Q(A, z), ZEZ} 
for every fixed 4 (0 <4 <1), the special choice of the quantiles Q(A,z) does not matter 
as in this case the boundedness (unboundedness) of the sets {Q(A, 2),z€ 2} with a special 
choice of the quantiles Q(4, z) implies the boundedness of the sets {Q(A,z),z€Z} with 
every choice of the quantiles. In this case we may interpret {Q(Z,z) z€Z} as the set of 
all the 4-quantiles of all the variables &., too. 


had 
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It is also known that the space & is complete with respect to the dis- 
tance of Levy ((5], p. 42, Theorem 2). Consequently, S* is a bounded and 
complete but non-compact metric space. In what follows we shall deal with 
the question, under what condition a subset %’ of the space # will be 
compact. 

THEOREM 1.5. A subset &’ = {F(x,z), z€ Z} of the space S is compact 
if and only if the set {Q(4,z), 2€ Z} (0<4< 1) is bounded for every 4. 

Proor. According to the Corollary to Theorem 1:4 the sets {Q(A, 2), 
z€Z} will be bounded for every fixed value of 4 if and only if 


lim sup [F(—e, z) + 1—F(¢+0, z)] =0. 
&>o 2€Z 


This is equivalent with 
ay F(—s,z)—0, inf F(¢,z)-1 if e>~. 
zE€Z 
Consequently, if F(x, 2), F(x, 2:),... is a sequence of distribution functions 
belonging to &’ and a subsequence F(X, 2n,) Of this sequence converges* to 


a non-decreasing function F(x), which is continuous on the left, at every 
point of continuity of the latter, then F(—co)—0O and F(+ ~©)—1. 


THEOREM 1.6. A set 3’ = {F(x, z), z€ Z} of the space & is compact if 
and only if u,—0. 


ProoF. The theorem is a straightforward consequence of Theorem 1.5 
and of the Corollary to Theorem 1.4. 


THEOREM 1.7. A set &’ = {F(x,z), z€Z} of the space ¥ is compact if 
and only if the characteristic functions f(t,z) (z € Z) are equally continuous 
at the point t=O, i. e. to every positive # there belongs a d>O such that 


(1. 9) lI— f(t, z)|<e if |t|<d. 
Proor. Suppose the set %’ to be compact. Hence if c is sufficiently large, 
sup P(\&|>c)< a! 
, zE€Z 4 
Since 


lI, 2)| =| | (ea F(x, 2)| st J |x| dF(x, 2) + 
-@ |2|Sc 
+2P(\E| >) S|t]e+> 
the inequality (1.9) will be satisfied whenever |t| < 58. 


8 The existence of such a sequence is assured by the well-known Theorem of HELLY: 
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ay enn that the inequality (1.9) is satisfied. Then from the 
_ mMequality (1.2) we obtain u;< 10, but this can be vali iti 
ESE 3. valid for every positive 


THEOREM 1.8. Suppose that for the set F = {F(x,z), z€Z} the fol- 
lowing two conditions are satisfied: 
1. There exists a measurable function which is continuous at the point 
t=0 and for which 0 = g(t) =1, g(0)=1, and 


fE212eQ (@€Z). 
_ 2. There exists a number 4,(0<’,<1) such that with a convenient 


choice of the quantiles Q(A,, z), the set {Q(d,,2),z€ Z} is bounded from below 
(from above). 


In this case the set {Q(d, 2), z€ Z} will be bounded from below (from 
above) for every 4(0<4< 1). 


PROOF. Let us prove that under the mentioned conditions the sets 
{Q(A, z), z€ Z} will be bounded from below. The boundedness from above 
can be proved similarly. Let Q(A,, z) = K, (z € Z). By means of the inequality 
(1.6) we get that if d>0, then 


é 6 
23 J (I—g*()) dt= oy | If, 2) Pat = 


min (4,, 1—2,) ( 1\— min(4,, 1—2,) 1 
= 10 P e-9@,2)|>4) = == og pi Ter re B< Kent 


consequently 


zEZ 


; é 
i A, 1—A, 1 
a 


When d—0, it follows that u,—0, i. e. according to the Corollary to Theo- 
rem 1.4, the set {Q(A, z), z € Z} is bounded for every fixed 4. This completes 
the proof. 

THEOREM 1.9. The subset ¥’ —{F(x, z), z€Z} of the space & is com- 
pact if and only if the Condition 1 in Theorem 1.8 is satisfied and there is a 
number 4,(0 <4, <1) such that the set {Q(d,,2),2z€ Z} is bounded by a con- 
venient choice of the quantiles Q(A,, 2). 

Proor. Suppose the condition of our theorem to be satisfied. Then by 
Theorem 1.8 the set {Q(A, z), z€ Z} is bounded for every fixed 4, Hence, 
according to Theorem 1.5, the set 3’ is compact. 
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Now let us suppose that the set S’ is compact. Then, according to 
Theorem 1.5, the set {Q(A,z), z€ Z} will be bounded for every 4. Thus we 
have to show the existence of the function g(f) only. For this purpese it 
clearly suffices to prove that the function 


ye f(t, | = 210 


al 


is continuous at the point t=O. In contradiction to the statement let us 
suppose that there is a number g<1 and two sequences ¢, and z, such that 
t; +0 if kK— oo and 


lf, 2)1Sq<1  (k=1,2,...). 


Since the set 3’ is compact, it follows that the sequence F(x, Z.) contains a 
subsequence ae converges to a distribution function F(x). Without re- 
stricting the generality we can assume that the sequence F(x, 2,) itself has this 
property. If f(¢) denotes the characteristic function of F(x), then, according to 
what has been said, the sequence f(t, z.) converges uniformly to the limiting 
function f(¢) in every finite interval. But this is a contradiction because /f(?) 
is a continuous function and f(0)= 1. 


aT 7. 


§ 5. Some theorems concerning the convergence of a series 
of independent random variables 


In this paragraph we mention two theorems, the proofs of which are 
given in [10]. 

The theorems deal with the question that if §&, &,... are independent 
random variables, under what conditions will the series 


+ 


A3 


(1. 10) 


& 
S 


l 


rom | 


I 


converge with probability | regardless of the order of summation. 

Let us introduce the following notations: Denote by & the set of finite | 
subsets of the set of natural numbers and by § the set of all subsets of the 
set of natural numbers. Let us put 


(1.11) E(A)= > & if ACR or AES 
kEA 
assuming that the sum on the right hand side converges with probability 1 | 


regardless of the order of summation., Denote by F(x, A) the distribution 
function and by Q(A, A) an arbitrary 2-quantile of (A). 
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THEOREM 1.10. /f the set {F(x, A), A€ A} is compact, then the series 
(1.10) converges with probability 1 regardless of the order of summation. 

Conversely, if the series (1.10) converges with probability 1 regardless of 
the order of summation, then the set {F(x, A), A€8} is compact. 


THEOREM 1.11. Jf there exists a pair of numbers 4, A, (0<14,<4< 1) 
such that by «a convenient choice of the quantiles Qa, A), Qld, A) the sets 
{Q(a,, A), AE Rj, {Q(4,, A), AER} are bounded, then the series (1.11) con- 
verges with probability 1 regardless of the order of summation. Conversely, 
if the series (1.10) converges with probability 1 regardless of the order of 
summation, then the sets {Q(4, A), A € 8} are bounded for every fixed value of A. 


COROLLARY 1. Let the distributions of the random variables &,,&,... 
be symmetric with respect to the point 0. If there exists a a+ 5O<A <s1) 


such that by a convenient choice of the quantiles Q(A, A) the set {Q(A, A), 
A€&} is bounded, then the series (1.10) converges with probability 1 regard- 
less of the order of summation. 


COROLLARY 2. Let the random variables &,,&,... be non-negative. If there 
is aA(O<4<1) such that by a convenient choice of the quantiles Q(A, A) 
the set {Q(2, A), AER} is bounded, then the series (1.10) converges with 
probability 1. 


II. ADDITIVE SET FUNCTIONS DEFINED ON RINGS AND ALGEBRAS 


In this chapter we shall analyse the properties of an additive set function 
&(A) defined on the elements of a ring or algebra &, consisting of some sub- 
sets of a set H. These investigations will help us to find out under which 
conditions we can extend the set function §(A) to the smallest o-ring con- 
taining the ring (or algebra) &. It is clear that one of the conditions necessary 
for this is the complete additiveness of &(A) over R. Therefore we have to 
find first a condition that ensures that an additive set function should be 
completely additive. This question will be answered by 


THEOREM 2.1. In order that an additive set function &(A) defined on 
the elements of the ring & should be completely additive it is necessary and 


sufficient that for every non-decreasing sequence of sets By, By,... with 
B,€R (k= 1, 2,...) L] B.=0, the following condition holds: 

k=1 
(2. 1) P(\§&(B)| >a) 0-f kK 


where « is an arbitrary positive number. 
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PRooF. Suppose ‘that the condition (2.1) is satisfied. Let Ai, Ag,... be: 
a sequence of disjoint sets of the ring K. Let A= > Ar, B, = 2 Ar. 


Since &(A) is an additive set function, it follows that 


EA) — SA) +EB) — (1=2,3,..). 
Hence iad 
g(a) — SEA.) =(B,) => 0 if N—> co, 
consequently ([4], p. 119, Corollary 2) 


§(A) = > E(Ax). 


Now let us suppose that §(A) is completely additive. If B,, B,,... is a 
sequence of sets having the properties mentioned in Theorem 2.1 and 
An = Bnr— Bay (n=1, 2,...), then A;Ay—0O if i=—k and 


B= >A, 
hence, by the complete additiveness of §(A), it follows that 
E(B) = D'E(AN). 
Thus we obtain that the following relation holds: 
E(B.) — >'5(A) +0 if n+, 
consequently, it is also true that if e>0, then 
P(\§(B,)| > 8) +0. 


CoroLtary. Let §(A) be an additive set function defined on the ring &. 
If there exists a positive number T such that for every non-increasing se- 
quence B,, B,,... of sets belonging to R for which lim B,—0, we have 
k+o 


lim f(t, B,)=1 if |t|S7, 
then the set function §(A) is completely additive. 


PRoor. From the inequality (1.3), valid for every characteristic function, 
it follows that the relation 


lim f(t, Bi) =1 
k>o 
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holds for every f, i. e. 
S(A,) ==> 0 if koe, 
The statement then follows from Theorem 2. 1. 
In what follows some theorems concerning the quantiles Q(A, A) of the 


random variables §(A) will be re We shall make use of the results of 
the preceding chapter. 


THEOREM 2.2. Let §(A) be an additive set function defined on an algebra 
R. Suppose that there is a@ number 4, such that by a convenient choice of the 
quantiles Q(A,,A) the set {Q(A,, A), AER} is bounded from below (from 
above). Then, for every 4, the set {Q(A, A), AER} is bounded from below 
(from above). If the set {Q(a,, A), A€R} is bounded from both sides, then 
the set. {F(x, A), A€ &} is compact. 


Proor. If AER, then, by assumption, A€& and H=A+A€R. Hence 

it follows that 
§(H) = §(A)+5(A), f(t'H) =f A) f(t A). - 

Since |f(¢, A)| = 1, it follows that 
(2. 2) If, A)| =f A)| (AEX). 
f(t, H) is a characteristic function; consequently f(t, H) is continuous, and 
7(0, F7)=—= 1. Hence, if 

| g()—Iflt, H)), | 
we obtain that Condition | of Theorem 1.8 is satisfied. As the fulfilment of 
Condition 2 has been supposed one part of the statement is proved. 

If we suppose that the set {Q(A,, A), A€ A} is bounded from both 
sides, then from inequality (2.2), further from Theorem 1.9 it folows that 
the set {F(x, A), A€ A} is compact. This completes the proof of the theorem, 

If R is a ring, the existence of a quantile-set bounded from both sides 
does not imply that every quantile-set is bounded. If e. g. & is the ring 
formed by the finite sets of positive integers and 


Fans e Td, 


nal 
then a(t, A] —0 if A€ R. However, the quantities Q(A, A) are not bounded. 


In case of a ring we obtain, using the results of Chapter I, the following 
theorems. 


t 
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THEOREM 2.3. Let &(A) be an additive set function defined on a ring R- 
Suppose that there is a pair of numbers ’,,4.(0<4,;<4,<1) such that by 
a convenient choice of the quantiles Q(A,, A), Q(4:, A) the sets {Q(A,, A), AER}> 
{Q(A», A), A € R} are bounded. In this case the set {Q(A, A), AE A} is bounded 
for every fixed k (O<2< 1). ; 


Poor. Contrarily to the statement of the theorem let us suppose that 
there is a number & and a sequence of sets A, such that by a convenient 
choice of the quantiles Q(A,, Ax) we have |Q(A,, Ax)} > ~ if K+. Let 


By => Ar, Cn= Bnii— Bn. Then C,C,=0 if i= k. Hence the random 
k=l 


variables &(C,,) are independent. The conditions of our theorem and Theorem 
1.11 together imply the convergence with probability 1 of the series 


LHC. 


Denote by & the sum of this series and by f(t) the characteristic function 
of &. It is clear that 


fO=fe A,+A,+ 44% +An) LT f(t, Cx), 
further that 
T(t A, et Ap Se: =i An) = fii, (A, 7 Ay es -An)— An) S(t, A,), 
hence 
[F(t)| S|f@, Ar + A+ +++ + A,)| S|f(t, An)). 

We know that the set {Q(A,, A), AER} is bounded; hence, by Theorems 1.9 
and 1.5 it follows that the quantiles of the random variables §(A,,) are bounded, 
but this is a contradiction because we have supposed that |Q(A), An)| > ~ 


if n— oe. 


THEOREM 2.4. Let §(A) be an additive set function defined ona ring &. 
Suppose that &(A)=0 (AEX) and there is a number 4, such that by a conve- 
nient choice of the quantiles Q(d,, A) the set {Q(4,, A), AER is bounded. In. 
this case the sets {Q(A, A), AER} will be bounded for every fixed , (0< 2 <1). 


Proor. Contrarily to our statement let us suppose that there is a num- 
ber 4, and a sequence of sets A, such that by a convenient choice of the 


quantiles Q(A,, Ax) we have Q(dy, Ar) co if k—roo. If B,= > Ax, then 
es | 


Bry Br, B, > A,. Since &(A) is additive and non-negative, we have &(B,) = 
=S(A,). If Ca= Buii—Bn, then C\C. =O if i=-k, consequently the va- 
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riables 5(C,,) are independent. We know further that if A€é&, then the quan- 
tities Q(4,, A) are bounded, hence by Corollary 2 of Theorem 1. 11 we obtain 


2 tC.) eee 
Aa 
If we denote the sum of this series by & then 


0=5(A,) SEB.) = > E(C) SE, 


but this is a contradiction because we have supposed that Q(Ay, Ax) + o0. 
Thus our theorem is proved. 
Let X be a ring and &(A) a set function defined on the elements of &. 
Let us define the following set functions: 
1,(A)=lim sup P(E(B) < —8), 
ercoeo BEAR 
u(A)—lim sup P(E(B) >»), 
eroc BEAR 
U;(A)= lim sup P(|§(B)| >). 
eroo BEAR 
The set functions ,(A), 4:(A), u,(A) are the same as the quantities uy, M2, Us 
defined in Chapter I, provided that Z—AS&. It is clear that if BEAR, 
AEM, then 
u(B)Su(A) (i =1,2,3). 
In addition there holds the following 


THEOREM 2.5. Jf &(A) is an additive set function defined on the elements 
of a ring ®, and A, (kK=1,2,...,r) is a finite sequence of sets belonging 
to &, then 


Ui (> A.| = 2 (Ar) (i=1, 2, 3). 
feast fons 


Proor. Let us carry out the proof in the case i—3. The other cases 
can be treated in a similar way. Let A,€R, ArE AR (K=1, 2,..., 1), AiAr 0 
if-i-!-2, then we have 


P(\E(A; + AS+ ++ + AZ)| > €) - = P((S(Ai) + §(A2) +> + (Ar) > 8) = 


< P (\E(A) _ ‘\4P (isco “ £4 % +P(ig(4) > a) 


Consequently - ; 
‘ +e é 
sup P(\E(C)|>8) = a sup P (Eco) £) 
v2 ag Ajé A, R 
Ce SAR 


k=! 
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hence it follows that 


- ( ss A,] <= S 1(As). 


Now, if A,, As, itp Amare arbitrary sets belonging to the ring R, then, 
according to the previous inequalities, we have 


ll r-1 
Ms (> A] = 3(A;) + 43 (As — Ai) + ++ fb Mg (4.— pa Ar). 


Since the set functions 4;(A) (i=1, 2,3) are monotonous, it follows that 


| Hs (> As] — > os(A0). 


This completes the proof of our statement. 
Regarding the set functions u;(A) a law of O or 1 holds. This will be 
expressed by 


THEOREM 2.6. The set functions ',(A), ¥2(A), #s(A) defined on the ele- 
ments of the ring & can take on only the values O or 1. 


Proor. Let A€R and consider those elements of the ring R for which 
BCA holds. If u,(A) >0 (4(A) > 0), then by the Corollary of Theorem 1.4 
there is a 4, (A,) such that by a convenient choice of the quantiles Q(A,, B) 
(Q(4., B)),. the set {Q(A,, B), BEAR} ({Q(k, B), BEAR}) is not bounded 
from below (from above). Then, using Theorem 2. 2, it follows that also the 
sets {Q(A, B), BEAR} are not bounded from below (from above) for every 
fixed value of 4. Hence, using again the Corollary of Theorem 1.4, we get 
#,(A) =1 (u,(A)=1). Finally, let us consider the value of 4,(A). If u3(A) > 0, 
then, from u3(A)=4,(A)+ (A), it follows that at least one of «,(A) and 
(A) is positive. Taking into account what has been said above and the fact 
that 43(A) = 4,(A), 43(A) = 42(A), it follows that u,(A)—1. This completes 
the proof. 

Finally let us prove 


THEOREM 2.7. Let §(A) be an additive (completely additive) set function 
defined on a ring K. Then the set function \1\—f(t, A)| is subadditive (com- 
pletely subadditive) for every fixed t. 


Proor. Let A,, A,,... be a sequence of disjoint sets of the ring R. 
By the inequality 


[1— 2 2,---2-| S |1—z,| + |1—z,|+ --- + |1—z,| 


valid for such complex numbers z; for which |zi|<1 (i=1, 2,...), we ob- 
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h—s(, 3] \— IT ft, Ax)| = 2 7 Ax)| (r=1,2,...). 
lf §(A) is additive, the statement is proved. If §(A) is completely additive 
and A= > Acc&, then, by virtue of 


s(t S |= [11 A) ft), 


it follows that 


i= f{4 A) = SiH, Ax)|. 


This completes the proof. 


Ill. EXTENSION OF COMPLETELY ADDITIVE SET FUNCTIONS 


§ 1. The discussion of the problem 


Let & be a ring consisting of certain subsets of a space H and E(A) 
a completely additive set function defined on the elements of &. In this 
chapter we shall deal with the question under what conditions can the set 
function §(A) be extended to the o-ring S(R). We mean by extension the 
construction of a completely additive set function §*(A) defined on the ele- 
ments of $(R) for which 

(A) =&(A) if AEA. 

It is clear that not every completely additive set function can be extend- 
ed; if, in particular, §(@, A) is constant, §(w, A)= (A) where ¢(A) is a 
real-valued, completely additive set function defined on the elements of &, 
then we need also further conditions for its extension. 

Let H be e.g. the square O=x<1, O=y<1 on the (x, y)-plane and 
R be the algebra formed 1. by the finite sums of intervals, closed to the left, 
open to the right.and lying on straight lines parallel to the x-axis, 2. by the 
complements of the previous sets (these sets will be shortly called to be of 


complementary type) and 3. by the set H itself. If A= pa {dy =X < by, y= Yr}, 


then put g(A) = > (6.—ax) and y(A)= —¢(A). (A) is a completely addi- 


k=) 


=/ 
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tive set function. In fact, if A,, A,,... is a sequence of disjoint sets of R 


and A= > A,€&, then there will be at most one set among the sets A,, A», a 
kal 


which. is of complementary type. If there is none, then A is thé sum of a 
finite number of intervals closed to the left and open to the right, such that 
each of them is divided into a sum of intervals of the same type. In what- 
ever order we add the lengths of them we always get the same sum. }. e. 


g(A)= > @(A;). But if we have a set of complementary type and this is A;, 
k=1 


then from pA =9(A)+9(> A,| and o(> A.) = >’ y() it follows that 


g(A) = >} g(A,). In spite of this, y(A) can not be extended to S(R), because 
k=1 


the values -+- co and —oo can not occur simultaneously in the set of values 
of a completely additive set function defined on a o-ring ([6], p. 18, Theo- 
rem 3. 4. 13). 

In case of ordinary real-valued set functions it is known that in order 
to be able to carry out the extension and to have an extended set function 
of finite value it is necessary and sufficient that the original set function 
should be bounded from both sides. The extension can be carried out most 
simply by representing the set function as the difference of two non-negative, 
completely additive set functions and by extending both these separately. 

In case of random-valued set functions this way is inpracticable, namely 
if the set of the measurable subsets of the set A is not countable, then the 
functions 


nA) sup 8(B), (A) — int §(B) 
EAo EAS 


defined on the space of the elementary events are not certainly measurable ; 
admitted that they are measurable, it is again possible that they have an 
infinite value on a set of positive measure. Therefore we have to Jook for 
another way of extension in this case. 

We have to emphasize that in the particular case §(m, A)== (A) the 
requirement of €(, A) being a random variable means that the value (A) 
is finite. Consequently, from the real-valued set functions we obtain as par- 
ticular cases of random set functions only the finite-valued ones. 

There arises the question whether we can construct the whole theory 
of random-valued set functions starting from the family of sample functions 
(which should be common real-valued set functions). This way is suitable 
only if we are satisfied with additive set functions. Namely, if we require 
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the sample functions to be completely additive, then we have to exclude 
several important set functions from the investigations. E. g. let & (t=0) be 
the well-known Brownian movement process with M(é.) = 0, D?(&) felt KR 
consists of finite sums of intervals of the real axis, which are closed to the 
lett and open to the right and the set function (A) is an additive set func- 
tion formed by the corresponding differences and sums of differences, re- 
spectively, of the process, then the sample functions @(A) of the set function 
5(A) can not be completely additive. This can be seen easily. Let us restrict 
ourselves to the interval /—[0, 1), i. e. suppose AC/. Let & be a separable 
Brownian movement process defined in the interval O=¢=1 such that 


PES 6) = 1) 
and let (A) be the additive set function generated by the differences and by 
the sums of differences, respectively, of the process E. It is clear that 
P(&(A)=§(A))=1 if AER. 


Almost every sample function of the process & is continuous ([4], p. 393, 
Theorem 2.2). Hence and by Theorem 2.3 of [4] (p. 395) it follows that 
almost every sample function of a separable Brownian movement process is 
not of bounded variation. Let us divide the interval /—[0, 1) into a sum of 
disjoint intervals 5;, o.,...,d, of length - closed to the left, open to the 
right and put 

a yea 


k=1 


|, So DEC) 


From what has been said above it follows that 
P(¢,— 00) =1. 
Since P(o,—,) 1, we have 
P(S,, + 00) =1, 
j. e. almost every sample function of the set function §(A) is not of bound- 


ed variation. 

The results of this chapter will help us to solve existence problems of 
additive set functions &(A) defined on Borel sets of the space H. We shall 
consider first, to make clear the idea, a concrete case. 

Let us construct e. g. a set function §(A), defined on the set & of 
Borel subsets of some finite closed n-dimensional interval H of the space 
&R,, such that &(A) has for any A€R a Cauchy distribution ; the characteristic 
function of the random variable §(A) will be 


f(t, Ay =e, 
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First of all by aid of the construction due to Ko-mocorov ([8], § 4) 
we construct a family of random variables &,,4,...% (4,6,---,t)€H 
for which the following conditions hold: 

a) if J is the n-dimensional interval 
(3. 1) ={a;=xi<aith; i=1,2,...,n}, ISH 
and 

Uy El) Gee ER RISE te oe, teers Peta 
further 
Ares 8, | tp) =n hh,? = Aan Sh, ts te 


then the random variable 


(3. 2) EL) = 4184, ty, 5 tn 
has a Cauchy distribution, namely 
(3. 3) f(t, Dy Se tata lt], 


b) If 4, 4,...,/, are n-dimensional disjoint intervals lying in the inter- 
val H, then the random variables 
E(/h), E(/s), Tey E(/-) 
defined by expression (3. 2) are independent. 
We consider the ring R formed by the finite sums of the interval (3. 1) 
and let the random variables 


(3. 4) 5(A) = > E(hs) . 
correspond to its elements A=/4,+/,+---+/4, hOH (/=1,2,...,, jh=0 
if j=E 1. 


Having arrived so far through KOLMOGOROV’s construction, we state that 
£(A) is completely additive on the ring &, further the set {F(x, A), AER} is 
compact. Then, taking Theorem 3.2 into account, we carry out the extension 
of the set function £(A) to the o-ring $(R) of the Borel sets of the set H.* 

The complete additiveness of §(A) follows from Theorem 2.1 and from 
that |A,| 0 if A,—+0. Namely, by (3.3) and (3.4) we obtain 

- f(t, An) =e l4l"l—>0 if noo, 
The second property, the compactness of the set {F(x, A),AER} 


follows from 
f(t, A) =e" 41!" = e-#1I4 — g(t), 


where g(t) is a continuous function, O=g(t)=1, g(0)—1. As a(t, A)—o, 


the conditions of Theorem 1.9 are satisfied. By this step the construction is 
finished. 


‘In the present case §() is not only a o-ring, but also a o-algebra. 
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§ 2. Extension of a set function defined on a ring 


; THEOREM 3. 1. Let (A) be a completely additive set function defined on 
a ring R. If there is a positive number T such that for every fixed value of 
t for which |t|=T the set function |1—f(t, A)| is of bounded variation, then 
E(A) ae be extended to the o-ring 8(&). The extension is unique in the sense 
that if 5°(A) and &*(A) are completely additive set functions defined on the 
o-ring §(R) and 

S(A)=E"(A) if ACA, 

then 
E*(A)=E"(A) if AES(R). 


Conversely, if §(A) is a completely additive set function defined on a 
o-ring § and T is an arbitrary positive number, then the set function 


(3.5) OU diac syd 
is of bounded variation. 


PROOF OF THE FIRST PART OF THE THEOREM. By assumption §(A) is a 
completely additive set function on the ring R. Now, if A,,As,... is a 


sequence of disjoint sets of thering R, A— > A, €&, then 
k=1 7 


(3.6) - lim sup | f(¢, A)— Ee f(t, Ax)| =0. 
Let us consider the Banach-algebra &% of continuous functions in the 
interval [—7, 7]; let the maximum of the absolute value of a function be its 
norm. It is clear that ® is commutative and has a unit element. By (3.6), 
if we consider the characteristic functions, defined on the ring &, only in the 
interval [—7,7] and put g(t, A) =/f(t,A) if |t|= 7, then g(t, A) will be 
a completely multiplicative’ set function defined on the ring R whose values 
belong to the Banach algebra 8. We note that in virtue of g(0,A)—1, for 
AE€&R, the values of the set function g(t, A) are different from 0. 
; We prove that the set function ||1—g(f, A)|| (A € &) is of bounded vari- 
ation and completely subadditive. 

In order to prove the first statement we show that the conditions of 
Theorem 1.1 hold. Since ||g(¢, A)|| = 1, consequently ||1—g(¢, A)|| = 2, hence 
Condition 1 is satisfied. 

According to Theorem 2.7 if Aj, A,,...,A, are disjoint sets of the ring’ 


5 The definition’ of this notion may be found in the paper [11]. 


8 Acta Mathematica VII/2 
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&, A=> Ai, then for every value of f 
i=! 


f(t, A) = S/F Ad) 
Lae; 
1g A)|| = sup |S A) <> sup | 1—f(t, Ax)| = 2 ||| —8(G A) 


Consequently, Condition 2 is also satisfied. Let A,, As,... be a sequence of 
disjoint sets of the ring R. According to the condition of our theorem 


> |1—f(t, A)|< 0 «if ST. 
k=1 
Hence it follows ((4], p. 115, Theorem 2.7) that every rearrangement of the 


series ECD converges with probability 1. On the other hand, this in- 
volves the absolute convergence of the infinite series 


S Jar), SJ dre, ay, SPcsAd|>9 


kesly|z|S 


({8], § 5). 


According to what-has been said above it follows from the inequality 


\|1—at, 4:)|L=esup [t1—f@ Ax)| = sup | (e* — 1 —itx)dF(x, Ax) + 


|x|=e 


+it | xdF(x, Ar) 


ja]Se 


+2P(\§(Ax)| > 2) = 


x’d F(x, Ax) + r| | xd F(x, Ax) 


+2 P(\&(Ax)| > ¢) 
that 


2 ligt, AI < &, 


i. e. Condition 3 of Theorem 1.1 is also satisfied. 

The second statement follows immediately from Theorem 2.7; namely, 
if the set function |1—f(¢, A)| is completely subadditive for every value of f, 
then the set function ||/1—g(f, Mig tel a et A f(t, A)| is also completely sub- 
additive. 

We have thus proved that the conditions of Theorem 1 in [11] are 
satisfied; consequently, the set function g(t, A) can be uniquely extended to 
the o-ring 5(). By other words, there exists one and only one completely 
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multiplicative set function g*(t, A), defined on the o-ring $(R), for. which 
e*(, A=e(t,A) if ACR 
BLADER if AE S(A). 

Further, it is true that if A, €S(R) (n—1,2,...) and lim A, = A, then 

pm o'(t, An) = 2" (4, A). In particular, if AO, then the equality a(t Ojesi 


and 


Biplies that lim g*(¢, A,,) = 1. 


The extension of the set function §(A) will be carried out by transfinite 
induction. 

Let us construct a transfinite sequence of classes of cae Ao= KR, Ri, Ae, « 
as follows. If for every number v for which y< <a, the class of sets 2, 
has been already defined, then let R, be the system of the sets which can 
be obtained as limits of convergent sequences of sets belonging to the class 


D> Ay. It is clear that every class R, (” <«,) is a ring. 


vV<y'’ 

Suppose that there are already corresponding random variables to the 
elements of every ring A, where »<’<q@,; more exactly suppose that for 
every v<»' we have defined on the elements of R, a completely additive 
set function &,(A) for which the relations 


Ey (A) = Ey, (A) if Woy, A € Ry, 
fit, A)=2°(¢ A) if \{]= T, AER, 
are satisfied where f,(t, A) is the characteristic function of the random vari- 


able &,(A). Now we start to define the set function §,(A)(A€&,’). 
First we show that if A,, A,,... is a convergent sequence of the ring 


Pa,, Ai € Ry, (K=1, 2,...), then the sequence &,,(Ax) converges stochas- 
vay ‘ 


(3.7) 


Ie 
tically to some random variable. Let us put C.=/ i Ag, De=~ Cr — Gea 


(k= 2, 3,...). As the sets C,, D,, D;,... are disjoint, by applying the assumption 
of transfinite induction it follows that the random variables &,,(C,), 5, (D2), 

E,,(D;),... are independent. Since in addition C,—=C,+D,+---+D, and 
thus 


(3. 8) Ev, (C,) = ae &y,(C,) =I >) by Ny), 


applying the assumption of induction (3.7) we get 
k k 
(3.9) fr, (t, Cx) =n, G) IT Fon (t, Dn) =" (4 C) IT 2, Day it tiee7- 


$F 
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The sequence on the right hand side of (3.9) converges to a function which 
is continuous in the interval [— 7, 7]; consequently (see [4], p. 115, Theorem 
2.7) the series on the right hand side of the expression (3.8) and thus also 
the sequence &,(C,) converges with probability 1 to a limit which shall be 
denoted by & We show that 


a EA a he | A 
Consider the following relation 
Ey, (Ax) = 55, (Cx) + §r4(An— Cr). 
It suffices to show that 
E, (Ax —Ci)=>0 if ko. 
Since lim (A;,— C,) =0, it follows that if |t|= 7, then lim fu, (t, Ar — Cr) = 
cS lim ot A; — C,) = 1. On the other hand, by the eq ialite! (1.3) the relation 


1—Rf,(2t, Ack—Cx) S 4(1—Rf(t, Ax —Ci)) 


is satisfied for every value oft, hence f,,(t, Ax—Cx) => 1 if k— oo; thus our 
statement is proved. 

Let us define the set function §(A) (A€&,-) as follows: if ACR,, 
A=lim A, where A, € R,(%. <0; n=1,2,...), put 


E, (A) = lim st Ey, (An). 


We prove that &,(A) is uniquely defined. Let A,, As,...,B;,B ,,... be two 
conyergent sequences of the ring Pa lim An = lim B, = A. The members 


n> 


of the sequences A, B,, A.—B, a also emer of the ring = KR,. Besides 
lim (A, — B,)=lim (B, —An)= 0.1f A, ER,,, Bn € Ry, (Mn < V3 n=, 2,...), then 
§y,,(An) = §),(AnBn) +5, (An— Bn), | 


§y, (Bn) = §y, (AnBn) + &,, (Bn —An). 
Since lim (A, —B,) = lim (8,—A,)=0 and thus if |t| S 7, 


fin(t, Br—An) = 2°(t, Br— An) > 1, 

Sv, (t, An— Ba) = 2° (t, A,—B,)—> 1 

then, taking into account the inequality (1.3), it follows that 
by, (An)—6,,,(AnBn) => 0, 

Onn (Bn) —&, (A, B,) => 0 


if N+ o0, 


if Nn—+oo, 
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consequently 
lim st § (A) = lim st &, (B,.). 


Thus the definition of §,(A) is unique. This implies that 

Ey (A) ==&,(A). if < 2’. 
Now we shall prove that all what has been supposed about the set functions 
5y(A) corresponding to the ordinal numbers »<»’ will be satisfied also for 
the set function §,-(A). First we show that f,(¢, A)—g*(t, A) if {t}/=7.° Put 
A—lim A, where A,€R,, (¥n< 0’; n=1,2,...). Since 5 (A,)=> (A) if 


m—»co and consequently f, (t,A)—>/f, (t, A),. further g*(t, A.) g*(t, A) if 
n—»oo, it follows that 


fy (t, A) = lim f,,,(¢, An) =lim g*(f, An) = 2" (4, A) if. |¢| ST. 
The statement that &,(A) is an additive set function can be proved as follows. 


Let Aj, A;,... be disjoint sets belonging to the ring R,. Let A{", AS”, ..., AL? 
be sequences of sets belonging to the ring > &, for which 


lim AM = Az, kK=1,2,...,7, AMPAM=O0 if i-k. 


To the sets A%”, AS”, ..., A®”” correspond independent random variables and 
the sum of these random variables corresponds to the sum of these sets. 
Since these properties hold even after carrying out the limiting process, the 


random variables &,-(A,), &(Ao), ..., &(A,) are independent and &,- (> A,] == 
k==1 


= >) (Ax) is completely additive, too. In fact, as we have seen f,(t, A) = 
k=l 

—p*(t, A) if |t|=7 and for every non-increasing sequence Aj, Ao, ... of sets 

belonging to &, for which lim A, == 0, we have 


lim f(t, An) = lim g*(t, An) =1 ——(|t| $7). 


Thus the condition of the Corollary of Theorem 2.1 is satisfied, hence our 


assertion holds. 
Finally, let us define the set function §*(A) as follows : 


(A) =5,(A) if AER, (V¥<@)). 
Since > R, = 3(R), the set function §°(A) has been defined for every ele- 


ment A of $(&K). It is clear that &(A) is an additive set function. &*(A) is 
even completely additive. This follows from the fact that, as we have seen, 
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for the characteristic functions f*(f,A) of the random variables §&(A) the 
relation f*(t, A)=g"*(¢, A) (\t}=7) holds. Thus for every non-increasing 
sequence of S(R) tending to 0, we have 


lim f*(¢, An) =lim g*(t, An) =1 if |t]=T 


which according to the Corollary of Theorem 2.1 implies that 5*(A) is a 
completely additive set function. 

The uniqueness of the extension can be proved as follows. Let & and 
E** be two completely additive set functions defined on the o-ring S(&). 
Suppose that & and &* coincide on the ring R. Let Di denote the class of 
those sets A for which &*(A)=&*(A). Let A,, Ao,... be a monotone sequence 
of sets of Sil, A= lim A,. The complete addifiveness of the set functions 


&*, &** implies that ei | 
lim, 5" (A,)—E5(A),4 slim ESA) (A). 


Since &(A,) = &"*(A,) (2 =1,2,...), it follows that AES. Hence dN is a 
monotone class of sets. We know that REAL, NM &S(K) but these together 
imply that Di S(R), because the smallest monotone class containing a ring 
& is identical with the o-ring S(R). 


PROOF OF THE SECOND PART OF THE THEOREM. In order to prove the 
second half of the theorem we shall show that for any positive number 
T the conditions of Theorem 1.1 are satisfied for the set function (3. 5). 
Condition a) is obviously satisfied because f(¢, A) is a characteristic functign 


and accordingly 
ial |i—f(¢, A)| S2. 


Let us investigate Condition b). By Theorem 2.7 the set function 
\1—f(t, A)| is subadditive for every fixed value of ¢. Hence it follows that if 
T is a fixed positive number, then the set function SUDA G A)| is also 


subadditive, i. e. Condition b) is also satisfied. 
Finally, as for Condition c), let us consider an arbitrary sequence ? 
disjoint sets A,, A,,... of the o-ring S. Since the series 


D, E(Ax) 
k=1 


converges with probability 1 regardless of the order of summation, it follows 
that the infinite series 


> | ear (x, A), S| | xaF¢, ay), 
k=l 


k=1 


> P(EAD|> 


|x|S1 ja|S1 
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are convergent ((8], § 5). Hence by the inequality 


J —e)ad F(x, Ar) 


tt lex 
jist |2lSal 


| xaF(x, Ay) |+ 
1 : 


od 


= 


J (e@—1—itx)ad F(x, Ax)| +t! 


|>|==1 


+2P(\E(4)| >= | xtar(x, A+ 


|z|S1 


+|tl] J xaF, A) |+2P((8A)|>1) 


\z|=1 


it follows that Condition c) is also satisfied, i. e. the set Punction (3.6) is of 
bounded variation. Thus Theorem 3.1 is proved. 
As a consequence of Theorem 3.1 we can prove 


THEOREM 3. 2. Let &(A) be a completely additive set function defined on 
a ring &. If for every sequence A;, A,,... of disjoint sets of K the series 


& 5(Ax) 
converges with probability 1, then §(A) can be extended to 5(R). 


Proor. The above series must converge with probability 1 regardless 
of the order of summation, since a rearrangement A,, of the sequence A, 
consists also of disjoint sets of R. Hence by Theorem 2.1 of [4] (p. 115) it 
follows that 


@ 


> |I—f(t, Ad)| < 


aS | 
for every ¢. By Theorems 2.7 and 1.1, for every J, \i—f(t, A)| (AER) is of 
bounded variation, and thus the conditions in Theorem 3.1 are fulfilled. 
This completes the proof of the theorem. 
The proof of the following theorem is contained implicitly in the proof 
of Theorem 3.1. However, we give here another proof which does not use 
transfinite induction and is based only on the second assertion of Theorem 3. 1. 


THEOREM 3.3. Let E(A) be a completely additive set function defined on 
a o-ring 8. If A,, A:,... isa convergent sequence of sets of 8, lim A, =A, then 
: E(A,)=>E(A) if n>. 


Proor. By Theorem 2.7, for every fixed t, |1—f(¢, A)| is a completely 
additive set function. Hence it follows that for every 7 > 0, sup |1—f(, A)| 
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is also completely subadditive and by ,Theorem 3.1 it is also of bounded 
variation. Let W(7, A) denote the variation of ph bag At A)| on the set 


A€,8, then by Theorem 1.2 it follows that W(T, A) is a bounded measure 
on S. Since lim (A,—A) = lim 1(A— —A,)=0, we have lim W(T, A,—A)= 


n>@ 


=lim W(T, Aes As == 0. Taine into account the inequality 
ty \1—f(t, B)| S WT, B) ~~ (BES), 


we obtain that aah An —A)= lim f(t A—A,)=1 if |t|= T. As this is true 


n>O 


for every 7 >0, it follows that 
E(A—A,)=>0, §(A,.—A)=>0 if no. 
From this fact and from the inequality 
|&(An)—§(A)| = |5(An—A)| +|5(A—An)| 


our assertion follows immediately. 


§ 3. An extension theorem under condition on the distribution 
functions 


In the following theorems the possibility of carrying out the extension 
will be proved by reducing it to Theorem 3.1. Thus we need not state 
again the uniqueness of the extension. 


THEOREM 3.4. Let &(A) be a completely additive set function defined on 
a ring &. If the set of distribution functions {F(x, A), A€ RK} is compact, then 
E(A) can be extended to 5(R). 

Conversely, if §(A) is a completely additive set function defined on a 
o-ring §, then the set {F(x, A), A€8} is compact. 


PROOF OF THE FIRST PART OF THE THEOREM. Let A,, As,... be a se- 
quence of disjoint sets of R. The set ¥’ = {F(x, Ai, + Ai,+---+Ai,)} is a sub- 
set of {F(x, A), A€R}, hence # is compact. According to Theorem 1.10, 


the series 
> 5(Ax) 


converges with probability 1 regardless of the order of summation, hence by 
Theorem 3.2 §(A) can be extended to. $(R). 


PROOF OF THE SECOND PART OF THE THEOREM. First we prove that the set 
function 4;(A) (A€S)is completely subadditive. Let A,,A,,... be a sequence 
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of disjoint sets of the o-ring $. By Theorem 2.5 it follows that 


k=1 


Consequently, we have merely to show that the second member on the right 


hand side converges to 0. Let B,= >) Ax. The set function 4;(A) is mono- 


k=n 
tonous, hence the sequence y;(B,) is non-increasing. By Theorem 2.6 u(A) 
can take on only the values O and 1, therefore there are two cases: either 
there is an N such that «,(8,)—0 if n>N or u;(B,)—1 for all values 
of n. Contrarily to the statement let us suppose that the latter case holds. 
Then by the Corollary of Theorem 1.4 and by Theorem 2.2 there exists 


a sequence C,,C,,.... of sets such that C,€$8,C,& Bx, a[ 5c 
(k=1,2,...). Since B.—0, it follows that C.—+ 0, hence by Theorem 3.2 


= 


F(C,)=>> 0 if k—» oo. Thus a(t Cx} +0 if kK» co, what is a contradiction. 


Consequently, #3(A) is completely subadditive. 
It follows from the monotonity of the set function u,(A) that the follow- 
ing property also holds: if A,, As,... are arbitrary sets belonging to the 
o-ring $, then 
U3 (> A,| = 2 Us(Ar). 

Namely , 

Ce) e) k-1 

Sa=—s (4-2 A\) (A) =0), 

k= k=1 i=1 
therefore, since “,(A) is completely subbaditive and monotonically increasing, 
it follows that 


2 © k-1 pe 
Ms fe A] = 2 Hs (Ae Oy Ai} = & tis(Ar): 


Consider the completely additive set function §(A) defined on the o-ring 
8. In contradiction to the statement, let us suppose that the set {F(x, A), 
A€8§} is not compact. Then, by Theorem 1.6, 


ps=lim sup P(|§(A)| >#)=¢@ > 0. 
ero ACS. 


Hence it follows that for every positive é 
sup P(|5(A)| > 2)=e >9 
Ae§ 
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Since 
sup P(|§(A)| > #)== sup sup P(|§(B)| >), 
Aée§ Ae§ BeA§ 


it follows that there exists a sequence of sets A, (A,€§) for which. 


sup P(\E(B,)|>2) = 5 >0. 


ne 


If A= >) A,, then by the preceding inequalities 
k=1 


sup P(|E(B)|>2) = sup P(|§(B)| >) = + >0; 
BeA§ BeA,§ 2 
therefore 
u,(A)= lim sup P(\E(B)| >2) = 2 >0. 
N-rco BeA§ Z 
By Theorem 2.6 (A) can take on only the values 0 and 1; hence it fol- 
lows that u,(A)=1. 
Now we shall prove that if BES, u,(B)—1, then for every pair of num- 


bers 4,m we can found a set B,,€BS such that by a convenient choice of 
the quantiles Q(A, Bn) we have 


#3(Bm) = 1, |QG, B,,)| >m. 


Suppose that such a set does not exist. Since u;(B)—1, we can find sets 
C.€ BS (k=1,2,...) such that |Q(A, C,)| > k. According to our assumption 


we 
u;(C,)=0 if k=m. Consider the set C= >) Cy. We have proved that 


k=m 


w(C) = > w(Co, 


therefore u;(C)=-0. Then, by Theorems 1.6 and 1.5, there exists a number 
A(A) such that for all Q(A, C’) we have 


OM, Cl s K(4) pila ecs, 


but this is a contradiction. 
Applying to the set B=-A what has been said above let us choose a 


set B,€AS for which u,(B,) 1, (4.8 


>1. Similarly, it follows that 


there exists a set B,€B,S for which u,(B,)~=1, [o[5-.8) >2 etc. There- 


fore we can construct a non-increasing sequence of sets B,, Bj,... for which 
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i 
B,€8, al 5. B]| >n. The sequence: §(B,) is convergent because 


E(B,,) = §(B) + > (E(B.)—§(Bi+1)), B= 1] Bx. 


; 1 : 
Consequently, the series a(t, &| is bounded, but this is a contradiction. 
Thus Theorem 3.2 is proved. 


CoroLiary. Let &(A) be a completely additive set function defined on a 
ring &. If 
Halim sup P(|&(A)| >2)=—0, 
erro AER 
then &(A) can be extended to S(R). 
Conversely, if E(A) is a completely additive set function defined on a 
o-ring §, then 


Hu,== lim sup P(|§(A)|>«)—0. 
erco AEF 
PROOF. The statement follows from Theorems 3. 4 and 1.6 immediately. 


§ 4. Extension theorems under conditions on quantiles 


The following theorems are simple applications of Theorems 3.1 and 
3.2 and of those of Chapter II and deal with the reduction of the condition 
in Theorem 3. 4. 

Theorem 3.4 contains when compared with the case of ordinary real- 
valued set functions a surplus of conditions which are needed to ensure the 
extension of a completely additive random-valued set function E(A). If p(A) 
is a completely additive real-valued set function defined on a ring R and 


E(w, A= (A) if AER, 
then 
Q(4, A)\=9(A) if O<4<1, AEA, 

i.e. all quantiles of E(w, A) coincide with the value g(A). Since it has been 
shown that for the extension of pA) the boundedness of the set {p(A), AER} 
is needed, we can say that the set function E(A)— (A) can be extended if 
there is a 4 for which the set {Q(A, A), AER} is bounded. 

if the random variables &(A) (A€&) are not constants, then for the ex- 
tension the boundedness of two quantile-sets is required. 

THEOREM 3.5. Let &(A) be a completely additive set function defined on 
a ring &. If there exists a pair of numbers. ay, 4, (0< 4, <4, <1) such that 
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with a convenient choice of the quantiles Q(A,, A), Q(42.,A) the setss 
{Q(A;,, A), AER}, {Q(do, A), AER} are bounded, then E(A) can be extended to) 
S(R). 

Proor. The theorem is a_ straightforward consequence of Theorems: 
Ay 10 and 3. 2. 

THEOREM 3.6. Let E(A) be a completely additive set function defined on! 
a ring &. If the random variables &(A) (A€R) are symmetrically distributed | 


and there exists a number oo (0<2<1) such that with a convenient | 


choice of the quantiles Q(A, A) the set {Q(A, A), A€R} is bounded, then 
E(A) can be extended to S(R). 


PRroor. Since Aes, it follows that 2=-1—A. On the other hand, &(A) 


has a symmetric distribution, hence with a convenient choice of the quantiles 
Q(1—A, A) the set {Q(1—A, A), AER} is also bounded together with the set 
{Q(A, A), AER} and thus the conditions of Theorem 3.5 are satisfied. t 


THEOREM 3.7. Let §(A) be a completely additive set function defined on 
a ring &. If the random variables &(A) are non-negative and there is ah 
(0<A4<1) such that with a convenient choice of the quantiles Q(A,A) the 
set {Q(A, A), AER} is bounded, then &(A) can be extended to §(&R). 


ProoF. The theorem is a straightforward consequence of Corollary 2 o 
Theorem 1.11 and of Theorem 3. 2. : 


f 


§ 5. Further extension theorems 


THEOREM 3. 8.° Let §(A) be a completely additive set function defined on 
a ring &. If there is a positive number « such that the following set functions 


(3. 15) | eaF(x, A), J xd F(x, A), P(JE(A)|>2) (AER) 
\x|Se |x|Se 
are of bounded variation, then §(A) can be etenaae to $(A). ; 
a baked if §(A) is a completely additive set function defined on a 


o-ring 3, then the set functions (3.15) (A€8) are of bounded variation for 
. every postive & 


_ PROOF OF THE FIRST PART OF THE THEOREM. We shall show that the 
set function |1—/f(t, A)| is of bounded variation for every fixed ‘value of f. 


6 This theorem can be regarded as a generalization of the three series theorem of 
KoLmoaorov. 
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Namely, if «>0, then 
|1— f(t, A)|= 


fa —ei?) d F(x, 4) < 


— | Pa F(x, A) +|t\ 


|z|Se 


| xaF(sx A) 


\x|<e 


+2P(|S(A)|>2) (AER). 


PROOF OF THE SECOND PART OF THE THEOREM. By Theorem 3.1 the set 
function (3.5) is of bounded variation. By inequality (1.1) it follows that if 
O<¢=1, the set function 

| x°d F(x, A) 

|a|Se 

is of bounded variation. 
By inequality (1.2) it follows that 
P(|§(A)| > «) (A€8) 
is of bounded variation for every ¢>0. In addition, since for an arbitrary 
positive « we have . 
| eaF(x, A) = | Pa F(x, A) +eP(\E(A)| > 1), 
jx|Se |x|S1 

taking into account what has been said previously we obtain that the set 
function 

| xd F(x, A) 


|e|=e 
is also of bounded variation for every positive «. Let us consider the follow- 
ing inequality: ig 
f(t, A)—1= | (e*—1—itx)d F(x, A)+ 
|x|Se 
it | xd F(x, A)+ | (e—1)d F(x, A). 
|a|Se |a|>e 


If t=-0, it follows 
| xdF(x, A) 


ice the set functions (3.15) are of bounded variation for every positive «. 
Thus we have proved the theorem. 
THEOREM 3.9. Let &(A) be a completely additive set function defined on 
a ring &. If the set function . 
; 1—P,(A) = 1—P(E(A) = 0) 
is of bounded variation, then §(A) can be extended to $(R). 


eye! t 2 2 £ 
= {iM Aly fx d F(x, A) +77 P(I8(A)| > #), 


|e|Se 
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PRooF. The theorem is a straightforward consequence of the inequality 
|1—f(t, A)| = 2(1—P,(A)) 
and of Theorem 3. 1. 


THEOREM 3.10. Let §(A) be a SOmmIREY additive set function defined 
on a ring &. If the set function 


M(\5(A)|) — | Ixia Fw, 4) (A€ 3) 


is of bounded variation, then §(A) can be extended to §(&). 


PRooF. The theorem is an immediate consequence of the inequality 


=|t\ | |xid F(x, A) 


-@ 


[if Aji== 


and of Theorem 3. 1. 


i (1—e'*) d F(x, A) 


THEOREM 3.11. Let §(A) be a completely additive set function defined 
ona ring &. If the set functions 


fee) 


M(A)=M(&(A)) = | xdF(x, A), 


D*(A) = D?(&(A)) = [ x dF(x, ay—| { xd F(x, A) 


are of bounded variation, then &(A) can be extended to §(&). 


Proor. According to CHEBYSEV’s inequality 
D°(A 
P(\E(A)—M(4)| > 0) = 7. 
Consequently, if |M(A)| = M,, D?(A) S$ D,, then 


i (A) 


P(\5(A)| > M, +8) S P(|&(A)—M(A)| > ¢) S = = 


Hence we have 
v;—=lim sup P(|§(A)| > M,-+¢) =0, 
&-> 0 AER 


therefore, by Theorem 1.6 and the Corollary of Theorem 3.4, the extension 
can be carried out. 


REMARK. We see that the set functions M(A) and D*(A) need not to 


be completely additive. The extension can be carried out also if they are 
only bounded. 
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§ 6. Extension of a set function defined on an algebra 


If, the domain of definition of the set function E(A) is an algebra, the 
conditions concerning the extension can be reduced. This is shown by the 
following theorems: 


THEOREM 3.12. Let E(A) be a completely additive set function defined 
on an algebra &. If there exists a number 4(0<2<1) such that bya con- 
venient choice of the quantiles Q(A, A) the set {Q(A, A), AER} is bounded, 
then 5(A) can be extended to §(&). 


Proor. The theorem is a straightforward consequence of Theorems 2. 2, 
1.5 and 3.2. 


THEOREM 3.13. Let §(A) be a completely additive set function defined 
on an algebra &. If the random variables §(A)(A€ &) are symmetrically dis- 
tributed, then the set function &(A) can be extended to S(R). 


Proor. Since the quantiles Q ee A) can be chosen in such a way that 


a(t, A)=o, the statement follows from Theorem 3.12 immediately. 
THEOREM 3.14. Let §(A) be a completely additive set function defined 
on an algebra KR. If §(A) =O(AE &), then the set function §(A) can be ex- 
tended to S(R). 
Proor. From 
&(H) =§(A)+&(A) (AEA) 


it follows that (A) = &(#). Hence if Q(A, H) is the greatest A-quantile of &(H), 
then 
0= Q@, A) = OQ, H)=KQ), 


therefore by Theorems 1.5 and 3.4 &(A) can be extended to $(&). 


§ 7. The case of Euclidean spaces 


There often occur problems in which we need to have an additive set 
function &(A) with given properties on the ring of the bounded Borel sets 
of the space R,. In this case we act in such a way that we divide the space 
R, into a sum of an enumerable number of n-dimensional intervals in each 
of which the extension can be carried out. 


252 A. PREKOPA 


In the present case H is the n-dimensional Euclidean space, H = R, and 
& is the ring whose elements are finite sums f n-dimensional intervals of 
the following type: 
[Pp og Se by (k=1, 2, pia) 
Let &(A) be a completely additive set function defined on the ring R. Sup- 
pose that H can be divided into a countable sum of disjoint intervals 
H,, Hs,... which have the property that every bounded set can be covered 
with a finite number of the intervals H, and &(A) can be extended to the 
o-algebras H,&. Under these conditions there is a set function §°(B) defined 
on the ring %, of the bounded Borel sets such that &°(B) is completely ad- 
ditive and 
S(B)=§(B) if BEAR. 
The extension is unique, i.e. if §*(B) is a completely additive set function 
defined on the ring &, and 
s(B)=5"(B) if Bea, 
then 
S(B)=o°(B) if Ber. 
This can be seen as follows. Carry out the extension inside the sets Hy. 


N 
If BE R,, then there isa number N such that BC >’ Hy. Let 
k=1 


&°(B) = > &*(BH;). 


It is easy to see that 5*(B) is completely additive on the ring %, and on the 
elements of & it coincides with &(B). Also the statement concerning the 
uniqueness can be simply proved. 

From the precedings and from Theorems 3.11 and 3. 12 it follows i im- 
mediately that if R, &, and §(A) denote the same as above and for every: 
set A€R the variable §(A) has a symmetrical distribution or for every set! 
A¢€& we have &(A)=0, then the set function E(A) can be extended to the: 
ring &,. 

In the following theorem we consider as random variables also the: 
functions €(@), €82 which are measurable but eventually may have an infi-- 
nite value with positive probability. 


THEOREM 3.15. Denote by & the same ring as above. Let & be the o-- 
algebra of Borel sets of the space R, and &(A) a completely. additive set! 
‘function defined on the elements of & for which 


O<E(A)<00 (AER). 
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Under these conditions §(A) can be extended to all elements of & and 
the extension is unique. 


Proor. First, according to what has been said above, let us carry out 
the extension of &(A) to the ring %,. Now, if B is an unbounded Borel set 


and B= 2B, where the sets Bmp ot a are bounded disjoint Borel sets, 
then put . 


eB) = = 5" (Bx). 
This correspondence is unique. In fact, if C,,C,....is a sequence of bound- 


ed disjoint Borel sets for which B=> Ci, then, according to 
1 


B,= 2 B.C; 
and ‘a 
C= > CrBr 
a 


it follows that 


E(B) = 2 (Bn C,), &(G)= >/E' (C.By). 
Thus 


2,8 (B») = = Ps (Ba Cr) = > > 8 (CBr) == DEC). 


“~, 
k=1 == i 


£*(B) is a completely additive set function. Namely, by the construction 
it is clear that if the sets B,, B,..., B, are pairwise disjoint sets, then the 


random variables &(B,), §*(B:),..-,5°(B,) are independent. If B=> Bx, 
k=1 


where B, is a sequence of disjoint Borel sets, let us construct the sequences 
{Cin} consisting of bounded Borel sets for which we have 


B= > Cie» CaCm=0 i nem. (K=1,2,--). 
J n=1 
We know that : 
(Bi) = 2 8(Cu), 


therefore, by the uniqueness of the definition of &*(B), it follows that, 


§°(B)= & F (Cun) = > > (Cun) = = & (Bi). 


k= 1 n= 


This completes the proof of the theorem. 


- 9 Acta Mathematica VII/2 
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REMARK 1. The random variables &(B)(BE3) are either finite-valued 
with probability 1 or infinite-valued with probability 1. Namely, if B— SB 
where B;B, =O if i=-k, B,€R, (k =1, 2,...), then the probability that the 
sum of the series >) is finite is either O or 1 ([8]; p. 60). 


REMARK 2. Suppose that the set function §(A) defined on the ring & is 
homogeneous, i. e. the distribution of §(A) depends on the measure of the 
set A only, but it does not depend on its position. In this case in order 
to have &*(B) < co it is necessary and sufficient that |B] <«. 

Namely, if |B|<oo and B,, B,,... is a sequence of bounded disjoint 


Borel sets for which B= > Bs, then there exists a bounded Borel set A 
and a sequence A, retin of disjoint Borel sets such that 
A= 2 Ar, {Bx| =|Ax| (K=1,2,...). 
== 
Since . 


& |I—F(t, Bs)| = 2 |I-flt, Ad)| <2, 


it follows that the sum of the series > (B) is finite with probability 1, 
£6. & (By <tecs Conversely, if |B| == ce, ‘then let B,, B,,... be disjoint Borel 


sets such that B—> Br, |B.|==1. In this case 


Sis, Bx)| = lI—F(t, B,)| + [1 —f(t, B)|+---= 


therefore the series Yee) is not convergent. Thus, according to the O or 
k=l 
1 law, the equality ; 


= 5° (Bx) = §°(B) = 


has the probability 1, and thus we have proved our statement. 
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IV. THE PROPERTIES OF COMPLETELY ADDITIVE SET FUNCTIONS 
DEFINED ON A o-RING 


§ 1. Set functions of bounded variation 


In Chapter IIf we have seen that if §(A) is a completely additive set 
function defined on a o-ring §, then for every positive 7 and « the set 
functions 


sup |1—f(t, A)} {xd F(x, A), | xdF(x, A), P(\E(A)| > 8) 
=r |vlSe |nl=e 


are of bounded variation. Starting from this fact, we shall prove two theorems. 


THEOREM 4.1. Let §(A) be a completely additive set function defined 
on a o-ring § and g(x) a polynomial for which g(0)=0. If the point O is not 
a limiting point of the closed interval [a, b], then the set function 
| g@aFo, A) 
asSab 
is of bounded variation. 
Proor. It is clear that it suffices to prove that the set functions 
fxaF@ A), | |xPdF(x, A) (k= 2) 
arb a=x=b 


are of bounded variation. Let c,—=min(|a|, ||), co max ({a|, ||). If a<0<6, 
then. 


| xdFe@, A) < 


ot ae 


f ixparc, 4)= J fares A) +aP (5A) > 1, 


asx} 


On the other hand, if 6<0O or a>O. then 


J xd F(x, A) + ¢,P(\E(A)| >a), 
|x 


=c, 


J xdFo A)| = J |x|d F(x, A) = cP (|E(A)| =c.), 


arb o=r=b 


f [xPaF(x, A) = 4P((E(A)| 20), 


aSzS6b 
hence our statement is proved. 
REMARK. In Chapter V we shall see that the set function | |x|dF (x, A) 


|jz|Se 


is not always of bounded variation. 


oO 
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THEOREM 4.2. Let E(A) be a completely additive set funetion defined on 
a o-ring & and h(x) be a Borel measurable function for which 


|A(x)| Sc, h(x)=00¢) if x—0 
where c is a constant. From these conditions it follows that the set function 


| A@QdF(x, A) 
is of bounded variation. a 


Proor. By assumption there is a positive « and a constant & such that 
|A(x)| = Kx’ if |x| Se. Thus we obtain that 


| 


Since on the right hand side there stand set functions of bounded variation, 
our statement is proved. 


h(x)d F(x, A) | i f \n@ lara) = K | x°d F(x, A)+cP(\&(A)| >). 


|z|Se 


§ 2. A further convergence theorem 


Let §(A) be a completely additive set function defined on a o-ring § 
and A, €§ a convergent sequence, lim A, A. Theorem 3.2 states that the 


n> 


sequence of random variables £(A,) converges stochastically to §(A). Besides, 
if A, is a monotonic sequence, the complete additiveness of § implies the 


more stronger relation 


In the following theorem we shall suppose regarding the set function 
E(A) only that to disjoint sets there belong independent variables. Since we 
only permit non-negative-valued random variables, the theorem can be proved 
in the same way as the corresponding theorem concerning ordinary measures. 


THEOREM 4.4. Let 8 be a o-ring. To each element A of § let a non- 
negative random variable §(A) correspond in such a manner that if Aj, As,... 


is a sequence of disjoint sets of 8, A= >> Ax, then 
k=] 


(4.1) E(A) = > (Ad. 


In this case the set function § has the following property: if B,,By,... is a 
convergent sequence of sets belonging to the o-ring 8, lim B,—=B, then 


lim E(B,) = &(B). ote 


ON STOCHASTIC SET FUNCTIONS. I 257 


PRoor. Put 
Cx=ByBin..., Dx =Be+ Bruit: 
Since 
C,.SB,CD, (neal 2; 08); 

it follows that 

(4. 2) E(Cn) = §(Bn) = §(Dx) = (n=1,2,...). 
On the other hand, ; 
lim, lim: D,, =lim 6, =, 


consequently, by the relation (4.1) we obtain that for the monotonous sequen- 
ces C, and D, of sets 
(4.3) | tim §(C,) = lim &(D,) = &(B). 
From (4.2) and (4.3) it follows that 
Jim §(B,) = 5(B). 


Thus we have proved the theorem. | 
It is an open question whether the relation 
E(An)—> §(A) if An—A, An ES 
holds always for a completely additive set function (A) defined ona o-ring 
S. In some particular cases, however, this stronger convergence holds 
even for set functions (A) which take on positive and negative values equally. 
The author wishes to return to these problems in a forthcoming paper. 


§ 3. Continuous and complete set functions 


Let § be a o-ring consisting of some subsets of a set 7. Suppose that 
the elements of H belong to 8. A completely additive set function E(A) de- 
fined on the o-ring $ will be called continuous if for every element A of the 


set H we have : 
(1) = 0. 


The set function &(A) will be called purely discontinuous if there exists 
_an enumerable set H, such that 

E(AH,)=0 if A€S. 
If &(A) is a completely additive set function and &(h)=—=0 where Ac¢H, then 


the point A will be called a discontinuity point of §(A). 
In the theory of real-valued set functions it is well known that every 


completely additive set function possessing points of discontinuity can be 
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decomposed into the sum of a continuous and a purely discontinuous set 
function. A similar decomposition can be carried out here, too. Before pas- 
sing to this we prove the following 


THEOREM 4.5. Let §(A) be a completely additive set function defined on — 
a o-ring §. If T is a fixed positive number, then the set function 5(A) is 
absolutely continuous with respect to the measure W(T, A),’ i.e 

E(A)=0 if W(T, A)=O. 

Proor. Since t 
|1— f(t, A)| = W(7, A) if A€S, 
it follows that ; 

f(t, Ay=1 if |t|=T. 
From the inequality (1.3) it follows that, for every 4, f(¢, sees what was 
to be proved. 

Now we shall prove 


oe ee 


THEOREM 4.6. Let §(A) be a completely additive set function defined on — 
a o-ring §. Suppose that the elements of H belong to § also and §(A) has — 
at least one discontinuity point. In this case there exist continuous and purely 
discontinuous completely additive set functions &'(A) and §&’(A), resp., such that — 


(A) =§(A)+8"(A) if AES. | 
Proor. Let T be a fixed positive number. As W(7, A) is a finite meas- — 
ure, there exists an enumerable set H, such that ; 


&”(A) = E(AH,) 


W(T,h)=0 if ACH—H,. 

Since €(A) is absolutely continuous, regarding the measure W(T, A), it fol- . 
lows that the set function 

&'(A) = §(AM)) | 

is continuous. On the other hand, the set function . 


is purely discontinuous and 
5(A) = §(AH,) + §(AM)). 
Thus our theorem is proved. 
In the same way as in case of ordinary set functions we can introduce 
also here the notion of completeness. The definition is also a perfect analo- 
gue to that on p. 34 of [6] therefore we do not consider it in detail. Taking 


Theorem 4.5 into account we can easily see that the process of completion 
can also be carried out without any difficulty. 


7 See p. 244. 
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V. EXAMPLES 


1. Poisson set functions. Denote M(A) a real-valued, finite, non- 
negative, additive set function defined on a ring R. Further let (A) (AER) 
be an additive set function. If 


PE) =H=*A em — (k=0,1,2,..), 


then the set function &(A) will be called to be of Poisson type. In this case 
the characteristic function of §(A) has the form 
ft, A=», 


If the set function M(A) is completely additive (in other words: if 
M(A) is a measure), the same holds for the set function §(4), too. Namely, 


let A,, A,,... be a non-increasing sequence of sets consisting of the elements 
of &, lim A, —0, then, from the relations 
(5. 1) |\1— f(t, A)| = M(A)| tem" 
and 
lim M(A,) = 0, 


it follows that 

f(t, An)=>1 if n-o, 
hence by Theorem 2.1 §(A) is completely additive. If the measure M(A) is 
bounded, then, by (5.1), the set function |1—f(¢, A)| is of bounded variation, 
hence &(A) can be extended. Particularly, if H=R,, M(A) =c|A| where c is 
a constant, we get the set function generated by the differences of an ordin- 
ary homogeneous Poisson process. 


2. Composed Poisson set functions. Let M,(A), M,(A),... be a 
sequence of real-valued, non-negative, additive set functions defined on a 
ring R. The additive set function &(A) defined on the ring & will be called 
to be of composed Poisson type if the characteristic function of §(A) has 


the form 
(5.2) ft, A) exp > Ms(A)(e*'—1), 


where the set {ay} is the set of all possible values of the random variables 
E(A) (AER) and 


> MA) <oo (AER). 


rd 
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M(A) - SMA) (AcR) 


is a finite measure on the ring A, then in the same way as in the case Of 
Poisson set functions it can be shown that §(A)is completely additive. If, in 
addition, we suppose that 


(5. 3) Dial Mi(A)<c (AES) 


and the sum (5.3) is a bounded measure on the ring x, then by the rela- 
tion (5.2) we obtain that 


1—ftt, A) =| [Penner] = 


k=i 


eMn (A) (ef 1) __ 1 


= LP 5 as | Mi (A) ernie) = Lo > |dx| Mx(A) 


where 
Lit) — max elf] (A), 
k 


hence |1—/f(t, A)| is of bounded variation for every fixed value of f; thus (A) 
can be extended to the o-ring S(R). 

It is easy to see that if R is a ring of some subsets of the space R, 
and the distribution of €(A) depends on the measure |A| of the set A only, 
then 

M,.(A) = cx A} (1, 24a) 
where ¢,,C,,... are constants. 


3. Laplace—Gauss set function. That is the name of additive set 
functions §(A) for which 


f(t, A)= (AER) 
where M(A) and D*(A) are real-valued, additive set functions, D?(A) =0(A ER). 
If both set functions M(A) and D*(A) are completely additive, then taking 
into account Theorem 2.1 it follows that §(A) is completely additive, too. If, 
in addition, the set functions M(A) and D*(A) are bounded, then from the 
inequalities 


eS D%A) = 


- DX 


1—f(t, A)} s|1—emn 4.1 MOP it|M(A) + D*(A) 


it follows that for any fixed value of ¢ the set function |1—/f(f,A)| is of 
bounded variation, therefore (A) can be extended to $(&). If R isa ring of 
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ertain subsets of the space R, and the distribution of E(A) de 
Set n end 
nly, then it is easy to see that dep Sorenson 
M(A)=MI|A|, D*(A)=D*|A|, 
vhere M and D* are constants. In particular, if n—1, then §(A) is nothing 


Ise than the set function generated by the differences of the ordinary 
3rownian movement process. 


4. Let f,(x) denote the n-th Rademacher function 
f.(X) = sp sin 2 90x (Oe 1) 


et the interval [0,1] be the space of the elementary events and the possible 
vents be the Lebesgue measurable sets of this interval. Then the functions 
fn(x)} will be independent random variables. Consider the random variables 


&n(X) —) (ad 2, ae). 
Since 
M(g.(x))=0,  D*(gn() =< 


n 
t follows that the series 
Pa 21(X) 


sonverges with probability 1 regardless of the order of summation. If A is 
4 set of natural numbers, then the series 


> &«(X) 
nEA 
converges with probability 1 in every rearrangement to the same function, 


further the set function 
B(x, A) = > Bol) 


is completely additive on the o-ring 5 of the subsets of the set H of natural 
numbers ([4], p. 118, Corollary 1). The set function g(x, A) has the following 
properties: 


a) P(igs(i=4)— 1, and thus the series 


n 
Die) 


diverges. Hence it follows that the set function g(x, A) can not be decom- 


posed in such a way that 
g(x, A) = g* (x, A)—g (, A) 
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where g*(x, A), g~(x, A) are completely additive, non-negative ‘set functions 
Namely, if such a decomposition would exist, then from the inequality 


D lense", H)+-@ ) 


it would follow that the series DY e.(2) converges absolutely, what is not true, 


n=l 


b) Since for every positive ¢ we have 


M(\gu(x)|)— J ixldFOyn) if n=, 
\r[Se 
then, by Condition a), it follows that the set function 
| |xl@F(, A) 
|x|Se 


is not of bounded variation. 


(Received 18 May 1956) 
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CTOXACTUYECKHE ®YHKLMM MHOSKECTBA. | 
A. Ipexona (Byjaneuit) 


(Pe310 Me) 


Ilycrs R(A, B,...) ecrh KOAbNO, OOPas0BaHHOe H3 HEKOTOPHIX MOAMHOXKECTR HEKOTO- 
poro mHoxectsa H. Ecan scakow anementbl A KOnbUAa R COOTBETCTBYeT HEKOTOPaN Caryyall- 


Had Beau4unHa S(A) Tak, YTO ecmM MHOMKECTBA A;, Ay,..., A, KONbUA KR HenepeceKarone, 
‘TO cnyyaiinpie BeAMYMHEI E(A;), 5(AQ),...,§(A,) HesaBMCHMBIe 1 


r(e(Sa)—Saa)= 
k=1 Rook 


Torga £(A) HaspipaeTCA agAuMTHBHOH dbyHKuMeH MHOxKeCTBa. AfANTHBHAaN (pyHKUNA MHOOKECTBA 
(A) HasHIBaeTCA BNOAHE AaAAMTHBHOH, ECM ANA BCAKOM MOCMeROBATeEABHOCTH HeMepeceKato- 


@ 
es >| 

WIMXCA MHOMKECTB Aj, Ay,... HS R, pana KoTOpo A = S"A, € K, umeer mecro cooTHourenne 
k=l 


P [say = Pa) = 4. 
k=1 


OcuospHas! Web paOOTHI HBsyYeHHe TOTO, MPH KaKHX YCIOBHAX MOKET ObITh pacmpo- 
CTpaHeHa BMOMHE ALAMTHBHAA (yHKUWA MHOMKECTBA £(A) Ha HaHMeHbUIee o-KOMbUO $(R), 


copepoKauyee KR, w kKakumn CBOMCTBAMM OONAMaeT BNOMbHE ANAMTHBHAA PyHKUMA MHOMKECTKA 
onpese.eHHas! Ha HEKOTOPOM 0-KOUbUe. 


ee 
BAe i wedi (oF a em ANNE et 
aE mam yee MS 2 A engin icy SE ea oh ihe 


: . “whin' -4¢ cea 


or 


“OMY Wiel eee CY Pe a Oe SS “roma 


(Fe8 woarews -macceeen a od Ove PARA 
NMG ee ~) ee SSeetree eo were 


ime We a & Pure oat ime signin Se Saeed 


a Se Pde, Ted (A py aoe 

» eend =~ *ei2 pen am, teen af HPD, a Oth Al Cn 

rey « i « ~* 1 > & pee (eeen OF Geckos, sree = . 
pn ete Tiel oe 

nod omcutsy (Mew Vata. i a 


. ei gveeee ®t} Ve ed eee pee, Kee — 
eer (a! Raf eiy ~ vat eae 

i a 2) awe = a Ce “ae 

7 7 - ons O=-ae, 14 


ON A HIGH-INDICES THEOREM IN BOREL SUMMABILITY 


By 
P. ERDOS (Budapest), corresponding member of the Academy 


To the memory of O. SzAsz 


~~ Cee idecesl k on 
Let ao be an infinite series. Put a= aD |i] a If 2% 


onverges, it is defined as the Euler sum of > a,. It is easy to see that if 
k=0 


@ 
ot iD. . a" . 
> a, converges, so does > aj, i.e. Euler summability is regular. Euler summa- 
—= RO 


ility was first investigated systematically by KNopp.' MEYER-KONIG * proved 
he following high-indices theorem for Euler summability: Assume that a, 0 
xcept if 


Nn; 
1) k=n,; where 4 a > 1. 
. j 


@ 
Then if > a is Euler summable, it is convergent. MEYER-KONIG further con- 
k=U 
jectured that the theorem remains true if (1) is replaced by the much weaker 
condition ay ens where c>O is any constant. It is not hard to see 


that MEYER-KONIG’s conjecture if true is certainly best possible. 
I succeeded in proving the following somewhat weaker theorem pees 


> ar be Euler summable, further a, —0 except if k=; where nj4:—N; > C ne 
k=() 
where C is a sufficiently large constant. Then > a is convergent. 

k=0 


The main. point in these theorems is that no restriction is placed on 
the speed with which a, tends to infinity. As far as I know no analogous 


1 K, Knopp, Uber das Eulersche Summierungsverfahren. I, Math. Zeitschr., 15 (1922), 
pp. 226—253; Il, 18 (1923), pp. 125—156. 

2 W. Mever-Kénic, Die Umkehrung des’ Euler—Knopps 
Limitierungsverfahrens auf Grund einer Liickenbedingung, Math. Zeitschr., 


pp. 151—160. 
3 P, Erpos, Acad. Serbe Sci. Publ. Inst. Math., 4 (1952), pp. 51—56. Recently Meyer- 


Konic proved his conjecture: W. Mever-Konic, Bemerkung zu einem Liickenumkehrsatz 
von H, R. Pitt, Math. Zeitschr., 57 (1952—53), pp. 351—352. 


chen und des Borelschen 
49 (1943—44). 


1 Acta Mathematica VII/3—4 
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theorem is known for Borel summability. High-indices theorems have, in 
fact, been proved for Borel summability, e. g. Theorem of Pitt‘ which will 
be used later in this paper, but as far as I know the growth of the a-s was 
always restricted. 


The series DS > % is said to be Borel summable to the sum s if 
rear 


xk 
tim e* S's. 2 Kl == G. Se—= 2, ai. 


In this paper I prove the following 


THEOREM. Let Did, be Borel summable. Assume that a,—=0O except if 


k=O 
k =n; where 


(2) Njsi— Nj > nj 


(c, >0 is any constant). Further let be 


(3) See 


ey 


Then > > ay is convergent. 


= 


Throughout this paper ¢c,,c,... will denote positive absolute constants. 

The proof of our Theorem will be fairly complicated. It could be 
somewhat simplified if we would replace (2) by the following condition: 
Nj41—Nn; >Cn;” where C is a sufficiently large constant. The somewhat 
large extra trouble in proving our Theorem might be justified by the possi- 
bility that our Theorem is best possible in the following sense: Let 
Ny, M,,... be a sequence of integers which does not satisfy both (2) and 


a 
(3). Then there exists a divergent series >'a,, a,—O except if k—n;, and 
k=0 


@ 

a. . 
>a, is Borel summable. ; 
k=0 


If nj <n,,... does not satisfy (2), it is easy to construct such a series. 
Thus only the necessity of (3) is in doubt. In fact, it is quite possible that 
analogously to the MEYER-KONIG conjecture condition (3) is entirely super- 
fluous. At present | am unable to decide these questions. 


4H. R. Pitt, General Tauberian theorems, Proc. London Math. Soc., Ser. ll, 44 (1938), 
pp. 243—288, Theorem 17. 
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One final remark: We might modify the definition of Borel summability 


as follows: >a is summable B’ if 
i 


»S 2 
et 
dim e my St i kl 


exists as ¢ runs through the integers. it is not hard to show that if n,<m,... 


ioe) 
is any sequence of integers, there exists a divergent series >a, which is 
k=0 


summable B’ despite the fact that a,—O except if k—n;. Thus no high- 
indices theorem holds for B’ summability unless we fore! the speed with 


which s,— co (over and beyond the trivial restriction ai SEE for every f). 


k! 


LEMMA 1. Let 
s.""=O(1) (a+), 


further a,=0 for k=-n; ({=1,2, 0+), Ayu — n> ny. Then if > a, is 
k=0 
Borel summable, then it is also convergent. 


This is a result of Pitt. 

For the rest of this paper we can assume that for infinitely many 2 
the inequality - 

sal > 

holds, where K is an arbitrary constant; henceforth we shall assume that for 
infinitely many 7 
(4) |Sn| > 100”. 
‘ Let us denote by f(x) the index of the maximal term ‘of the series 


o - 
e* > Sk a if there are several such terms, f(x) has the smallest possible value. 
r=) : 


LEMMA 2. f(x) is a non-decreasing function Of on. 


This obviously follows from the following statement: Let y > x, k, >h. 
Assume that 


xhe xk 
() el HV? 
then 
ys ky 
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This is an immediate consequence of the identities 


yh xh Ge yh ake (2) 


kl kl lx kl kl x 


and Ol Ke Kk). 
Let 


Np (Na) 2 
be an infinite sequence of positive integers which satisfy (4) and for which 
(7) |Sn,,| >|Smn| for m< nj. 

Then we have 

LEMMA 3. 

J(nz) Sn. 
Lemma 3 follows from (7). 
LemMA 4. We have for ni, =x S2n;, 


F(x) > 30"% 


where F(x) denotes the maximal term of the series e* > » a9 
i k—o K! 
Proor. We obtain from (4) by application of Stirling’s formula 


ny 


n>; v 
xu nomenitius ; 
F(x) = e* ——|8,,-| > €°"4 ——- 100" = 
Ny! Ni: 


-2n; ei n: 100, mt 1 j 
=e 1 100% = (10 ———— > 30", 
) 27tN;, e . ) 270Nj, 
Cie, Gs: | 
We are going to prove that 
(8) lim = max e* ft |. 
1+ @ nH, ScSin, k=( k! 


: @ 
Clearly, (8) implies that aa cannot be Borel summable. Thus (8) implies 


our Theorem. Thus it will be sufficient to prove (8). 

Before proving (8) we simplify our notation. 

Denote m= ni, m<m,<+++<m, the n-s in the interval (n;,,27;,) 
(i.e. the m-s are the n-s in (nj, 2n;,) for which a does not have to be 0). 
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It follows from the Lemmas 2 and 3 that for x>m, f(x) =m,. Now we 
distinguish two cases. In the first case for arbitrarily large K there exist 
infinitely many /-s for which either 


(9) F(x) = [x] (m SySxsy+Ky? = mn) 
or 
(10) f(x)=N (Mayen sy ky” Sm); 


it is easy to see that either N—=m; or N=mjii—1. N=mj4,1—1 holds for 
N=y,N=m;for N=y-+ Ky”. We may assume that y is an integer. The 
second case holds when for every number of the interval (m,, 2m,) neither (9) 
nor (10) holds. We make use of (3) only in the second case. 

Let us treat the first case. First we assume that (9) holds. We put 


ray+|% ye, L=y-+[Ky'?] and show that 


(11) eT|> NT ples eee fOr ©. My 00s 
. t= k! 
We have 
< Ss my el = Y 4 
(12) >ar=> o a + > SD a: 
k=0 f. k=0 k= m; k=m 544 
We estimate >’, from below. We have from Ss, = Smet = + °° = Smyyy-t 
m4-1 G fee 1 Ts 
JDal= Isl 3) gr Bll Se = 
ake | =) 


We have by Stirling’s formula 


ye = ae — oo 


further 


| a pede l) aroma 


Hence 


E if, 
| die] > |S; (Ifo(I)yerF" §, 


lavas 
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i.e. 
K2 


ees 
(13) [Xe] > Isle *. 
Next we estimate >’, and >), from above. 


Since by (9) 


AY 
Hl poly, 
we have 
iP | y 
| = | Sm; | y! (7) (1 +F 


y K 4),_ K* 
thus again, by applying Stirling’s formula, (2) =a +00?” s and 


ah 4 | ae a ix "| 
Ta <K? this is a consequence of T= y+ 27 


(14) = Dis A iswle™ 
and by the same method we obtain 
Se r+ 
(15) IDilSzlsmle *- 
From (13), (14) and (15) we obtain for sufficiently large but fixed K 


Sik 


thus because ot Lemma 4 our Theorem is proved if (9) holds. 
Next assume that (10) holds. Then either 


(16) en| > Tt 


1 
> Qeks | Sm, | ; 


(17) N=m—1 
or 
(18) N= miu 


where N is the number defined in (10); i.e. either N=m; or N=mij4,—1. 
First we assume that (17) holds, i.e. we have 


(19) Sx)=Mn—l (mM SySxsy+Ky'? = mx) 
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here i+1=/. We put again . ae a L=y+[Ky'?] and show 
11). We have 


irst we estimate >, from below. We have 


Mmisy -] Sk 
Pan ws _ ki T* = 
[stn —1| TM 1 4 | Mizi—1 lus 1=1) (min — 2) jt lee 
eS (ate—1)) T T? ; 
. as 
[Simi 11| pm (14 Mii— Cy Min pres Peedi: se “|= 
(Miii1—1)! i ‘ If a 
owe 
os |Sinj44-1| pees {y_| Mizr—em ah a) vr : 
(mizs—1)! : T— mii +e, mith 
ince (by mi: = m;< T) 
1/2\¢ mil? 1p 
ya Tine Cc CMmisy 3 
eae 7 | < = ae ) Po, 
Misi 
irther for K > 4c, - 
+f * 1 iP 
T—Miyi + mitt See Tah 3 
re have 
[Sing ee lo i] AES) ‘6 
4 QS Sa * y Bit GLa Tee 
20) Do k= = (m; m—D! T— Mi 


here c, is a constant depending only on c, defined in (2). 
We now estimate >, and >',. We have aed (7) 


m; Ss i ay : aes 1 Te 
k=0 Pam a 
11) mpsy-1 Te 
a = | Sin, 5D ie i a y 1S = kl ’ 
irther 
mi44-1 § fa pm Rhiseel ) (te pee ie 
Ze Gua iy! ( nop apt eae) | Smeg 1 Ti 


ow since f(y)—miii—1, we have (for formal reasons we will replace 
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Sin; by Smj41-1) 
|Smp4-11 


: Tok ar “| fans las ge 
CES) amis METI) 


1 “gy \MiH1 M41 
| Smee44-1| m;,1-1 ( i | Se;44- 1| pod i+ + 
)! ft 


~ (mzi—1)! vo (mis—1)! 
Hence 
i-l mist ™41 
aah my Tr [Smit 1| misy-d Sie T = 
pale Tak Gas he RE Te 


tes ; Sj {ea Te ar s(2yen Te { 
hii aL Tom, * AAT T— ma \ 


or 


| Sma 1| mid 1 . EAE net ate 
pa) J2ul = ~ (mii—I)! a sie ee a; 
i41-™141 2 : 
We show that the factor SEAL : is arbitrarily small if K of (10) is 


sufficiently large. We have 


t-1 miiy-m Mory—m; 4-1 / mo—m 
y \ritt “=(2) 1-y ey na 
a (+) eal: alr 


since m; and m, lie in the interval (m,,2m,) and by (2) mui—m>c, mi". 
we obtain 


m— my = i—U+1)) & yh 
Hence 


t-1 mi-mi4y o 2” ee) k 2 
nS Fe =<) Sp a 
S(t =S(2) Ph oa 


Further we have 


fl . = . f al Mg ma. ig 
y MyM; : K ym, K oY 
(7 Me 21 ~ iia = (1 + Qyie 


which is arbitrarily small if K is large enough. Hence 


il i441 
(23) > (2 tabibect 


if K is sufficiently large. We obtain from (20), (22) and (23) 


(4) Dil < yl Del 
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for sufficiently large K. Next we estimate >) from above. 


-1 hk 
Sr cio O. m+) gf 
> kt T ee = > |Sinj| : sg 
; =141 a 


Lae Y k= my, k} 
= ae 1 ke Tt my +4 a 
=, 5 = ca + |Snnj > ae i +- | Sim | > rape 
m1" 7 ” Veer AAA 
+ >" sw) cue yay a, spa 
l=j+1 k=m =m, 
We have as in the estimation of >), 
>| Smaye-t| i m (m —1)(m —2) 
, ee neal Le TMH 1 ca +1 141 - | =< 
2: 1551 (m,,,—1)! | i +t 73 < = 
a Ss [Smz44-1| ae af >i fp | Som 1| pruet cae T- = 
~ (ST (mMii—1)! T— mist (Sta (m41—1)! ae Tm 
| Smey4-1| pris! ‘fg ee (Ey ae T—mi+1 
~ (mi—1)! T— Mi aL T— thi 
ce. . 
ee | Sma 41- 1| miyiol te Sa" at T—min : 
(25) restnag e (mi41—1)! T— Mist Roaor ok L TS Mi 
It is easy to see that 
g) (Tym M41 T= Miia 
-” Pits en ace teh 
if K is sufficiently large. Hence for sufficiently large K 
—y 1 
(27) dus < 7g lauel- 
We have 
Mitt ik ws s | Soni rm (1 <= 
> > | Sm ari Bah ane sate Oe (het eee a < 


2, | Son, | to meet Ss | Sim | m Fy m+4 
‘iG eraie abe 
= Smt | meI—T sim! © \L) m+i—T 
| bSmi1- 1| miyy-1 a) B myeneet m +1 | 
~ Gta —I)! L = ve, m + 1—T 
T my-myyytl (m + 1) (T- m,,,) 
(7) m+ AT). 


—— 


1 
Setp44- it Ra S| T ae © 
© as —!1 ) 1 : T—mia l=j+1 


. 274 P. ERDOS 


It is again easy to see that for sufficiently large K 


cl aT my-my. tl (mi + 1) (T—mis1) bak 
(28) 1=j+1 | A T(m 2 T 1—T) 
and hence 
yin] 
~s , 
(29) pat rt Pari 


It remains to estimate >” and >”. We have 


i=l aa srl 7(14 T+} 


| Sm;44- 1| mj.4-1 & aie Mis 
See (re 
d tales (T— Mi+1) (T—™m)) 


<i D 


II 


a | Smit 1| Tis} 
Una aly! Tm 


Since for sufficiently large K 


T-mj44+1 a4. ay 
(7) + (T— mis) (T—m)) op 


we have for sufficiently large K 


” 1 S 
(30) Dis 7g ld 
and similarly 
“ner 1] 
(31) Da = ees 


It follows from (20), (24), (27), (29), (30) and (31) 


Setih-11 Titi! vf 


Hence, by Lemma 4, (11) follows. If, instead of (17), (18) holds, (11) 
can be proved similarly and we omit the details. Thus our Theorem is proved © 


in the first case. 


Let us now treat the second case. First it is obvious that the number 
of the mj-s in (m,,2m,)iso(mi”). This is an immediate consequence of (3). 
Hence it follows that the sum of the length of the intervals (mj, mj.) in 


(m,,2m,) with mja—m; < Km)" is o(m). 


We now split the numbers x in (m,,2m,) into three classes. In the first 
class are the numbers x with f(x) [x], in the second the x with f(x)<x, 


in the third the x with f(x) > x. 
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First we show that the sum of the length of the intervals of the first 
lass is o(m,). It clearly suffices to consider the intervals (m;, mj:1) satisfying 
1341 —m,; > Km; i. Now we observe that the numbers x (m; = X = mj41) for 
which f(x) [x] form a single interval; (this is clear since f(x) is monotonic 
and if f(x)=-[x] then either f(x)=m; or f(x)=mii—1). Now since the 
lumber of mj-s in (m,,2m,) is o(my*) and we are in the second case, the 
esult follows..Observing that by (7) f(m,) = m,, we see by similar arguments 
hat the sum of the intervals of the second class is also o(m,). Thus it 
ollows that the sum of the length of the intervals in the third class is greater 
han (1—e)m,. 

If f(x) > [x], we have f(x) =n”; (>m,) for some /. Let us denote by 
@;, 8;)) the interval for which f(x)— 1»; (¢; = x = 8). We have (as the length 
of the intervals in the third class is greater than (1—¢)m,) 

33) > (8;—@;) > (I—e)m, 


m =a; = 2m, 


é>O0 but arbitrarily small). As (10) does not hold, we have 


34) >  G—a) =o0(m), 
my, <n; <4m, 

1ence 

35) an (8; —@;) = (1—e) m,. 


We may assume without loss of generality that between &* and (k+ 1) 
here lies at least one n;; we can assure this by introducing besides the 
yd nj;-s new ones. The enlarged. sequence obviously satisfies (2) and (3). 

Next we prove 


Lemma 5.° Denote by (a;,8;) the interval for which 
f(xy=n (@ =x) (aj,>4m). 
Let K be an, arbitrarily large Se Then for sufficiently large m, there 
xist a my for which 


2 
zs K\t|" 
1-++ max : 
ea t¢0  |Aje—N5| 


Clearly, Lemma 5 got considerably strengthened by the assumption that 
yetween A* and (k+1)° there lies at least one 7;. 


por A similar lemma is used in a paper by Macintyre and myself, Edinburgh Math. 
Proc., Ser. 2, 10 (1954). 
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Proor. Assume Lemma 5 is false. Then we have for every / 


jpi2 


it 
-—«a;) < Ka; max 
(@;—«;) ae MY 


It follows from @;< 2m, that 
\t t|'? 


36 > @—a,)<2Km > max —=——-_—- 
(36) jon OD) 2, M2 Taal 
we have by the inequality of the arithmetic and harmonic means for every 
positive integer ¢ 
i? 1 t 1 j+t-1 1] 
Nj4— Nj ~~ pe oY Bes is f? 


= (Ans — Nk) 


and for every negative integer ¢ similarly 
al 


k= Ukp1 — Mk 


Nj — Nj+t \>” Fst Meg — Ak 
t; denotes the integer for which 


\t i \t;|"* ‘ 
max ———__—_|,. = ——_——_.- 
0 | Mjx—Aj| (Mj; — | 


Then we have for t; = —M 4 M is an arbitrarily large but fixed integer) 


Se hw Sheed 
2 Sy hs Ny ea 
wa 328 BUEN nia 


Pd 
en M 


where n, denotes the smallest n; with n; = 4m, and 


|t;\" <2 >" ~~ | 
nj 34 m, |Njxej— 15 t>M Pm Ny — Nj 
t; <-M 


Therefore by (3) and (36) 
(8;—a@;) < 2Kem, 


nj Samy 
for an arbitrarily small «>0O if m, is sufficiently large. But this contradicts 
(35) if rere: Thus our Lemma 5 is proved. 

Let j be a number Satisfying Lemma 5. Put 
cs 


S.=1+K max : 
t+0 | Nj+e— | 
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Then there exist three numbers y,, 7, y. with 
SY), Seely a ST= Veo 
for which 
Fn) =f(T) =f.) = 15- 
We prove (11). in this case, too. We put again 
@ “1 j41- ! 
ke — ~N 5 
eles at Ss +>= Di tie tee 
=n, ny4d 


First we estimate >. from below. Clearly 
(37) | Pdeype |S] 


We now estimate >’ and >), from above. We have 


(itis, 5 Bre Sr i+ 2 +--)2 


k=n; t=/+1 nm? 


(38) 


<1 [Sm n 21 |Sx)| 
< ‘pe Ss pile ts fag Bike EE, l TS 
| Tel yet + thy! u—T a ni! ; 


since m.>4m,, TS 2m,. 
Further, by the definition of n;, 


|Snj| : 1Sn)| (FY) iis |Sn;| »( Zp |$n;| be 
. = 2 ag — = — eee ne, Pd = : 
mt? hort Vy hee ingle Ne n;! V2 
Hence from (38) 


(39) mix2eery SF)”. 


1741 
We have for sufficiently large m, 
ius < ( + K(I—j)"" Ii 2e K(1-j)'/2 6 
; V2 nm—Nn 
Hence by (2) . 
3 @ #8 ny-n; o ~ K-92 
= <2 tae 
=) es 
which is arbitrarily small if AK is sufficiently large. Hence from (39) we 


x \% 


i x? 1-3 
6 This can be proved as follows: We have for n > Dog? (i + al Pa eal (namely, 


n log (1+ *) > x—F > x —log2) Now we have by (2) and (3) /—j=0(n,—1)). Putting 


x= ki(l— j?, a=n,— n,, the result follows. 
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have for sufficiently large K 
1 
(40) | 2isl Syl Del: 


Finally, we estimate >. Let us define the number 2 by 
mS T <n. 
Then we write 


“a : mai! Wr “a7 
a= at > = <a Sie as : 
k=nj "+ 
We have 
S [Smisa-t] pgp Nii—1 
ANE GM | Famer paren = 
(41) St Weert! peat T 
~ 1 (an1—1)! T— Mii Is 
Now we have as before ‘ 
Tt [Sn | i Vr gb Me 
ISeise-t] Tr =I) — nj! TI 7; ’ 
hence by (41) 
F 7 NO ny m44t1 


We have for sufficiently nee m, as in the estimation of >’, 


(1 “a KG) (ALE) L oe K-11) 
Fist (15 | 

ih te ne 
( (a) be. [ te Pee ne ee = 

(43) ‘saa eo [Miwa] 


i . 1/2 ny? . 
< (1 ALN Sond ese? a < Qe KG--yth .e% {(j-a)"24@-1-1)"2} 
‘te Ny—Ni+1 a 


Since between k* and (k+1)* there is at least one m, we have 
j—2>nj"—n;® and since n;>4m,,m, <2m,, we have 
(j—2)'" > ((4m)"— (2m,)!")'” = 2" 2! 1)" mi = eam}, 
hence by (42) | | 
= aay 


K ne 
BS ea 8 me Fo Se 
I=] 
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or since 
2-1 ue 1 o K 4 
Dre ee ot) 
it t=1 

_ Ee m ‘te 
and m,e ? is arbitrarily small if m, is sufficiently large, we have 
me Ue ae 
(44) Il < 75 |Z. 


The estimation of © can be done similarly and we obtain for sufficiently 
large K 


(45) Im<5l> 


Finally, we estimate >" from above. We have 


(46) km il m+ | 
snp i T™ ni + 1 
J=A41 MN me 1—T 
Further, we obtain as before 
| |Sm| ny} | Snj| n> [2 i rk ; 
Bp Pilea one ner 


taking into account that by the definition of y, and 7 


Wn hi Kit"? | ‘ 
(32) —(14+ max a 


we have 
\nj-n . 1/2 >\- (nj-n)) ap 
F\a ( KUG—) i ae xan 
(48) (2) < Sac Fe ie <DE ; 
we have by (46) 
wer ea ied" My eles 1 
gyi we lee [Dy pata Sul. ra 5 e eli ay 
Serine mtl , e 
Consider the sum > e j-y'h MT" | Let 2’ denote the greatest number 
: leone nm+1—T 
for which m-—T = 3 a1, Codlig= T =3m,. Then write 
i-1 a” j-1 
— =t 
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First we have 
we 


\ af Kfar ay a 
eke n+ 1 Sz 3m, 2 et Sit esa -1y'hy 
1=A+1 ni + 1— 7 1==A+1 


hence because of nj >4m,, m= 3m, and because of the fact that between 
k* and elt, there lies at least one m, we have as before 


. . : oe . m,'[o ~ ete! ; 
(50) Ss eure: ni = eo "WA a I D2 e 2 == 0(1) (m,—> co). 

r / amie = r 
Further we have 


Qa 
g=1 


j-1 oo + 
-xG-pe m+) py “KU-Wh 1g So kts Jemax= a 
1° Ast hae hie fee eat Ket 
i.e. for arbitrarily small ¢«>0 
j-l 
4 S -xoyh ml 
a a pep Tee 


if K is sufficiently large. 
We obtain from (46), (47), (49), (50) and (51) for sufficiently large K 


(52) Dae 


hence 


ey>: 
<7 Zals 


Ser SESE ee Sah 


0 


hence, by Lemma 4, (11) follows and the proof of our Theorem is complete. 


We can generalize Borel summability as follows: Let fo=> b,.z* be. 
an entire function, b, real and f(z)—> © for z—+ o along the noaitive axis. 


The series 3) a, is said to be nae f to s, if 
k=0 


k 
liter = Soap x =, Se= > ah. 
z> @ Fy 2) t= i—0 


It seems that the following high-indices theorem holds for this summability 
method. There exists -an increasing function g(x) depending only on f(z) so” 


that if Sa is summable f and a,—0O except if kn; where nj.1>g(n,), 
then D3 a, converges. 


Finally, I would like to thank Mr. P. Sz0sz who simplified and improved 
my original proofs in several aspects. 


(Received 16 April 1956) 
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OB OJHOW TEOPEME, OTHOCALIEMCA K METOJY 
CYMMUPOBAHHA BOPEJIA 


MN. Ipaém (Byganewr) 
(Pe3 Me) 
Pa6ota cofepKNT AOKasaTenBCTBO cnepyrouseh TeOpemp : 
@ 
Nycts pag DO cyMMHpyem no Bopenn, T. e. cyusectayeT npesen 
k=0 


@ 
4 s 
lim e* LSS 


z> Oo ak! 


rye Sc > a,; NyCTb, KPOMe TOrO, BbhINOJHAeCTCA crepyrousee yCnoBnHe : 
1=0 


a,=0, ecau k + A, 


rye n; ecTb HeKoTopas NOCHEAOBATEABHOCTh HATYPaNbHbIX 4HCeN, AIA KOTOPbIX BHINOMHA- 
10OTCH epasencrra 


(1) N44 — Ay ean, Cf==172 5) 
(rae ¢ — nonoxKuTenbHaA NOCTOAHHas), 
ee 1 
2 ee CO: 
(2) DS maa 


Torna pan > S a, CXOANTCA MB OOBINHOM CMBICZIe. 
rm 


2 Acta Mathematica VII/3—4 


hg 
boy® : 
na s 

* aay Sms 1 
ee eo wr 
Thing 4 1b)! lies we oy oe a ae A 
ad gerersix rol susnsaiitly ab CSOT Dag mt 
> ria, ici ane As) <3 0 fe¢ — Ket Oe ait 
b ,; = al ~ mite flaw eo 


\ nas, 7, ake | 2 — 4 


a omosven lhe Sor tie § 
oe Joven” neti 25) Gipeihie aie ae 
 ounveae f sat ne wit tenn a 
. be 


a 


that Mah Sated ahs singled aad o 


r ° ay) 4epol, 


Ts HG 1 Ae Paap 


ON THE SUMS OF POWERS OF COMPLEX NUMBERS 


By 
J. W. S. CASSELS (Cambridge) 
(Presented by P. Turan) 


1. Let z,,..., 2% be complex numbers and put 
(1. 1) Sy=Zit-+ +2. 
In §2 of this note I shall prove that if 
(1. 2) HSE =1, 
then 
seat. 
(1. 3) ey Be 
This result is the best possible of its kind since (i) if z; = 1, 2—-:-=2=0, 


then |s,|—1 for all », and (ii) for each k M. BOweN has given sets of 2; 
such that |s,|<1 for 1= 7 =2k—2 (see TURAN’s book’). (Such sets will also 
be given readily by our analysis.) 

In the context of the problem (see ') it is natural to consider the more 
general sums 

Oy = b, 2 + +++ + On Ze 

where 6,,..., bx are positive numbers not depending on ». It turns out that 
the situation ‘is here unexpectedly different, as we shall show in §§ 3, 4. 


Finally, in § 5 we shall discuss other applications of our methods. 
For the relation of our results to DiRICHLET’s theorem and other topics 


we refer to'. 


2. Suppose, first, that Z1,-+-)Z, are the roots of an equation 
(2. 1) | 2+a,2°°+--++a,=0 
with real a,,...,a@,. Then the s, are real and satisfy the Newton identities 
$1; = — a, 
Se+a1s1 = — 242, 
| aR RR eg a) Be on 
; Sx + 1 Se-1 + 22° + nS = — kay, 


Sk+1 + 1 Sk °°" + a S2= 0. 


1 P, Furdn, Eine neue Methode in der Analysis und deren Anwendungen (Budapest, 
1953), Akadémiai Kiado. 


2° 
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It follows at once that 
(2. 3) Max sy =O, 


IsyvSk+l 


— 


since otherwise (2.2) would give in order a, >0,a.>0,...,a,>0 and then. 


the last eqvation of (2.2) would give a contradiction. 
Now let z,,..., 2% be any complex numbers. Then 


2Nsy=2ite tat ate +2 
and the argument above shows that 
(2. 4) max ‘Xs, = 0. 


1Sv=2k+1 


We may now prove the result enunciated in § 1 that (1. 2) implies (1. 3). 


We may suppose without loss of generality that |z,|—max!z;| and so, by 
considering z;/z, instead of z;, that 


= 2, = max |2;|. 
Then, by (2.4) with k—1 for k, we have 
(2. 5) = S| = max Rs, = 1+ max M+ +24) 21. 


v=2k-1 ISv=2k-1 l=rvS2k- 


It remains to show that (2.4), (2.5) are the best possible. If 


2nij 
z= exp (24 (fF = —1), 
we have 
Ks, = —y (l=vS 2k). 
Now put 
2,= I, z—eexp (2400-0) (Vi>1) 


where ¢>0O is small. Then 


1 
Rsy=1—ze, |3s-|Sker (1S ¥s2k—2) 


and hence for »—1,2,..., 2k—2 we have 


ls,?s 1—e”+ (12+ 4 e< I 
provided that 


[e+tyect, 
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We note in passing that the = in (2.3) cannot be strengthened to > 
Indeed, if z,,..., 2: are the roots of z*+1—0O, we have 


SK=—k,. s;=0 (1S/<2k, fh). 
On the other hand, it is easy to deduce, as above, from the first 2k Newton 


identities that if a,,...,a, are real and not all O (so z,,..., 2, are not-all 0), 
then 
max s,>0. 
1Syv=2k 


From this can be deduced analogues of (2.4), (2.5) with > for = and 
4k+1,4k—3 for 2k+1,2k—1, respectively. : 


3. We now consider 


(3. 1) Dy = By 2 +0 + Onze 

where Z,, +++, 2; are complex numbers and 6,,..., 6, are real and positive. Write 
(3. 2) 2z;=f, exp(2 21 6;),.. r;>0. 

By DiRICHLET’s theorem there are integers v, #,,...,@x such that 

O<r< 4 

and 


| , 
eevee tas 1 Ales j SX). 


Then 

Rzj =O (is) =k) 
so 

(3. 3) max Yo, = 0. 


1svs4k-1 
By analogy with the results of § 2 one would expect that 4*—1 in (3. 3) 


‘could be replaced by something much smaller, say of the order of k. We 
shall show that this is not so, and indeed that there exist’ 6;, z; such that 


(3. 4) 0, <0 (ave 5-1). 
Put 
) ak a | pe | 
(3. 5) gag sin ees Bk 
$ g == Sk ex Bae a4 
(3. 6) 2S eer : p 4.311? 
and 


@. 7) 6; = 8". 
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Let » be any integer in 1 = vy = 3*—1, so that 
(3. 8) lle gy a 9 
for some integer / (1 = / =k). Then 


1 

2 
(3.9) g-37+71+29)-2rk sp po” = COS a 5 =o [2 | = — AG. 
For 7 <J we have 
3 10) Peel aieciak Nee’ |r, hae Ee G79) 2087-12041) =. 

, Lad jy aa = = 
since 7 —3) = 2(371 +---+3/)= 2 (J—s)37" and (3.8) holds. Similarly 
for > J we have 
eMEHY GE 3747 (14+207)- arabe 2 i= 3" 37 4(Qv+1\(J- D< jr-ne -37_ 2v-1) = g 
Hence, by (3.9), (3.10), (3.11), we see that 
Ro, = Rb725+ > |b;2z7|< 0, 
J-J 

as required. 


4. In the counter-example constructed in § 3 the 6; were very unequal. 
We shall now show that this is necessarily so. Let 0;,z; be as in § 3 and 
suppose that 


(4. 1) |z,| = max |z;]. 

Put 

(4.2) Pees aa 

We sh&ll show that 

(4. 3) mgs 0, >0 

where 

(4. 4) ee See 

In the particular case 6,— ---—6,— 1 this is much stronger than (3.3) but 


still weaker than the precise result (2. 4). 


The proof uses the well-known positiveness of FEJER’s kernel, that is 
the fact that 


1 . ¥ 
(4.5) 5 +> (1 yy) me =0 


for all positive integers N and all complex numbers z with |z| = 1. In particular, 
N 


=T ee 
(4. 6) >t 


1 1 
i} Ro, = — 9 (At it by) = — 5 bi (1 + 8). 
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ut now 


A(R0,)? = 4(6 zi + HD HYP = 4 b(Mzi) + 8b, (zt) Ht _> b:z7) = 
j=? = 
= 2b} 4+ dizi" + 6121" + 261 2, 4; {(z.2,)" + (zz) + (Hz) + (Hs %)"}. 
j= j ; 


ence for any positive integer M we have, by the positivity of FEJER’s ker- 
el, that 


M+1 
We now define N by (4.4) and write 


j==2 


M 
|. 7) aS (i- \ (o,) = (M—1)b}—4 6, S 6, = (M148. 


1 
1. 8) M=3(N+1)—1=[#+ 65] +3. 
‘ut 
+. 9) RS (1— p44) xo, (="=M) 
ince 


1e inequality (4. 7) gives 


4.10) 4>°2 =o(M—1—46). 
We now suppose, if possible, that 
4.11). Riga 0 (ta veN): 
hen (4.6) and (4.11) give 
M 
4.12) &, <= 0, Yes 540+8). 
1 


lence, by (4. 10), 
a\ Lata =(D> EY = 2D. & = {} — 8} 


‘his is in contradiction with the definition (4.8) of M. The contradiction 
hows that (4. 11) is false, so (4.3) is true, as required. 

5. The methods of this note have, of course, other applications to the 
ircle of ideas in TuRAN’s book’. For example, I shall now sketch an 
nalytic proof of a result nearly as powerful as DirICHLET’s theorem. TURAN 
xpresses a wish for such a proof in his book °. 


ie + ae 
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Let 4,,..., 6, be any kK—1 real numbers and put 
(5. 1) 2=1, z—exp(27i6)). 
Then for any integer p >0O we have an identity of the type 
Sh 
(5. 2) \s, |? = C+ pa DyZ; 
where C, D,, Z, are independent of » and 


C50, Drs 0; | 
VA er ne Holteoy srr 


Here C is the sum of the squares of the coefficients in the usual multinomial 
expansion of 


(323) 


(x1 + +++ + Xx)? 


and so for fixed k we have 


6.2) C= {x -+0(1)} 42/p? 
where x >0O depends on k but not on p. [We actually require only = in 
(5. 4). Perhaps the simplest way of proving (5.4) is to note that 

(2 aye3C= | tee fu + exp(2 ig.) +--+ +exp(2 wigy)P?dqeo---d gx. 
For large p the only significant part of the integral is in the neighbourhood 
Of .¢,==::-=g, =—0; and there the integrand behaves like 


FP (Sei+Do—ol. | 


Since FEJéR’s kernel is ee (5. 2 and (5. 3) give, for any integer N. 
N 


S i: 2 Sse 
X(1- Heals = 7 NC—+ Dz, 


| 


k*? exp = 


and so 


(5.5) max |syP? = ( sty fas a 


IS: 


We now let N be arbitrarily large and put 


(5. 6) Dace (a xn) | 


A straightforward calculation then deduces from (5.4), (5.5), (5.6) that for 
_ all large enough N 


) ae w2>1—d Ne 
(5. 7) Aseigheg >1—dN log N 


where 6 depends only:on &k. 
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But for the values (5.1) we have 
Sy?’ =K—4> sin? av 6,—4 > sin? 2 (6,—8, 
|s,| ts mv; 4 = sin tv (4,—6)). 
‘nce for the maximal » of (5.7) we have 


|sin 79;) = ANU“ Mog NY” Sisk) 
lees 
are 4 = a kd? depends only on k. This may be compared with the estimate 


|sin 27 0;|= aN **” 


tained from a direct application of DIRICHLET’s theorem to the K—1 num- 
rs O,, eaey O,. 


INITY COLLEGE, 
MBRIDGE, ENGLAND 


(Received 25 May 1956) 


O CYMME CTEMNEHEM KOMIMMJIEKCHbIX 4HCEJI 
E. B. C. Kacceac (Kem6puapx) 


(Pe3zrwnme) 


AsTop B HacTOAue paGoTe pewaeT HECKOABKO Npobem, NocTawneHHbIX I]. Ty paHom 
KHure Eine neue Methode in der Analysis und deren Anwendungen. Tak, Aaa ycunenna 
HoH Teopempi M. LilneHtuepa WoKaspinaeTcA, 4TO CCH Z,,...,2Z, TAKHE KOMMIEKCHHIC 


cna, aa KOTOpHIX max |z;|==1, TO max |zi+---+2)|21. Ota Teopema TouHa B 


p> Pec ioe ener 4; a) | 
yx HanpBreHHax. Bo-nepsnix, He1b3d yAyYWHTb CTOAULy!O CnpaBa 1, Kak 3TO NOKa3abiBaeT 
crema 3Hayennit Z, == 1, Z,—=---=-Z,,—=0}; BO-BTOpHIX, Kak 9TO yKE PaHbUe NOKasan ODMH 
wmep M. Boyana, ycnosue 1o»<2n—1 He MOKET ObITh BAMEHEHO YCOBHEM 
<v=2n—2., Dra Teopema, B HECKOIBKO HHO (opMe, NOKasbiRaeT, 4TO AIA n106b1X KOMM- 


KCHBIX YHCE W,..., W, 


a 
: oman, Fiche twa Abe [wjl- 

ropoii OCHOBHOM pesyAbTAT HaNpaBreH B CTOPOHY BhINOAHEHHA NOKeAAHHA, BbICKAsAHHOrO 
KHure Typana, 4T06nl Kaaccuyeckand Teopema /[upuxie Obl1a FOKasaHa C NOMOLIbIO 
HTOHOMETPHYECKHX CYMM. DTHM METOAOM NOKABbIBAeTCA, CYLUCCTBEHHO HCHOAbSOBAB HEOT~ 
{ATeENLHOCTh Apa Denepa, uTo ecmnug> q,(n) H FD, Fy AWObIe BELLECTBEHHbIE 
cna, TO cyulecTByeT TaKOe uen0e ¥, ANA KOTOpOrO | <v<q" u AAA KOTOpOrO npH 
OTBETCTBYIOLUMX LeNbIX €; 


eee eee (fly 


7 


@ C 8aBHCHT JIMWWb OT NM. 
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REMARK ON THE PRECEDING PAPER OF J. W. S. CASSELS 
(APPLICATION TO APPROXIMATIVE SOLUTION OF ALGEBRAIC 
EQUATIONS) 


By 
P. TURAN (Budapest), member of the Academy 


As well known, the classical method of BERNOULLI—LOBATSHEWSKY— 
GRAEFFE! for approximative solution of the equation 


(1) Fo(X) = doo + AwxX+ +++ + Anyx" =0 (d,6=1) 
consists in forming the /,(x) transforms defined recursively by 

(2) AAD) =(—N'f-iVO)ha(CVx)— (¥=1,2,.-). 
if 

(3) F(X) = Aoy + Qty X + +e + Any" (Qny = 1) 

and for the zeros of the equation (1) to be solved we have 

ayes. L23| > [ze] [zs] S++ = |Z), 

then : 

ee [24] = Him |ay, »|?, 


This method was used until the thirties without hesitation also for small 
y values, without an estimation of the error. After the first results of SAN 
Juan? A. OstrRowskr’ succeeded in a very thorough paper to modify the 
B.—L.—G. process, adapting it also for small » values. Later | have found 
that a new trend‘ in the theory of diophantine approximations leads among 
many others also to a new approach to this problem;* the results were 
completed in a joint paper with A. REényl.° The problems of this trend, 
relevant here, all have the form to seek the lower bound of 
[wi ees + Wr | — M(N) 


min max = 
Wy rey Wy WA, 2 wey W ( max’ |w;| ) 
bm Wri} 


1 For the sake of brevity we shall call it B.—!.—G. process. 

2 Revista Math. Hispano-Americana (1939). 

3 A. Ostrowski, Recherches sur la méthode de Graeffe et les zéros des polynomes 
et des séries de Laurent, Acta Math., 72 (1940), pp. 99—257. 

4 P. Turdn, Eine neue Methode in der Analysis. und deren Anwendungen (Budapest, 


1953), Akadémiai Kiado. 
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where N =n is a prescribed function of n. The estimations used in * and 
in ° were 


(6) M(2n) = a M(n) a0 2 


] ] 1 
Bare se 
and with arbitrary O<¢< 1 
(7) id jp = 1—«. 
A result of CASSELS in his previous paper asserts that‘ 


(8) M(2n—1)=1. 


Using (8) instead of (6) and (7) we obtain instead of the B.—L.—G. process 
the following 


IIV 


Rue. Let (1) be the equation to be solved with the zeros 2,,...,2n- 
We assume 
\2,| = |Z) 2 °-- [2a 


without loss of generality. Let & be an arbitrary positive integer and we form 
the f(x) transform defined by (2). Writing it in the form (3) we can com- 
pute successively the s,, quantities from the Newton—Girard formulae 


Onk Sik + An-1, k eo i 
Onk Sak + An-1, kSik + 2Qn-2, k =O ' 
QnkSnkt °. * > +NQox =0 
Qnk Snst, kT + + Gon Sik ==0 
QAnk Son-1, °° * + Aon Sn-1, k ==(), 


6, P. Turdn, On approximative solution of algebraic equations, Publ. Math. Debrecen, 
2 (1951), pp. 26—42. 


6 A. Renyi and P. Turdn, On the zeros of polynomials, Acta Math. Acad. Sci. Hung., 3 
(1952), pp. 275—284. 


7 In another form his result asserts that for each system (W,....,Wn) of complex 
numbers we have 


pel nan Pie Moss 
_ max Viw? ->s +wr|=> max \w |. 
ponl, 2, ..., BH-1 Pe} Oe ee 


We may confront this with the estimation 


v 


max V we ob eee wl min | w.| 


v=), 405, 8 a) Cn J 
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t 
t 
Ow 


Then we have the inequality 


gly 2 
( max snl?) 

jal, ..., Qn 
The superiority of this rule over those in ° and ° is evident; it gives 
narrower bounds for |z,| than OsTROwSKI’s rule. Its superiority over the rule 

with 
a \z,| eae a tak 
10 (| ee 3 | en Yor pe a 

(10) ey Parter | loge lel -< ¢ 
[max |six)] 

P=, cine ® 


from * is not quite clear, owing to the accessory computation of the numbers 


\ 


\| 


bo eS 
| Spuyetg| te? poetry | Spinzts eer . 
1 
Whereas CASSELS’s result replaces the inequality M(2n) = 5 by the final 
result (8) we are still far from the determination of M(n), the best known 
estimation being” 
(11) M(n)=C 


(C numerical constant). 

The proof of our rule, having once CASSELS’s theorem (8), runs on the 
same line than the rules in * and *; but this is so short that for the sake of 
completeness we reproduce it. For each 1=j= 2n—I1 we have evidently 


= J 
j-2* 
> 2 
i==1 


lpg Jog. n. 
log n 


Psy, 4 . o)k 
cconha, lis nestle ins 


| Six | = 
i. e. also 
1 
max |sy| = |zi|* 
1S j=2n-1 
which is only anothr form of the lower estimation in (9). In order to obtain 
the upper estimation we apply CASSELS’s theorem (8) to the numbers 


(2 (pessl) Qjnxtsin) 


‘on p. 26 of my book. The problem, to find the minimal h(n) with the property 


” 


max Vywrf---- + wel max | w, | 
it agen te 


vl. 2..... Ain) 


hold for each (w,,..., Wn)-systems, was raised by P. Erpés independently of me. 
* Communicated by N. G. pe Bruyn in a letter. 


294 P. TURAN: REMARK ON THE PRECEDING PAPER OF J. W. S. CASSELS 


This ensures the existence of an integer », with 1 = = 2n—1 such that 


This means 
1 
|z,|"% = |sy,0|% = max |sp|? 
1Sj=2n-1 


which is only another form of the upper estimation in our rule. 


(Received 25 July 1956) 


3AMEYAHHE K SIPEAbIAYLIEM PABOTE E. B. C. KACCEJICA 
(NPHMEHEHHE K MPHBJIM)KEHHOMY PELUEHHIO AJITEBPAMYECKUX 
YPABHEHMUN) 


HM. Typan (Bygzanewr) 


(Pe3 Me) 


Ipnmenan Onny Teopemy npegbinyueh pa6otsi, aBTOp npeanaraeT cnepyroulee H3Me- 
Henne MeTOMa Bepuxyran—JloGauescKkoro—TlI page. 
Ilycrb Tpe6yetcaA pewHtTb ypaBHeHHe © 


; n 
J (2) = Aq + ayy Z + +++ +4,92"=0 (4,9 = 1), 
KOPHH KOTOPOrO Z,,...,Z,, HE YULEMIAA OOUHOCTH, YNOBIETBOpAIOT HEpaBeHCTBy 
2, | = |2_| = -+- S1z, I. 


O6pasyem npeo6pasoxanHple dbyHKuHH NO dopmyne 
Lua@=Ci"s, (2)f, (V2) (» =0, 1,...)5 
nyCTb 
Sf, @ =, + 4, 2+ oe Titus 2" (2, = 1). 


O6o3Hayaa 4epe3 Sj, CyMMy J-bIX CTencHeli KOpHeH f,(Z) C MOMOLIbIO cbopmya HprwoTona— 
dKupapna uncaa 


81) Sap fhe Sant 
MOFYT ObITh NOCAeAOBATeAbHO BbINHCHeHBI. Torna 
Vv 
1 “s 
(—] < |2,| 


n ° at Q°¥ 
| max |s;,|9 


j=1, 2,..., Qn-1 


teenie dd 


RELATIONS D’UN PROBLEME DE NEVANLINNA ET PICK 
AVEC LA THEORIE DES OPERATEURS 
DE L’ESPACE HILBERTIEN 


Par 
B. SZ.-NAGY (Szeged), membre de |’Académie, et A. KORANYI (Szeged) 


1. Soit f(s) une fonction a valeurs complexes, définie sur un ensemble 
situé dans |’intérieur du cercle unité du plan complexe. Le probléme est 
® savoir dans quelles conditions la fonction f(s) peut étre prolongée en une 
mction g(z), holomorphe dans tout l’intérieur du cercle unite, et de partie 
elle non-négative, ou, en bref, en une fonction g(z) ”pseudopositive”’. La 
lution de ce probléme, due essentiellement 4 R. NEVANLINNA et G. PICK,’ 
st la suivante: // est nécessaire et suffisant que le noyau 


) k(s, t)=(1—st) ' (f(s) +f()) 


vit de type positif, c’est-d-dire qu’on ait 


n n 
4 2 & K(si, S;) iC; =O 
t= j= = 
our tout systéme fini de points s,,...,8, de S et pour tout systéme de 
ombres complexes @,..., Gn. 
La nécessité de cette condition découle simplement de la formule de 


oisson: 
2a 


, ar a See Thee 
g(z)—ilmg0)+ a | [Regie] ae at (\z|< <1). 


i) 


juant a sa suffisance, elle a éte démontrée par Pick et NEVANLINNA par des 
éthodes algébriques et de la théorie des fonctions. Plus tard, M. KREIN et 
- RECHTMANN? l’ont démontrée en réduisant le probleme a la solution du 


1G. Picx, Uber die Beschrankungen analytischer Funktionen, welche durch vorgege- 
ene Funktionswerte -bewirkt sind, Math. Ann., 77 (1916), p. 7—23; Uber beschrankte 
unktionen mit vorgeschriebenen Wertzuordnungen, Ann. Acad. Sci. Fenn., B, 15 (1920); 
Nevanuinna, Uber beschrankte Funktionen, die in gegebenen Punkten vorgeschriebene 
ferte annehmen, Ann. Acad., Sci. Fenn., B, 13 (1919). 

2 M. Krein et P. Recotmann, Sur une question de Nevanlinna—Pick, Travaux de 


Univ. d’Odessa, 2 (1938), p. 63—68. 
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probleme des moments suivant: 
< 
ets 


et — 


f(s)= 5 dat), 

0 
dont l’inconnue est la fonction o(f), non-décroissante et indépendante de s} 
(Cette réduction est possible notamment si l’on fait ’hypothése additionnelle 
que le point 0 appartient a l'ensemble S et que f(0) est de valeur réelle: 
hypothése qui ne restreint pas la généralité.) 

Dans ce qui suit nous allons donner encore une démonstration, appar- 
tenant aussi a l’analyse fonctionnelle, mais qui, au lieu de se reporter aux 
théorémes sur les problémes des moments, fait usage seulement de quelques 
faits simples de la géométrie des espaces hilbertiens. Cette méthode nous 


_ permet méme de généraliser le probléme au cas oii le réle de la fonction 


numérique f(s) est donné a une fonction F(s) dont les valeurs sont des 
transformations linéaires bornées d’un espace hilbertien.* 

2. Supposons d’abord que le point 0 appartient a S. 

Construisons, de la maniére usuelle, |’espace hilbertien associé au noyau 
de type positif k(s, ft). A cet effet, on fait correspondre a chaque point s de 
S un symbole e, et on considére la variété linéaire ¥, des. formes linéaires 
finies 

a & es, 
a coefficients complexes «;, l’addition de ces formes et leur multiplication 
par des scalaires étant définies de maniére évidente. Pour 


C= >. @ies,, {a > Ber, 
posons 

<P, > = > > k(si, t) a8); 

Cory 
en vertu de (2) on a 
9 = 0. 
Lorsqu’on identifie deux éléments ¢,, ¢, de &, pour lesquels 
Hy —Ffa, Gi— PP» =z (), 

Y, devient un espace de Hilbert ¥, en général non complet, muni de k 


’ Des raisonnemen{s analogues s’appliquent aussi a la démonstration et généralisa 
tion d’un probleme de Lowner; cf. A. Kordnyi, On a theorem of Léwner and its connec 
tions with resolvents of selfadjoint transformations, Acta Sci. Math., 17 (1956), p 


63—70, et B. Sz.-Nacy, Remarks to the preceding paper of A. Koranyi, Acta Sci. Math 
17 (1956), p. 71—75. 
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notion de produit scalaire 


(, WP) = <9, YW». 
C’est le complété st de & que nous associons au noyau k(s, ¢). 
D’aprés cette définition on a en particulier 


(é,, &:)== K(s, 7), 
Cela étant, posons, pour s=0, 
es =s"'(€s— ep). 
On aura, pour s,¢=-0, 


eed ] 
ess j= oy {(e., €:)—(es, €)—(, et) + (é, €o)} = 
—— tk(s, t)—k(s, 0)—k(0, t)-+k(0, 0)} = 


= 1) M9FIO _ (45) +H) +7141 +}! — 


Sit’ t—<s7 
fis) ¥ f(y = 
Sg KS, = (Crs) 


En désignant par Yt le sous-espace de & déterminé par les éléments e, avec 
S=-0, il résulte du résultat que nous venons d’obtenir, que la transformation V, 
définie d’abord pour les éléments e, (s+-0) par Ve,—e;, peut étre prolon- 
gée par linéarité et continuité en une transformation isométrique de i. Soit 
Mt Vimage de MN par V. 

On a évidemment, pour s=+0, 


(3) (I—sV)e, =e, se, = ess ~ (0) = 6a. 


Or, la transformation isométrique V peut étre prolongée en une trans- 
formation unitaire U, du moins si lon admet aussi de sortir de espace 
en un espace convenable plus vaste R. 

En effet, soit § = QO, lespace des couples {f,g} d’éléments de x; 
on plonge & dans & en identifiant f avec le couple {f,0}. Soient alors 
f=fut+fu,g=g+gai les décompositions des éléments quelconques 
f,g de ® suivant les sous-espaces orthogonaux complémentaires indiqués. 
Alors, la transformation 

Ulf, gi={Vfntgu, Vigxt+fu} 
est, on le voit facilement, un prolongement unitaire de V dans &. 

En désignant la transformation identique de par la méme lettre /, on 
aura en vertu de (3) 

(J—sU )e, =, 


_3 Acta Mathematica VII/3—4 
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relation qui subsiste évidemment non seulement pour s=+-0, mais aussi pour 
s=-Q. Il'en découle que 


i | 1 1 
Co, e,| —— F390 eo, a my (G3 eo) = (es, €) — Ly (€, e») = 


=k(s,0)— 4-410, 0) =f) + FO) — 5 [10 + FO] =F) —i Im FO), 
done on a 


: LAd ely 
fe) Fae JS oe (Faso 


pour tout s¢€ S, b étant une constante réelle. 
De cette représentation de f(s) il résulte que f(s) admet le prolongement 


is Lsh2Ul |, 3) seein peamminiga reg 
(5) . g(z)=ib+ > aes ZF eo, €4| = ib + 4 (60, €)4 a 2 (UC, ey); 


fonction qui est évidemment holomorphe dans le cercle unité, et dont la 
partie réelle y est non-négative, en effet, en posant (I—zU)'e=L, on voit 
que 


Re g(z) = Re 5420), (1—zU)1,) = 5 (I l2P) (t, LL) =0. 


Cela achéve la démonstration du théoréme dans le cas ott S comprend 
le point 0. 
Le cas contraire peut étre réduit a celui-ci par les substitutions 


(0) = f(s), 


S désignant un point quelconque fixé de S. En effet, on aura alors 


=. Sy 


0 => —+ 
I—ss, ’ 


Pas (01) + (65) perdi S(s) + f(s) 8B; =0 


1— 0,0; Ss 1 sys; 
avec 
I—s,s, 
Vi—s,s, as, 
par consequent, y(o) admet comme prolongement une fonction 7(2) pseudo- 
positive, et 


i= 


g@)—7 (== 


zs 


sera alors le prolongement pseudopositif de f(s). 
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Une fois démontré que f(s) admet un prolongement pseudopositif, il 
‘ensuit que le noyau k(s, ¢) est de type positif non seulement sur l’ensemble 
nitial S, mais dans tout l’intérieur du cercle unité, donc la représentation 
4) est toujours possible, que l'ensemble donné S comprenne le point 0 ou non. 

Remarquons encore les faits suivants. Lorsque l’ensemble S a un point 
imite intérieur au cercle unité, le prolongement holomorphe g(z) est forcé- 
nent unique. Supposons que |’ensemble S est fini, et supposons aussi que 
e point O appartient a S, ce qui ne restreint pas la généralité. L’espace & 
st alors de dimension finie r (au plus égale au nombre des points de S) 
t par conséquent la transformation isométrique V peut étre prolongée en une 
ransformation unitaire U du méme espace 8. Soient alors x,,...,x, un 
ystéme orthonormal de vecteurs propres de U, et &,...,&, les valeurs 
ropres correspondantes; on obtient ainsi le prolongement pseudopositif sui- 
ant de f(s): 


: + 1 
5’) g()=ib+ > pte 
k=1 —— eek 
ivec 
1 i. , 
Px = | Co, Xe) | = 0), \#e| == 1. 


Jans le cas ott S n’est pas fini, \’espace dans lequel U opére n’est pas en 
énéral de dimension finie, et alors on peut affirmer seulement qu’il existe 
ine fonction non décroissante p(f) telle que 


2n 


pa ( Lteet 
5”) g@)=ib+ | 522 


1—ze* 
0 


dpt(t); 


mn n’a qu’a poser P(t) = 5 (Eto, e,), {E:} désignant la famille spectrale de U. 


Yn a abouti de cette facon a la représentation canonique des fonctions pseu- 
lopositives, due a F. RieEsz.* 


3. Envisageons maintenant la généralisation suivante de notre probleme. 
\u lieu de la fonction numérique f(s), envisageons une fonction F(s), définie 
ur l’ensemble S, et dont les valeurs sont des transformations linéaires bor- 
ées d’un espace de Hilbert 6. Supposons que la transformation noyau 


5) K(s, 1) =(1—st)[F(s) + FO) 


4 F. Riesz, Sur certains systémes singuliers d’équations intégrales, Annales Ecole 
Jormale Sup. (3), 28 (#911), p. 33—62. 


3F 
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soit de type positif dans le sens que 
(7) > > (K(si, 5; ui, uj) = 0 
eS) 


pour tout systéme fini de points s; de S et d’éléménts uw; de lespace . Sup- 
posons de plus que ‘le point O appartient a S et que 


(8) . F(O) =1. 
Nous allons montrer que, dans ces hypothéses on a 
1 /+sU 
(9) F() = Pt 


ou U est une transformation unitaire @un espace de Hilbert plus vaste.° 
La démonstration est modélée sur celle que nous venons de donner 
pour le cas d’une fonction f(s) numérique. Faisant correspondre a chaque 
point s de S un symbole e;, envisageons les formes linéaires finies 
D, Uils, 
a coefficients u;€; en définissant l’addition de ces formes et leur multi- 
plication par des scalaires de maniére évidente, nous obtenons une variété 


linéaire Y. Pour 
= >a Uies; , y= > Uy tj 

posons 

<9, P> = DD (K(s, ti) ms, wi); 
en vertu de (7) on a att 

<P, p> =O. 
Lorsqu’on identifie deux éléments @,, ~, de %, pour lesquels 
<Pi— Pa, Pi— $29 =O, 


%, devient un espace de Hilbert Y, en général non complet, muni de la. 
notion de produit scalaire 


(9, w) =<, uw. 
L’espace ‘) peut étre plongé dans & en identifiant tout élément uw de % avec: 
élément we, de Y, ce qui est légitime puisque la correspondance uw — ue, 


5 T étant une transformation de l'espace hilbertien H et 7 étant une transformation 
dun espace hilbertien plus vaste H (HCA), on dit que 7 est la projection de T 
(T= pr T) si, pour tout élement f de H, Tf est la projection orthogonale de 7f sur H. 
Cf. Béta Sz.-Nacy, Prolongements des transformations de Vespace de Hilbert qui sortent de: 


cet espace. Appendice au livre ”Legons d’analyse fonctionnelle” par F. Riesz et B. Sz.-Nacy 
(Budapest, 1955). 
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sonserve la structure linéaire et métrique: 

u- — ey ey, cu—c(ue,), (u, u’) = (K(0, 0) u, i’) = (ue, tt’ e); 
ici nous avons fait usage de |’hypothése (8). 

Soit ® le complété de l’espace &. 


On vérifie sans peine que, en désignant par P |’opérateur de la pro- 
jection orthogonale dans ® sur le sous-espace 5, on a 


(10) P(ue,) = K(s, O)u. 
Cela étant, posons, pour s=+0, 


1 
V(ue,) = o (ues—Ue); 
on vérifie sans peine que 


(V(ue,), V(u' ex)) = (uey, u’e,), 
d’ott il s’ensuit que la transformation V peut étre prolongée par linéarité et 
continuité en une transformation isométrique dont le domaine est le sous- 
espace It déterminé par les éléments we, (s==0), et dont le contre-domaine 
% est alors aussi un sous-espace de ®. On aura, tant pour s==O que pour 
s—O, 
(J—sV) (ue) = ue, = U. 

Prolongeons V en une transformation unitaire U en sortant au besoin 

de l’espace ® en un espace plus vaste St, on aura encore 


(I—sU) ue, =u, ue, = (I—sU) ‘u, 
donc, par (10) et (8), 


N 


P5 fad u—=P| ee oy ; _ u== P(ue,)— 5 (ie;) = 
= Kk(s, 0)u— a K(0, 0)u =[F(s) + F* (O)Ju— + [F(O) + F*(0)]u = F(s)u. 


Cela achéve la démonstration de |’assertion (9). 
De cette maniére, on a obtenu une certaine caractérisation des projec- 
tions des résolvantes des transformations unitaires. 


4. L’hypothése (7) entraine en particulier que 
(7') Do Git (Si, §) = O 
L J 


pour tout systéme fini de. points s; de S et de nombres complexes Gi. 
Remplacons l’hypothése (7) par (7’), c’est-a-dire supposons que le noyau 
K(s,t) soit de type positif au sens faible. En maintenant I’hypothése (8) on 


voit que la fonction 
fa(s) = (F(s) 4, «) 
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vérifie, pour tout w€ fixé, les conditions des paragraphes 1 et 2, et on a. 
f.(0) =(u, u). Par conséquent, la représentation (4) est possible avec b= 


donc on a 
Qn 


it 
fs) =| Sap.) ES) 
—se 
in 

avec une fonction non-décroissante p,(t) qu’on peut normer par les conditions. 
qu’elle soit continue de droite et que p.(0) 0; on a p,(2:¢)=f.(0)= (u, u). 
Si la‘ fonction p.(t) est déterminée univoquement par la fonction /,(s), ce 
qui est le cas en particulier si l'ensemble S admet un point d’accumulation 


dans l’intérieur du cercle unité, on peut représenter p,.(f) dans la forme 


pu(t) = (Eru, u) 
ou! E; est une famille spectrale dans un espace hilbertien 2, étalée sur le 
segment [0, 2:7].° [1 en résulte la formule (9) avec la transformation unitaire 
20 
U= | etdE,. 
0 
Donc, si l'ensemble S admet un point @accumulation intérieur au cercle 
unité, la représentation (9) est possible méme si l’on remplace l'hypothése (7) 
par (7), cest-d-dire en exigeant seulement que le noyau K(s,t) soit de type 
positif au sens faible. 


5. Remarquons enfin qu’on peut aussi considérer le cas des fonctions 
définies dans un domaine circulaire fixé quelconque qui prennent leurs va- 
leurs aussi dans un domaine circulaire fixé quelconque, au lieu du demi-plan 
Re z= 0. Nos résultats fournissent, moyennant des homographies convenables, 
Ja solution du probleme correspondant. De telle fagon on obtient en parti- 
culier une caractérisation des fonctions analytiques définies dans le demi-plan 
supérieur et ayant ici une partie imaginaire non-négative. Le sous-ensemble’ 


de ces fonctions qui satisfont aussi a la condition £@) =M_ pour z=—if 


(r>0), peut étre caractérisé par une spécialisation non banale. Ce dernier 
probléme, qui est intimement lié au probleme des résolvantes des transfor- 
mations autoadjointes, peut aussi étre traité directement par notre méthode 
opérationnelle. On y reviendra a une autre occasion. 


(Regu le 23 aout 1956.) 


6 Le méme raisonnement que dans la Note suivante: Béta Sz.-Nacy, A moment 
problem for self-adjoint operators, Acta Math. Acad. Sci. Hung., 3 (1952); p. 285—293. 
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CBA3U OAHOU MPOBJIEMbI HEBAHJIMHHA VW TIMKA C TEOPHEX 
ONEPATOPOB [HJIBBEPTOBA MPOCTPAHCTBA 


B. C-Hagp u A. Kopauni (Ceren) 


(Pe 30 Me) 


Peub ufer 0 cneayroueit Teopeme HexananHuna u Muka: Jaa toro, uroon 
AAA cbyHkunn f(s), OnpefenenHon Ha KaKOM-HHOyAb MHOKeCTRe S, AeKALIEM BHYTPH eAHHHY- 
HOrO Kpyra KOMMAeKCHOK MAOCKOCTH, CyueCTBOBaMO TaKOe pacnpocrpaHenne g(z) Ha BCO 
BHYTPCHHOCTh €AHHMYHOrO Kpyra, KOTOpOe Tam ronNOMOpPHO H HMeeT HEOTPUUATeADHyYKO 
BeLIECTBCHHYH) YaCTh, HEOOXOAHMO HM AOCTATOYHO, 4YTOOKI ONPeMeneHHaHW Ha MHO*KEC Be S&S 
cpyHkunsa 

k(s, t) — S(s) +f) 
i—st 


Opl1a NOAOKUTEABHO OMpeMeMEHHOH, T.€. HMETO MECTO HEpaBeHCTRO 
(1) > > k(s;, 8;)e; «20 
‘ ] 


AA MOGOU KOHEYHOM CHCTEMbI TOUeK S;,..., S 
NNEKCHBIX YHCE @),..., &,. 
HeoOxogumocrh ycaosua (1) aerkO mOayyaeTcA Ha OCHOBaHHN (popmyast Kown— 
Tlyaccona. JlononnutTerbHO NpeAnonaras ewe, ¥TO TOUKa O NpHHafAeEKuT MHOxecTBy S, 4TO 
HE ABINETCA YULEMIECHHEM OOWLHOCTH, paOOTa AOKASbIBAeT AOCTATOYHOCTh YCAOBUS HOBBIM HM 
Npoctbim MeTozZOM. ABTOPbI UCXOAAT “3 TOrO, 4YTO — KaK NerKO NOKAZaTb — NONO*KUTENbHO 


onpejerenHan (pyHkusts! k(s, t) MOoKeT ObITh NpeACTaBjeHa B BHAC BHYTPeHHErTO NpoHsBepeHHns 
k(s, t) =(e,, &), 


THE {€,},cg HEKOTOPOe MOAMHOXECTBO JTEMEHTOB HEKOTOPOrO rHAbGepTORa NpocTpaHctea K. 


, U3 MHOwKEeCTBAa S wu 3OG0M CHCTeEMbI KOM 


JlerkoO BuxeTb, 4YTO NpeoOpasopanne e, —> + ,—e) (s € S, s+ 0) u3omerpnyno, secnep- 
cTave ero cylecTByeT yHuTapHoe npopomKeHne ee U, no Kpaiinelt Mepe B TOM cuy4ge, 
CaM AONYCTHTD MW BbIXOA M3 MpoctTpaHctRa \ B Gonee WAupoKOe MpocTpaHcTRO SK. JlerKo - 
NOAyaNTh COOTHOWEeHHE 


I—sU 


OTKyla cpasy cnepyeT cyusecTRORaHHe AAA dyHKunn f(s) pacnpoctpaHenua g(z) yKasan- 
Horo THNAa, 

Teopema MOxeT ObITh O6O06UleHA AIA TOTO Cay4ax, KOrga POAb CHMMETPHYHON 
cbynkunn f(s) npnuumaer Takaad dpyHkuna F(s), 3nauenna KOTOPOM CyTb OrpalHn4eHHple 
onepatopbl HeKOTOpOrO rHabOepToRa Npoctpanctsa %. 


f(s) =i Im f0) + Can ee) 
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ON THE MAXIMUM MODULUS OF ENTIRE FUNCTIONS 


By 
P. ERDOS (Budapest), corresponding member of the Academy, and 
T. KOVARI (Budapest) 


The function 
M(r) = max | f(z)| 
\z]=r 


$s called the maximum modulus function of the entire function f(z). In the 
wesent paper we discuss the approximation of maximum modulus functions, 
xy means of power series with positive coefficients. We shall prove the fol- 
owing 


THEOREM I. For every M(r) there exists a power series N(r)—=c,r" 
vith non-negative coefficients and with the property 


1M) 


Though these constants are not the best possible, the theorem can not 
ye sharpened essentially. We shall show this by constructing a maximum 
nodulus function M(r) with the property that there does not exist a power 
series N(r) with non-negative coefficients which would satisfy the following 
isymptotic equality : 


| M(r) ~ N(r). 
n fact, the following stronger result holds: 
THEOREM II. There exists an absolute constant & >O Cord and a 


maximum modulus function M(r) so that for every power series Nir) with 
10n-negative coefficients the inequality ; 

_,, MO 

oe (7) ee 
fails for arbitrary large r. 


It is to be hoped that by the aid of Theorem I it will be possible to 
xxtend certain properties of power series with non-negative coefficients to any 
naximum modulus function. 
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rs se 


Now we turn to the proof of Theorem I. Let 


f(z) =- > an" 


be an arbitrary entire function, M(r) its maximum modulus function and 
F(t) —log M(e’). Latter is a monotonously increasing, convex, piecewise 
analytic function in —o<ft<-+ os. In consequence of the convexity, every 
discontinuity of F’(t) is of the first kind. The following construction of V(r) 
is based on the approximation by polygons of the curvé F(t). 

We may suppose without restricting the generality that a,+-0 (if z—9O 
is a A-fold root of I), we can apply the theorem to f(2)/z). Hence it fol- 
lows that : 


(1) tim F’(t) =0, lim F(t) = log |ap|. 
t=-@ t=-@. 

Put f,==—oe, for n>O we define the values ¢, so that 

(2) F’(t, —0)=n=F'(t, +0). 


This defines! unambigously the non-decreasing sequence ¢,,. Now let us de- 
fine the number t, as follows: 
Put 7,=t,==—oco and n,=—0O. We choose the positive integer k, so that 


F(t.) — F(t) Slog 3 < F(ty,+1) F(t) 
and put 
n, = max {Ky, 1}, T=. 


Let us suppose that n, and t,t, are already defined. Then we put 
Um+i ==t, where ft, has the property that one 
of the distances AB and CD (on Fig. 1) is 
<log 3, but for ¢,4: both are > log 3. How- 
ever, we ‘have to make an exception if 
for t.,.1 already both of the distances are 
> log 3. In this case we put tn4i1—= ft, 41. To 
formulate the definition, we introduce the 


following notations : ‘ : 
“hy =1(ty—tm)— 1 F (tr) —F(em)} 
Fig. 1 dy = {F (ty) — F(tm)} Nn (ty — tn). 
Ow i ‘1 the convexity of F(t) these numbers increase with » and 
Ae = da, =O. 


lhe numbers ¢, are not necessarily different. 
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We define the integers /,, and k, in the following way: 


hr slog3 < h™ : 
(3) \ Ar, Slog 3 < hia 


m a 
} ait =log 3< dy 41 ? 
After these we define ny, and 1,4; as follows: 


(4) Mn+ —= Max ton ? Kn; Nm+1} tm bn * 


The numbers n,,, 7 and r,,—=e'm increase with m monotonously.” 
We define the positive numbers c,, so that 


(5) Cm Beg = M(r,,). 


m 


Then we shall prove that the power series 
N(r) = >, Cn fe 
m=0 


with non-negative coefficients possesses the desired properties. 
Before verifying this statement we prove some lemmas in advance. 


LEMMA I. dn the interval 
Wpsfahiu 

we define the function G,(t) as follows : 

G, (t) =max {F(t,) + n(t—t,); F(tra1)—(2 +1) fri —t)}. 
Then we have 
6) 0=F(t)—G,(¢t) < log 3. 
‘Geometrically this states simply that the distance 
PQ on Fig. 2 is <log3.) This lemma, though 
simple, is our most difficult one; this is the only 
\lace, where we use the fact that F(t) is not the 
nost general monotonic and convex curve, but 
he logarithm of a maximum modulus function. 


PROOF OF LEMMA I. The inequality 
F(t)—G,,(t) 20 
ollows immediately from the convexity of F(t). 


In the other hand, let us suppose that the second half of (6) is false, i.e. in 
he interval 


Fig. 2 


: UP = t =f41 
here exists a point ¢ for which 
6*) F(t)— Gn(t) = log 3. 


2 It is possible that — at most — two z,, coincide. 
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From our hypothesis it follows that 


(1) log 3 = F(t) —G,(t) = | (F(t) —n)dt = [dt=t—t, 
tn th 
'n+t +1 5 
(8) log 3 = F(t)—G,(t) = | (n+ 1—F'() dt | dt = tit. 
t t 


We introduce the following notations: 
On =e", ee. 
Using Cauchy’s inequality we have 


la, | or = M(e,), : a, of = M(e,,.,) 


pS Se Bem 
or 


(9) log |ax|+ kt. = F(t), log |ax| + Ktay1 S F(tu+1)- 
Hence, by (6*), (7), (9), we obtain 
log |a,xo*| = log |ay| + kt — log |ax| + kt, + k(t—t,) S F(t,) + k(t—t,) = 
= G,(t)—(n—k)(t—t,) = F(t) —log 3—log 3 (n—k) = 
= F(t)—log 3(n-+ 1—k) = log M(@)—log 3(n+1—k) for k=a, 
1 Cs. 


(10) 


pe Kp Ee foto 
Similarly, using (8), we obtain 
log |ae*| — log |ax| + kt = log |ax| + kta — (fru —8) S 
<= F( tr) —K(tnui —t) = G,(t)—(K—n—1) (tru —f) S 
= F(t)—log 3— log 3(k—n—1) = log M(o)—log3(k—n) for k2=n+1, 
1 es 


7 K 
(11) ies 3 "for k=att. 
By virtue of (10) and (11) 
> |ar\o* 
k=O 


1 1 
M(v) <2[ 44+ +-~]- 1 
which is impossible. 


i] 
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LEMMA II. a) Let us consider the lines 


12) u=n,t + log c, eer), ty 2,82 5) 


nd their upper supporting curve G(t). If we denote the maximal ‘term of 
V(r) with u(r), then 


G(t) = log u(t). 
b) Since in view of (5) 
13) log Cx -+ MTs = log M(rx) = F(t»), 


herefore (12) is the supporting line of the curve F(t) at the point t—t.. 
So G(t) is a convex poligon which touches (or rather supports) the curve 
F(t) at the points t=, (k=O, 1; 2,...). 
Lemma Ill. 
0=F(t)—G(t) = log 3. 
Proor. Let be t,,=t=Tmii. Suppose first that no::1—l,. Then, by 
virtue of (13) and Lemma II, using the convexity of F(t), we can write 
0=F(t)—G(t) S F()— (ant + log Cmii} = 
=3 F(t)— {noi Tmt “fe log Cust} “7 Angi (Tmt —f) > 
— F(t)—F(tn41)+ Nit (ten —t) = Ny +t (Tart —T»)— 
—{F (mst) —F(n)} = Biggs = AP, Slog 3. 


In the same way we obtain 
O=F(t)—G(t)San. ., =d,, Slog 3 


™ 


also in the case Mnj1—-K». Finally, in the case nyt = Ny +1 the statement 
of the lemma follows immediately from Lemma I, because in that case 


G(t)=G,,, (0) 
for Tn = tna = i= bamt = Tmil- 
LEMMA IV. We introduce for m< p the following notations: 
Da, i {F(t,)—F(tn)} —Nw» (t,—Tn), 
Hyp = Ny(T— Tw) AF (8) —Ftn)}- 
(We mention that Dm,m:1=4n,+1> Hm, met = An 1.) Then, in consequence of 
the convexity of F(t), for m<p<s we obtain © 


Dyy,s = {F (2) —F (tm)} — Mm (ts— Tm) = 
= {F(x,)—F(4p)} + (F(t) — F(tm)} = Nn (Fy) — Fm) — MoT Ty) = Dn,» + Dp. 
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and similarly 
|e Por = Hawt i , se 
LEMMA V. 
Dg m+2 = log a Ip Fs m+2 — log oe 
Namely, in view of (3) and (4), in consequence of the convexity of F(t), 
Lae m+2 — {F(tm-2) —o F(tm)} aa Nn(Emi2 ine Tm) = 
= ak Us 8D toe PUtaly oer Dn (tings 141 =F Cal = 
= {F(ti,,+1)— F(tm)} — An (be, 41— Tm) = Ae, +1 > log 3 

and the assertion on A,,.»+2 follows in the same way. 


Lemma VI. For k>0, on the basis of Lemma IV and V we have 


k-1 
Dur), m = Dum = pa Dn-2(+1), m-2i = k log 3° 
remy) 


and in the same way 


k 
An, m42k+1 = Ay, mie = ay Hrnsti-1)2, m2 =k log 3. 
= 


LEMMA VII. For k>U we have 


Corky No Sk 

Cm-2-1T," pat o Cm-24 T = 3% 
CT) a tee a hee 
mim blot 


Mm42k+1 Nm42k 
Cutest Tt Cm+2n0 
— ———_ = 3, 


Cu ry co Bile 


IIA 


The lemma follows immediately from the previous one, by considering 
that in view of (13) 


My 


_— 


f 
log ; “ = log cy —log Cm Ny F — Nn Tm = 
m ™m 


”. | —D m if <5 A 
=N,(tm — ty) —{F (6m) — F(ty)} = ee Ast 


ae mo¥ if vyv>m. 


LEMMA VIII. For fm Sr<fmsi we Auve 


0 < Nr) {em-1 0"! em gy FH A Cort?) = 2u(r), 
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Namely,*® in view of the previous lemma 
0 < N(r)— {emt "b+ Cm wile ss Cm+1 aan ot ere alge tt a 


m-2 fo) m—-2 Cor es ne 
n, ‘ 
= >'er yt >» Cy rr” Cf am Se v eae arm Be te a ae = 
yor y—m43 — Eee nm ne Cop rtm — 
m-2 Ny i ny 
Cyl 
SCmri" 2, 2 eer 5S pe 
FEL Cm ym Cou limt! 
[m2] 
= >; 2- 3 a hana, y2. ait = 
raat | k 


(car temnr)2(L 4 bt < 2u(r). 
LEMMA IX. 
; u(r) < N(r) < 6u(0). 
Namely, by virtue of the previous lemma we have 
N(1) = =(N(1)—{em-10 "2 + ea + Cn Ft! + Cm or teh} + 
FH fen aF eal ‘mt ort tb oor?) <= Qu(r) +4 (r) = 6u(7). 


After these preliminary remarks Theorem | follows immediately. In fact, 
from Lemma IX we get 


u(r) 
(14) $< Ni) 
On the other hand, in view of a Il and Ill (t= logr) we have 
eM 
(15) i= a) = 3 
By comparing (14) and (15) we obtain the desired inequality 
1 M(r) 
- = NH Sd 
Q. e. d. 


Now we turn to Theorem 2. We define the entire function f(z) by the 
power series 


(16) f- Sa (1+2—4] 


rr; 


where Nx — 2" r,—=4". Let M(r) be the maximum modulus function of f(z). 


3 The following calculation is, strictly speaking, restricted to the case m > 2. How- 
ever, if we put c ,=—¢_ 2—)9, then we can apply the argument to the case m=0,m=1, 


too. 
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We shall demonstrate that there does not exist a power series 


NOs ar 

(j= da 

with non-negative coefficients which satisfies the inequality 
pu) ae 

(17) e< AG <é 


with ¢= Som and for r>r;,,-1. Let us suppose that our assertion is false 
and there exists an N(r) satisfying (17). We introduce the following notations: 


5/6 1/6 23 18 ; 
Oe =e res, Tr——Th Trevis | ‘ 
ps 2s 1s 516 | (K==0,.1, 24220 
On = Tk ei, Some gee} 
In consequence of the definition we obtain 
| Te < Ok < Th < Oe << That. 
Let us put 0,-1.5 /°St,. Then, for »>0, 


prk-vt2 
"e 
log es (n?—n?_,) log 2—(n,—1n,_, —2) logrs 
pat 
2" 
= (m —Ny-v) log 2(1y + My») — log Ox-1 (1 — | cette 
(18) . Nk — Nk- ¥ 


== (Mk —Nk-v) log 2 (m+ my-»)— log qt + 2log4 ea tote <= 


= (M,—M-y) | log 2(mx + my») — + log 2(m,-»-++2nx) } +4 log 2-n, = 


log 2 
= —(M—Ne-») —- + 4 log 2- nee (iene ee ge -+ 4 log 2-my = 


—4r- 198? + log2- QE < git 


We obtain in the same way that in the same interval 
poke 


2 
2" 
(19) log <—(Mery—mr)? <—4eewt 


see <— = is Sy 


log 2 
io 
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From (18) and (19) it follows that in the interval o,.;<r=< t, the k-th term 
of (16) (for sufficiently large &) predominates strongly over the rest. There- 
fore, denoting the maximum modulus function of the polynomial 


brt=s 


dy 
mlz] 
ere 8: 


(20) Caos 71 (> ae SI oe 


in the interval o.;=rS 7, for k>k,(s). Comparing (17) and (20) we obtain 
that in the same interval 


by M,(r), we have 


21) ex 


holds for k > k,(#) = max {k,(¢), k,(e)}. On the other hand, in the interval 


oy srsly-i 


my <M Eb<an(Be) afl" Janae 5 


=M(4 *)<e if k>k(e). 
In the same way in the interval 0, =r= 71, 
. ray a 
(23) 1< 4M, [=| <e if k>h(e). 


Comparing (21) with (22) and (23), respectively, we obtain the following 
inequalities : 


(24) ont eS 
25) : cht ce 


Which are valid in.the interval 


G-sisrsbei1 and o,SrsSte, 
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respectively. Applying (24) for r= §)-1—=\On-1%-1, we obtain for n< nm 
a8 —(asot»)(2) = = N(Ox- (4 =) << 
On-1 


Nye g: n Pe “G Ny n 
Ox-1 | Sk-1 F Ee k-1 
(26) < ot Te ( Bet) ends ee = 
2% On-1 Q"k Beta) 
ny-n 
/ , 12 =k nk Ne -1 = 
el thal Sk-1 _ 2 Sk-1 oh 3 Sk-1 
se bree 2g = Ny - TK] ‘ n2 rs ne 
k n 

OR 2" ——— 2". 2" 


and similarly for n> nj, 


oz wal esf smealsf 


= i 5, =f ee le 
é — ee = 
(27) Se eae ca 
aot n Re} nk 
a a a spe Le A) 
Swe fe a" ok 


Here we utilized that the coefficients a, are non-negative. From (26) and (27 
we have 


un n 
O0< > AnEx 1 = N(Ex-1)—an, 5-1 = 
NEN 


(28) ne | NE -4 , np 
< 5 1 ne oy cai < gmt 
ne ( 


nz 
—a,,2"*<e if k>k(e). 


On the other hand, it follows from (24) that 
= 
(29) ete << NGet) nt < ose, 


Sk-1 


Comparing (28) and (29) we obtain 

2 
(30) eM esa, 2k ce, 
Using (25) we obtain in an entirely similar way that 


(31) C8 < Ay, 42.2"* < e%, 
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‘rom (26) it follows immediately that 


Mh-1 on, 
; Eee r d 
32) Qi a2. 8 =z 
2" 
Or r= Cu-1 > &-1, N< m and in an ea similar way we also obtain 
7 +2 
1-(n- md k 
33) 0 fi < Z : J 
or ‘er 


or r=o,,n>n.+2. From (32) and (33) it follows that in the interval 
if =o, 
0) < N(r)—{a,, 7°" + Aytt in. = Any +2 rey aa 


Ce 1 { Ney . 9} n 
. = ia 2 ne NE ae 
ae ayr’ + i BS Ben \ne-2 0 aera sia 
, re y— Ny tB 4 rk 2" 
34) Bree 4 


i 2\ 
s(1+5)5 if k>ki(s). 
: Tk] 0". 
From (30) and (31) we obtain 
2 
[ +a| er 9) < “(Gn + dn, s2®) 2” oe <(1 + ale 
Tr 


Hence 3 
Cea es 2(' ++ A) + angst a a ies + Onl nyt rattle per 
35) 2 
: r 
<e— ; 7a) Hao r 
(2% Tr 
In view of (34) and (35) 
36) CO ee 


| 1 (14+G|+aqur! re? 
a" \. Th. ) 
Comparing this with (21) we obtain 
m7) 
eu (e-%— 2) < —__— + ws ex(e +e), 
aor ae Z . 


31) bh 
1 +- 28a, +1 r ee - 


—] 
m| 
a 


|< Te if e<py. 


4% 
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It is easy to verify that 
It+r—P if OSr=)V5—2, 


M,(r) = (5 


a (+P) if ¥5—2srs/5 +2, 
es if V54+2=sr<o. 


Thus substituting in (37) r—r and pela respectively, we obtain 


10 
(M,(1) = V5, M,(0,1) = 1,09) 
2 
242" anil 
(38) ae eas 
1,01+0,1 2"*aa,41 7. | pi 
(39) i ee ee é. 


From (38) we have 
2" Ay site <(¥5—2)+7)5e 


on the other hand, from (39) we obtain 
2" dn +17 > 0,8—76,3e. 


If ae these inequalities are inconsistent. 


Thus; we arrived at a contradiction and this proves Theorem II. 

It is an open question whether to an arbitrary maximum modulus func: 
tion M(r) there exists a power series V(r)==2a,7" with real coefficients, ane 
with the maximum modulus function M*(r) with the property that either 

M(r)~ V(r) 
or 

M(r)~ M*(r) 
holds. 

Similarly, the authors do not know whether Theorem | holds for ever 
piecewise smooth, non-decreasing, logarithmically convex function M(r), or no! 


(Received 27 August 1956) 
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O MAKCHMYME MOJYJIA WEJIbIX ®YHKUMU 
NM. Ipgaéw un T. Késvapn (Byganewr) 
(Pe3 Me) 


B HacToamen CraThe OKaabiBaloTCs CrepAyroulme ARE TeEOPeMbt : 
Teopema I. Ecau f(z) mo6aa yenaa dpyxkunsa, M(r) = max | f(z)|, TO CyulecrByeT 
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ON THE INDEPENDENCE IN THE LIMIT OF SUMS DEPENDING 
ON THE SAME SEQUENCE OF INDEPENDENT 
RANDOM VARIABLES 


By 
A. PREKOPA (Budapest) and A. RENYI (Budapest), member of the Academy 


Introduction 


Let & be a stochastic process with independent increments. Suppose 
that & is integer-valued and its sample functions are continuous to the left 
and have a finite number of discontinuities with probability 1. It can be proved (see 
[3], Theorem 6) that if. 7, is the number of discontinuities of & of magnitude 
k in the time interval /=[a, 6], then the random variables », (kK— +1, +2,...) 
are independent.' 

This assertion implies, for example, that a homogeneous composed 
Poisson process & may be considered as a superposition of independent 
ordinary Poisson processes, i. e. can be represented in the form 


© 
c (k) 
be DKS 
k=1 


where &" is an ordinary homogeneous Poisson process, and the processes 
e are independent (see [4]). For a more general form of this statement 
see [3]. 

In § 1 of the present paper we prove a general theorem on the 
asymptotic independence of certain sums of random variables. 

§ 2 deals with the application of our independence theorem leading toa 
theorem somewhat stronger than that formulated above. Further applications 
will be given in a forthcoming paper’ of the first named author. 


§ 1. The independence theorem 


We start from a double sequence of random variables 
Ent, Snds 7 Sake, (NAT, 2.27.) 


1 In [3] the above theorem is formulated more generally. 
2 On stochastic set functions. Il, Acta Math. Acad. Sci. Hung.,8 (1957) (under press). 
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and suppose always that & 1, 2,..., Sn, are independent for every n=1, 2,.... 
Let us consider r Borel measurable real functions f,(x), f.(x),...,f-(x) fon 
which the sets defined by f.(x)-+ 0 are disjoint, or expressed in Motes way? 
for which the following relations hold: 


(1) Fi(Ofe(x) =0 for =k GkSN I 


Let us denote by g{(u) the characteristic function of the random variable 
fi(E:), further let us put 


a => fiéw (i==1, 2,22, 81,2008 


in order to simplify the understanding of the phenomenon which is described 
by our theorem, we formulate it first for a special case. 
THEOREM la. Let us suppose that the following conditions hold: 
a) The real, Borel measurable functions fi(x) (L=1,2,...,1) are integer- 
valued and satisfy (1). 
b) For every | (1 =/=1r) the random variables 
. Fi(Snr), Ai( Ene), -- - 5» Fi(Enk,,) 


are infinitesimal, i. e. 
sod PUGu)s = 0)=0. 


>o lok 
c) For every | (i stsn) the limiting distribution of the random va- 
riables G" exists: 
(2) F(x) =limP(i"<x) (lsisn, 


at every point of continuity of F,(x). 
Under these conditions the random variables 5\", 3 ,..., & are aspmp- 
totically independent, i. e. 


(3) limP(Gr" < x1, 2 < xa, ..., OY < x) = Fi(x1) Fe(xe)... PAS 

if x; is a continuity point of F;(x) (i=1, 2, .... 1r). 
Proor. Let us consider the characierisths function of the joint distribu. 

tion of the random variables ¢/” (1 = 1, 2,. .,f). Taking the relation (1) inte 

account it can easily be seen by comparing the coefficients on both side 

that the r-dimensional characteristic function of ¢",..., 0%" is the following 

PC fi, ..., = j,etuuicr- +My Jp) — 
(4) . pan (Sofi = Jr) 


LL 1+ 2. P(fi (En) s)(e*—1) 4 + > P(f.(En)=8) (ea). 
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t follows from (4) that (denoting by M(y) the expectation of 7) 


2 ‘i ky 
5) M (ei) Curt up) pate i {1 4 (gi? (u,) —1) 24. zee as (gx (u;) oD) d 


Sonditions a), b) and c) imply that the limits 
k 


6) @,(u,) =1lim > (git (ur) 1) (2 ee 


exist (See [1], § 24, Theorem 1) and e®“) is the characteristic function of the 

imiting distribution F,(m) (/=1, 2,..., 7). Moreover, by Condition b) we have 
kn 

T) lim > |1—9(u)?=0 ([=1,2,...,7). 


pa 
k=1 


According to (6) and (7) the sequence (5) converges to the r-dimensionat 
characteristic function 


ePi(us) oe -e Privy) 


and thus relation (3) holds. 

A heuristic argument in favour of Theorem 1a can be given as follows: 
Our suppositions a), b) and c) imply that in general only a small number 
1 k 


of terms of the sum &” ne fi(Enx) are different from 0 for each /. Supposition, 
(1) ensures that the sums ©,” (/= 1, 2,..., 7) will always depend on disjoint 
subsets of the independent random variables §)1, S:2,..+,5nx,; of course, these 
sets are random, and therefore the: sums ¢" are not independent, only almost 
independent. Nevertheless in the limit their dependence disappears. 

The suppositions of Theorem 1a may be replaced’ by a set of more special 
suppositions which, however, have the advantage that no supposition restricts 
at the same time the choice of the random variables &, and the choice of the 
functions f(x), as there are two distinct groups of suppositions, further the 
convergence of the distribution of ci” is not postulated, but is a conse- 
quence of the suppositions. This weaker form of Theorem Ja is expressed 


by the following 
COROLLARY. Let &:1, &:2,---, Snx, denote a double sequence of indepen- 
dent non-negative integer-valued random variables which are infinitesimal, i. e. 


lim max P(n.4=0)=0. 


n+o 1SkSk,, 


Let E,, E.,...,E, denote disjoint subsets of the set of positive integers and 
let us suppose that fi(k) (/= 1,2,...,7;k=0,1,...) are non-negative in- 
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teger-valued functions such that f,(0)—0 and fi(k) =O if kG £,. Let us put 
ky 

Pars == P Enz = 5), Cus == > oes and suppose that there exists a convergent 
k_0 


@ 
series of non-negative numbers > C, such that 


= 


Gri eGreae; 3i=0 


n>o s=1 


It follows that putting 


Kn. 
BS iE) (1,2... 2 = 1, 20d) 
we have 
lim PCY? < x, GX, 1.0 P< x,) = FAX) Fu). .n- F(x) 


n->O 


where the distribution function F,(x) has the generating function 


exp >, C,(z/*")—1). 
s=1 


To prove that this Corollary really follows from Theorem la, we have 
to apply Theorem 3 of the paper [2]. 

Now we turn to the general case in which the first part of Condition 
a) of Theorem la is dropped. Our statement is expressed by 


THEOREM 1b. Let us suppose that the following conditions hold: 
a) The Borel measurable real functions f(x) (l==1, 2,..., 17) satisfy (1). 
b) For evry! (Aslsn 

ky 


lim Siow) Pe OF 


n> @ k==1 


c) For every | (1 S1=r) the random variables 
Ai(Sn1), Si(Sn2), tee »St(Enx,,) 


are infinitesimal, i. e. for every «>0O 
lim sup PAG), > #): = ) : 


n> © 1S 


8 It can be seen that if Conditions c) and d) hold, then Condition b) holds also 


if for some « > O 
key 


lim vi - in 


no md | 


2—0 


where 


ag J xd Fx), Fi (x) = PUSiErt) <2). 


lal <r 
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d) For every | (1 =1=7r) the limiting distribution of the random vari- 
bles &” exists. 


Under these conditions the random variables &", o",..., are asymp- 
tically independent, i.e. relation (2) holds. 


PROOF. First we observe that (5) holds without the restriction that the 
(x) are integer-valued. This can be shown as follows: By virtue of the in- 
ependence of the variables & we obtain 


os gin) iy % fink) 
3) mide We ib im e tS ) 


et Al denote the event Ponesuiy in that fi(En)+-0. Then we have‘ 


i Ss =i) fink) © eo a AC nk ) 
)) Mle j => Mie = 
v=l1 


s the event A‘? implies Ai(Enx) =O for /=_ y, we have 


| i yy fink) 
10) Mle = 

in the other hand, 

{1) [M (e%” 7” Ene) A) —1] (Ay) = gh (uy 1° 


hus (5) follows from (8)—(11). 
Condition d) implies the existence of 


Ae ‘i 1 tone Addie 


A® sa Mie 272 Cnt | AS). 


(2) #;(u)) = lim L 1 gi(m)  (t=1,2,...,/). 


s #,(u,) is the characteristic function of an infinitely divisible distribution 
see [1], § 24, Theorem 2), we have 


@) (ui) + 0 (fee 12 ou, 7) 


1 
ee [1], § 17, Theorem 1). It follows hence and from (12) that if loP(u) —1 Fert 
len 

log #i(u.)— Lay (gitar) —1)| = 
3) 


= {log ¥, (a) a7 gf(u) | + > (ga) —1[* = 1, 2,25, 0. 


4 M(x| A) denotes the conditional expectation of 7 under the condition A. 
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The member on the right-hand side of (13) tends to 0, hence 


kn : 
(14) D, (1) = log H,(u,) == lim > (gti? (ux) —1) (= 172) 
By (5), (14) and Condition b) it follows finally 


r 
lim M (eG ree) — JF Pio, 


n->@ bel 


Thus Theorem 1b is proved. 


§ 2. Application to stochastic processes 


In this § we consider a stochastic process with independent incremen 
§, For the sake of simplicity we suppose that & is defined in the time ir 
terval [0,1]. We suppose furthermore that the sample functions of & a 
continuous to the left for O=¢=1, with probability 1. Let (I) denote tt 
random variable giving the number of discontinuities of 5 of magnitudes h € 
We prove the following 


THEOREM 2. /f the process 5 is weakly continuous, i. e. for every @> 
(15) lim P(&,4—&| Ze) —0 
At>v 


uniformly in t and 1,,1,,...,1, are pairwise disjoint intervals with positi 
distances from the point 0, then the random variables 


v(1,), v(L),..., (FF) 
are independent. 


Proor. Let f(x) denote the characteristic function (in the sense of s 
theory) of the interval /,. We define the random variables 


(16) Te yy a et — Be (K = 0,1, 2,..., 21). 
Obviously, 
(17) p()— tim > flr») |= 1, 


hence Condition c) of Theorem 1a is satisfied. Since 
P(r, ,..) +0) = P ibe =0) 


where 0 is the minimal distance of the intervals /, from’ the point 0, t 
random variables 


n, k+l 


Ai(tn, 1); Ai(Mn, 2), «- SMa, 2) 
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re infinitesimal for every /. As Condition a) is obviously Satisfied, the rela- 
ons (2) and (17) imply our assertion. 

If instead of the intervals /,, /,,...,/, we choose pairwise disjoint Borel 
jeasurable sets with positive distances from the point 0, then Theorem 2 
Olds obviously without any change. By choosing for f,(x) other functions, 
urther results can be obtained this way. For related results see [5]. 


IATHEMATICAL INSTITUTE 
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O COBMECTHOM IIPEJIEJIBHOM PACIIPEAEJIEHAH CYMM HE3ABHCHMbIx 
CJIYYAWHbIX BEJIM4HH 


A. pexona u A. Peubnu (Byganewt) 


(Pe 3 Me) 


Tlyctb S515 Says ++ +s Spy — WOCACHOBATENBHOCTh CEPHH HESABHCHMbIX Cay 4anHbix BEINYHH, 
(x), fox), -.., f(x) BeusecTBenHBIe MH H3MepuMHIe 10 Bopesto (pyHkunn TaKoBbl, 4TO 
(x) f(x) = 0, ecan i+k, 

Teopema la. Ipeqnonoxum, 4TO BhINOAHAIOTCA CacAyouHe yCrOBHA : 

a) Pynkunn f(x) (J 1, 2,..., 7) MPHHMMaIOT AMWb WeTbIe SHAYeHHS ; 

b) aaa seex L (/=1, 2,..., 7) Cayyainpie ,BeaN4iHb! 

Si Ends Ena) cae A Enk,) 
yeckOHeyHO Masi (cM. [1], § 20); 

c) aaa wcex / (1=1, 2,..., 7) cyukecTByeT npewerbHOe pacnpenencnice NocncAoBAaTeAb- 

IOCTH Cy4YaMHbIX BeIM4HH 


kn 
C1) ce Bo? Fy Ens) 


k=1 
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Us arux ycnosuii cneazyer mpefeabHad He3aBHCHMOCTh CaAyYaHHBIX BeAK4HH re 
(/=1, 2,...,7) npn noo, T. e. BhINOAHeWHe COOTHOWEHHKH (3), re tpyHKunA F,(x) aaeTe 


tbopmysz0nt (2). 
Ecnu BMecro ycoBns” a) TpeGORATh BhINOAHCHHA YCNOBHS 


Kn 
lim S| ¢})(u)—12=0, 


n> O fm 


rae pi?) XapakTepucTuyeckand (pyHKUMA CayyanHOH BerMYAHbI /,(§,,), TO Hae yTBePAeHH 
ocTaeTca B CHae. DTO yTBepxKAaeTCH B TeOpeme Ib. 

Teopema 2, 10Ka3biBaeMaA C MOMOLIbKO YNOMAHYTHIX TeEOpeM, YTBEPKAaeT, 4YTO eCHi 
peanuzaunn nmpouecca C He€3aBACHMbIMM NIpHpallileHHAMHM &,, YMOBICTBOPAIOWHMH YCJIOBHK 
(15), cyTb HenpeppiBHbie cepa CTyNeHYaTbie PyHKUMH, TO 4HCAa CKaYKOB, MOMasaroulHx » 
HHTepBasbl 6€3 OOUIMX TOYeK, HAXOAALIMXCA OT TOUKH O Ha NOAOX*KHTENBHOM paccTOSAHMH 
ABIAKOTCA HE3aBHCHMbIMH Cy4alHbIMM BeAM4HHaMH. 


ON TRANSFORMATIONS WITH SEVERAL PARAMETERS 
AND OPERATIONS IN MULTIDIMENSIONAL SPACES 


By 
J. ACZEL (Debrecen) and M. HOSSZU (Miskolc) 
(Presented by O. Varca) 


L. E. J. BROUWER [1] has proved that an additive parameter can always 
be introduced in any continuous transformation group with one parameter, 
or what is the same, that if xoy is a continuous group operation defined 
for real numbers, then there exists a continuous and strictly monotonic fun- 
ction g(x) such that 


xoy=—g'[g(x)+g(y)]. 


This means that every one-dimensional continuous group is isomorphic to 
the addition group of real numbers (cf. [2]). This result was extended to con- 
tinuous one-dimensional semi-groups with cancellation law in [3}= 

On the other hand, it is well known ([4]) that under certain hypotheses 
of differentiability every transformation group with one additive parameter can 
be reduced by a transformation of the variable to a translation, i.e. the solu- 
tion of the functional equation 


FU, 4), vy] = f(x, w+ v) 
x, f€ (a, b); u,ve€e (—~, oo)] is 
f(x, u) =g '[g(x) +4]. 


J. ACZEL, L. KALMAR and J. G. MikUsINSKI [5] have obtained the same result 
by supposing instead of differentiability only continuity or strict monotony. 
The extension to transformation semi-groups, i.e. to the case where the func- 
tional equation is satisfied for u, v only on a subinterval of (—~, oo) but both 
continuity and strict monotony holds, was given in [6]. Similar theorems were 
proved for n-dimensional x-vectors and one parameter under suitable solva- 
bility conditions in [7]. 

The same results can not be hoped for transformations with more para- 
meters, as e.g. for associative operations in m-dimensional spaces no normal 
representations similar to that given above are known. 

In the §1 of the present paper we shall treat semi-groups of transform- 
ations with m parameters in n-dimensional spaces (n=m) by solving the 
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functional equation 
(1) f[f(x, U), V] = f(x, UoV) 
with a given Uo V composition law of the parameters under suitable solva- 


bility hypotheses for equations of the f(x, UV) =y type. 
In the case of additive parameters that is 


(2) f[f(x, U), V] f(x, U+V) 
: [U+- V= {t, Uy, ..., Um} + {245 BY; 22 oy Um} = {Uy + 0), bet Up, «+05 Um + Um}] we 


give in §2 without any restriction PU LU the ratio of the dimensions of 
x and U the general solution 


f(x, U) = g'[g(x) +-C-U] 


where g(x) is an arbitrary n-dimensional vector function of x which has an 
inverse function g '(y) and C is an arbitrary matrix of n rows and m columns. 

Finally, in § 3 we give conditions necessary and sufficient for the pos- 
sibility of introducing additive parameters also for transformations with m 
parameters, i.e. the conditions under which the solution of the functional 
equation 


(3) (Uc V)oW= U0(VoW) 
can be written in the form 
ied UoV=G'[G(U)+G(V)]. 


We shall denote throughout the paper scalars with Roman small letters, 
m-dimensional quantities with Roman capital letters, n-dimensional quanti- 
ties with small bold-types, quantities of other dimensions with small Greek 
types and matrices with bold-type capital letters. 


§ 1 
The transformations y—f(x,U) depending on the m parameters 
{U,, U3, ..., Um} = U which transform the vectors x—{x,,%,...,Xn} into 
={Vi,Jo,---, Yn}, form a semi-group if 
(1) f[f(x, U), V] = f(x, W) 


where W== UoV is a function of the 2m parameters U, V. 
In what follows we suppose that 
l) if £(x, U) = f(x, V) holds for every x, then U=V. 


This condition is e.g. always satisfied if unity and inverse elements 
exist for the operation Uo V 
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Under the supposition I) the operation Uo V is associative : 
f[x, (Uo V)o W] = f[f(x, UoV), W] = f(f[f(x, U), V], W) = . 
= f[f(x, U), Vo W] =f [x, Uo(Vo W)] 
and thus 
(Uc V)o W= Uo(VoW). 
We prove. the 


THEOREM 1. Let y= f(x, U) be a transformation with m parameters in — 
the n-dimensional space and m =n. If 1) holds and if 


Il) there exists an A= {a,,Q,...,@Qm} such that the equation 
y=f(x4, U) = h(xv) 
A 
KA £045 ay oy ny Xmtiy os Xn) =| “ : 
: S 
U 
Aa {u,, Ug, . ++) Um; Xn+1, omb=(6 } 
has a unique solution xy = g(y), then the general solution of (1) is 
a..1) f(x, U) = g"[g(x) © U] 
where g(x) is an arbitrary function which has an inverse g-'\(y) and 


YoU 


Y . 
you=(TJou=("? J=yree 


[Y= {1 Voy 2055 Ym} a {Ym+i; tee Yn}I. 

Proor. We substitute into (1) x= Xa: 

f[h(xv), V] = h(&w) = h(xv@ V). 

But by II) every y-vector can be represented in the form y = h(xy) 

with xy = g(y) and thus . 
f(y, V)=h[g(y)@ V] 

where h(x) is the inverse function of g(y). Thus we have proved that every 
solution of (1) must be of the form (1. 1). Conversely, one sees immediately 
that (1.1) satisfies (1) with arbitrary g(x) and this completes the proof of 
Theorem 1. 

REMARKS. 

1. If instead of I) the stronger condition 

I’) f(x, U) =f(xa, V) implies U=V 
or the associativity of UoV is supposed, then (1. 1) follows already from II) 
and from the weaker supposition that (1) is satisfied only for x Xa, and 
this involves already that (1) holds also for every x. 


5 Acta Mathematica VII'3—4 
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2. In the case m =n a similar result holds’ under the more restricting 
condition that there exists a y= {Cni1,---,Cm} such that 
(1.2). Uyo V= (ty, te, so 05 Uns Capt ys 8 +) Cm} OfUps Uy 22) Ump = Wy = 
=== {Wy yey «clay Wa nCebly «nog Cnep 
and the equation 
f(a, U,)=y 
can be solved for {u,, U,...,Unj = 
The general solution has also in this case the form (1.1) but here 


f u@V=[U, o V]n= (Wi, We, .--) Way = W 
[ela ie 2) ie 
§2 


We say that the transformations y — f(x, U) form a semi-group of trans- 
formations with additive parameter, if 
(2) f[f(x, U), V]=f(x, U+ V) 
(here. a V= U+V=({h, Uy, ..+, Uns} + {%,, th, «+, Un} = {0 +4, Uy + Oe 
, Us, + Um). From Theorem 1 we have (cf. Remark 1) for n =m under the 
supposition Il) the general solution 


U m 
fx, U)~ eg) +(0]|—e-}e0+()-0| =e tee teu) 
‘e aaah ; ; } : 
where O | = {ll), lg,...,Um,O,...,0}, 1, is the unity matrix with m rows and 


m cofumns, C is an n-m matrix and C-U means matrix multiplication. 
Also conversely, every 


(2.1) f(x, U)—g '[g(x)+-C-U] 


1 S. Lojasiewicz has proved a theorem (oral communication) which we can reformu- 
late for our purposes in the following form: 

If the vectors U,Uo V and x, f(x, U) are elements of the spaces 4 and X, respecti- 
vely,-and the equation f[f(x, U), V] f(x, Uo V) holds; further if we denote by X,, VeCe 
tors such that the sets f(x,,4)=X,, fill the whole space X: UX, = X, then for. every 


x € X,, there exists a function P=, (x)= +,,0 G(x) (1, 2,c a the elements of =, leave 
the vectors x,, invariant: f(x, , ,) =x, J with which f(x, U) = g,,[0,(%) o U] where x= 
=g,(l) is the inverse function of / — (x) and conversely f(x, ven =, 10.) 0 U) om 
dently satisfies f[f(x, U), V= f(x, Uo V) ‘always. 
(The proof is simple: gu(/)—f(x,,7)—x€ X,, F=T,,(x), flf(x,, 7), vi= 
#(x,,, 70 V), flg,,(), Vlg, (0 © V), £06, V) = gl, (x) 0 VI) 
This is related to Theorem 1 in the special case, where =, consists only of the unity 


element I of the operation o and X,, zi J. g,(V)= e(!), but this result can be applied 
also for the case m>n. 
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with arbitrary’ C satisfies the equation (2): 
(2. 2) f[f(x, U), V]=g"'[g(x) +C-U+C-V] — 
= '[g(x)+C-(U+ V)] = f(x, U+V). 


Thus we have 


THEOREM 2a. /f f(x, U) is an n-dimensional transformation with m para- 
meters in the n-dimensional space (n = m) which satisfies (2) for the x —x,—= 
= {Q), Q,,. »., Am, Xmii,---,Xn} vectors of an (n—m)-dimensional hypersurface 
and for any U,V parameter values and if the equation 


h(xv) = f(xa, U)=y 
has a unique solution xu = g(y); then and only then €(x,U) has the form 


(2.1) with an arbitrary n-m matrix C which can be completed (or truncated) 
to a regular n-n (resp. m-m) matrix and (2) is satisfied for every x. 


A similar result which secures that the solution of (2) is of the form 
(2.1) can be proved also in the case n=™m: 


THEOREM 2b. /f f(x, U) is a transformation with m parameters in the 
n-dimensional space (n = m) which satisfies (2) for one x =x, vector and any 


v—("), v= (¥ (w= fii, taste HM = {Unz1,.--,; Um}) parameters if 
further 
_ (i) the equation 


ue 
F(X, U) =e | & | i || =Yy 
has a unique solution u= kJ; 


(ii) k i) is a measurable (or bounded or continuous etc.) function of u ; 


then and only then £(x,U) has the form (2.1) (with arbitrary C= 

—=(C,, A) for which the n-n matrix C, is regular) and (2) is satisfied for 
every X. 

2 The following consideration shows that it is equvialent whether C is of the form 

‘ or it is any arbitrary n-m matrix which can be completed to a regular CK =(CD) n-n 


matrix (or, what is the same, from which a regular m-m matrix can be separated): 
whe u\}) 
pate 60 +(9]|)— 


~"|E~ + (2)]: [z= Cie]. 


g”'Ie(x) + c-u)=8" eco +ep)-(0}|~e"(c, 


5 
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PROOF. (2) gives for xX = X, 
(223) i(t 


ion oee 
eal. ("]].(%]] tI a Esta 


mal sith 


By designing 


we have 


Q4) ely. [¥]f—n|e( %) ev). 


By substituting this formula and ~ =O into (2.3) we get 


{ial Crhaalb ae 


—y 


h h|k (J +utv. 


We take (i) into account and introduce the notations 


y=h h}k «(*)+u), 


k{*) uh) — 20) 


k{ )—x K{**)—109, 


K(_¥,} =n ™)+20)—«{ $) 04109 


—— YY 


then we have 


and (2.4) becomes 
(2.5) ily, ¥)] mle) +v +1091. 
We substitute this again into (2. 3): 
h[g(x)+u+1@)+v+1(%)| = h[g(x) +ut+v+le+), 
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i e; 
(2. 6) I(u) +1(7) = Me +7). 
This is a functional equation of Cauchy type for vectors the general solu- 
tion’ of which is under the supposition (ii) 
l(v)= A-v 
where A is an arbitrary n-(m—n) matrix.’ 
Putting this into (2.5) we have the solution 


£0, U) =f] x," )] = lee) +0 Aw] — 


~e'fe@+d.a){ “\| ele +¢-01 


which is of the form (2.1). 
On the other hand, (2.2) shows that 


(2. 1) f(x, U) = g'[g(x) + C-U] 
with any arbitrary n-m-matrix C satisfies (2) with arbitrary x. 

We have yet to examine whether the conditions (i) and (ii) are. satis- 
fied. We write C—(C,,A) where Cj, is an a-n-matrix. Then (i) means that 
the equation 


g(x) +C-U— g(x) +(CoA)| ") 20) + Cp 4+ Av EW) 


3 The equation (2.6) means (r=m—n, p = {th,..-, Uy}, Vi Ls, con; vd): 
1(Uy + M4, Uy 7 Ue, ++ Uy, + v, = 1,(uy, Ug, -- + U,) + L:(0;, Yess +++ B,) 
G1, 2,'5%..,; A): 
For u)= ... =U, =ve= ... = 0,= 0 this gives 
[,(u,, 0, ..., 0) =a; Uy, 


and similar! 
y 1,0, Ug, 0, . ++, 0) = Ajo, 


L(O, ..., U,)=4;,4,- 
For t= j=... =U, == Yj = y=... =v, ==0 we have 
etc., finally, 3 
L.(015 Ups +++ Vp) U1 Aine +"... + a, 4, (628, 2,055 5-3 
l(ve)=A-v. et bee 


4 One sees that not only 1) =k % \)—«(F) can be expressed by ‘k, but also 
g(y) =k (3). 
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has a unique solution u, i.e. C— is regular. In this case 


u— C2 [gy)—g(x) —Ae] = KY 


and 7 
aia eke UGE DE 


This function satisfies (ii) without any further restriction. Hence Theorem 2b 
is proved. 


REMARK. All transformations of the form (2.5) with discontinuous (non- 
measurable) 1(7’) satisfying (2.6) are also solutions of (2) and this shows that 
the condition (ii) can not be suppressed.” 


§ 3 


The fact that the equation (2) has the simple solution (2.1) raises the 
question under which conditions additive parameters can be introduced in 
transformation semi-groups (1), i.e. under which condition 


(3. 1) UoV=G'[G(U)+G(V)] 


follows form the associativity of Uo V proved at the beginning of § 1. 

As mentioned in the introduction, for: one parameter these conditions 
are continuity and the cancellation law. 

The example of movements in the plane shows already that no simi- 
larly simple result can be awaited in the general case. (Remark e.g. that 
(3. 1) is commutative.) 

Our first condition will be 


1. UoV is a continuous and abelian group operation for which the 
equation 


Uo U=V 


1 
has a solution U=V?®. 


5 J. G. Mikusinski has conjectured (oral communication) that theorems similar to 2a, 
and 2b hold if the n and m-dimensional spaces are replaced by an arbitrary linear space 
A and its linear subspace B (in the case 2a with x € A, U € B and in the case 2b with 
x € B, U € A, in both cases —, « € C where the Cartesian product B C= A). Our con- 
siderations above show that this conjecture is right, one has to put instead of the result 
(2.1), of course, f(x, U) = g-[g(x) + 1(U)] where 1(U) isa linear operation in the space 
B (resp. A) whose values lie in A (resp. B). 
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This condition yields the possibility of defining powers with arbitrary 


integer or dyadic eebanepter 
1 


oe y+1 ¥ 1 
y* (ye) yz ey oy? 
(k=; 1, 2h 0, #1, £2.29: 
This definition can not lead to contradiction because 
2m mei Bee 1 1 1 1 m 
ieee VE V2 noes OVE ney eV 


1 2 2m-1 2m 


1 
~ ~ —— ~_— biiens? 


The second condition is that 


2. the limit lim V" exists for every sequence of dyadic a, tending to a. 


Un>a 


This defines the power V“ for every real exponent which is conti- 
nuous in a and satisfies the equation 


(3. 2) Vir = Vio VW’. 


The continuity follows immediately from 2, (3.2) is valid for dyadic 
exponents : 


1 4 : 5 amet ape TLE 
YA = x papas ys ag ak ~ +b 
V i) V == V Oo V se V (eo) V fe) Vi 64.410 V = V = Vian 
1 ry 1 eae 


and by the continuity also for every real exponent. 
The third condition is 


3. there exists a system_ V,, V2.,...,Vm, “a basis with respect to the 
operation UoV” such that the power-products 


Vil 0 Vato... 0 Vam =| | vi 


give a one-fold covering of the m-dimensional space. 
These preparations are enough to state the® 


THEOREM 3. If the conditions 1, 2,3 are fulfilled, then and only then 
(3. 1) UoV=G'[G(U)+ G(V) 
where G(v) is a topological mapping of the m-dimensional space on itself 
with G(E)—=0 (E is the unity element of the ‘operation Uo V). 
‘ Theorem 3 shows at the same time that the conditions 1, 2, 3 are necessary and 
sufficient for the existence of a topological mapping U = H(X) satisfying the vector-functional 


squation H(X + Y) = O[H(X), H(Y)], i.e. these hypotheses give the solvability conditions 
f this equation. 
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Proof. The necessity of the conditions is evident : If (3. 1) holds, then 
UoV is continuous, commutative, associative, unity and inverse elements and 
the solution of the equation 


UcU=V, 2G(U)=G(V) 
exist. The sequences 
v7" — G '[a, G(V)] 
a,>a have a unique limit and if we choose V,, V2,..., Vm so that G(V,), 
G(V.),...,G(Vn) form a basis in the ordinary sense, then the products 


[lv\—o'| Sac] 
iz==l sna 
really give a one-fold covering of the m-dimensional space. 

We prove the sufficiency by constructing the inverse function G '(T) = 


—H(T) of G(U): 


@.3) H(T)=[,] vii 
ba " $=] 
where V; is the fundamental system the existence of which was supposed in 


3 and t,,f,...,fn are the components of 7: 
T= {hj tgynsny bat « 
We have to verify the equation 
H(S) 0 H(T)=H(S+T) 


equivalent to (3.1) if we introduce the notations U—H(S), V=H(T). But 
taking (3.3), 1 and (3.2) into account we get 


H(S) 0 H(T) — . Vii o [I Vite [Jw io V; =f yi == H(S+ T). 


faz] 


The restriction G(E)—0O is evident by (3.1) and this completes the 
_ proof of Theorem 3. 


REMARKS. 


7 


: 
. 
; 


1. The condition 2 implies, of course, that lim V“" is the same for 


every dyadic sequence a, tending to a. 


2. If the product. 


HT) = ml Vii 
‘ t=1 
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in 3 covers only an m-dimensional domain D containing E for 7-values of 
the domain D’ containing O and convex with respect to this point ([8]) and 
also the conditions 1, 2 are postulated in these domains D, D’, then Theo- 
rem 3 remains valid in D, which will be mapped by G(U) on D’. (D’ is 
Supposed to be convex with respect to the point O in its interior in order that 


for any G(U) € D’ also > G(U)€D’,) 


3. Theorems 2a, 2b and 3 imply that if the conditions stated in these 
theorems and 1) are satisfied, then the general solution of (1) is 


f(x, U) =g '[g(x)+C-G(U)]. 


(Received 27 June 1954) 
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MPEOBPASOBAHHA, 3ABUCALUWE OT HECKOJIBKUX 
MAPAMETPOB, HM JEMCTBUA B MHOFOMEPHbIX MPOCTPAHCTBAX 


A. Auea (e6peyen) 1 M. Xoccy (MawKorbu) 


(Pe31wme) 


B § 1, pewas cbyHkunoHanbHoe ypasHenne (1), faeTca, npu ycrosun II), HopManbHas 
(popMa BCeX N-MePHbIX, 3aBNCAUIMX OT M NapamMeTpoOB NpeospasoBanun (m < n), OOpasyoulHXx 
nomyrpynny. § 2, He orpaHu4npad pasMepHOCTb, WaeT HOPMabHytO opmy mpeoOpasoBannh, 
3aBUCALINX OT HECKOJbKHX ADAUTMBHDbIX NapaMeTpoB HM OOpa3syoulnNx NOAyrpynny, npn akanorny- 
HbIX YCIOBHAX PaspelUHMOCTH H YCIOBHM H3MepHMOCTH (ii), pewad ypaBHeHHe (2). § 3 nayyaeT 
BONPOC BBOAMMOCTH AMHTHBHbIX NapaMeTposB, aban HeOOxXOAMMOEe HW DOCTaTOUHOe ycnopne 
TONOAOrHYeCKOMH H3OMOPHOCTH BeEKTOPHOTO MpOCcTpaHCTBa, 3aMKHYTOrO OTHOCHTebHO 
HEKOTOPOrO MHOFOMePHOrO aCCOWMATHBHOrO eHCTBHA, T. €. OTHOCHTEMBHO peweHHA (pyHK- 
IMOHAIbHOrO ypaBHeHHA (3), C rpynnon CHO*KeHHA BEKTOPOB. 


BEITRAGE ZUR THEORIE 
DER GEOMETRISCHEN OBJEKTE. I—II 


I. ELEMENTARER BEWEIS DER NICHT-EXISTENZ VON REIN 
DIFFERENTIELLEN GEOMETRISCHEN OBJEKTEN HOHERER 
KLASSE ALS DER DRITTEN MIT EINER KOMPONENTE 
IM EINDIMENSIONALEN RAUM 
Il. ELEMENTARE BESTIMMUNG ALLER REIN DIFFERENTIELLEN 
GEOMETRISCHEN OBJEKTE ERSTER, ZWEITER UND DRITTER KLASSE 
MIT EINER KOMPONENTE IM EINDIMENSIONALEN RAUM 


Von 
J. ACZEL (Debrecen) 
(Vorgelegt von G. Hajés) 


§ 0.1. Einleitung 


Betrefflich der Definition der geometrischen Objekte iiberhaupt verweisen 
wir den Leser auf die Literatur ({9], [10], [13], [14], [17], [20}). 

Ein geometrisches Objekt n-ter Klasse mit einer Komponente x im 
eindimensionalen Raum ist eine im Punkte = dieses Raumes definierte Zahl, 
die noch von der Wahl des Koordinatensystems (das hier aus einer einzigen 
Koordinate besteht) abhangt und bei einer Transformation der Koordinaten 
E— (&) (y’(§) +0) zwischen zwei beliebigen Koordinatensystemen §, — nach 
der Formel 

F=/5 90.90 OPO .eO+ 0| 
transformiert wird. Figurieren § und g(&) in der Formel nicht: 


(1) x= f[x, 9), gO) --- PPE), 

so ist das Objekt rein differentiell. Es wird natiirlich vorausgesetzt, da die 
Durchfiihrung der Transformationen E—('),F—w(E)  (¢’, w’ +0) nach- 
einander dieselbe .Wirkung hat, wie die einzige, vereinte Transformation 
=—w/[¢(é)) (die betrachteten Transformationen bilden eine Pseudogruppe, 
vgl. [4]). — Nicht rein differentielle Objekte kénnen immer auf rein differen- 
tielle zuriickgefiihrt werden ((15], [10)). 

Die Bestimmung sdmtlicher geometrischen Objekte einer gegebenen 
Komponenten-, Dimensions- und Klassenzahl wurde durch W. W. WAGNER 
({15], [16], [18]) auf die Theorie der Lieschen Gruppen zuriickgefiihrt. Das 
von ihm angegebene Programm wurde fiir die im Titel der vorliegenden 


| 


Arbeit figurierenden Objekte durch Ju. E. Pensow ({11], [12]) durchgefiihrt, 
— Die Anwendung der Lieschen Theorie bringt aber, wie das S. GOLAB 
({5], [7], [8]) bemerkt hat, im wesentlichen die Voraussetzung der Analytizitat 
von f in (1) mit sich. Da® in dieser Theorie diese Bedingung sich nicht 
beseitigen !4Bt, wird durch ein Ergebnis von T. WAZEwsKI gezeigt ([19]). 
Der Satz namlich, daB es keine Objekte der erwahnten Kategorie von héhe- 
rer als der dritten Klasse gibt, stiitzt sich auf den Satz der Lie-Theorie, dab 
es in einer Verdnderlichen keine Lie-Gruppe mit mehr als drei wesentlichen 
Parametern gibt. Die Beweise dieses Satzes machen von der Analytizitat 
starken Gebrauch, und T. WAzEwskI hat auch tatsachlich eine Transforma- 
tionsgruppe der Klasse C. (unendlich oft derivierbar) konstruiert mit einer 
Variablen und vier wesentlichen Parametern. 

S. GOLAB hat in einer Reihe von Arbeiten ((2], [3], [5], [6], [7]) im 
eindimensionalen Raum sdmtliche differentielle Objekte mit einer Komponen- 
te von den Klassen 1, 2,3 bestimmt und dann bewiesen, daB es keine 
solche Objekte von héherer als der dritten Klasse gibt, und zwar ohne von. 
der Funktion f(x,@,,...,@,) in (1) Analytizitat vorauszusetzen. Er fordert 
nur einmalige stetige Derivierbarkeit dieser Funktion. 

In der vorliegenden Arbeit werde ich diese Resultate in einer ver- 
scharften Form ableiten, indem ich tberhaupt keine Derivierbarkeitsvoraus- 
setzungen brauchen werde. Wir fordern nur, daB f stetig sei, und auch das 
nicht in allen Veradnderlichen, sondern nur in der ersten und J/etzten, ferner 
dafi in dem Definitionsbereich beziiglich x keine Zahl x, existiere derart, 
dah f(x),@,...,@,) von @, unabhangig ist. Falls, wie man dies .n dieser 
Theorie vorauszusetzen pflegt, zu einem beliebigen x Parameter @,,...,@n SO 
zu finden sind, daB f(x,,@,...,@,)—x ist, so (s. [5], [7]) bedeutet diese 
letzte Bedingung einfach, daBb f(x,a@,...,@,) von «@, tatsachlich abhangt, 
d.h. das Objekt von genau n-ter Klasse ist. — Es ist merkwiirdig, daB die 
Beweise unter diesen wesentlich schwacheren Bedingungen nicht langer, 
sondern ktirzer sind, als die oben zitierten. 

In den §§ 0.2 und 0.3 werden zwei Hilfssatze beziiglich der n-ten 
Derivierten einer zusammengesetzten Funktion bzw. beziiglich Transformatio- 
nen mit einem additiven Parameter bewiesen, die auch selbsténdig von 
gewissem Interesse sein mégen. Diese Satze sind tibrigens bekannt ({1], [7]), 
werden aber hier der Vollstandigkeit halber doch wiederholt bewiesen. 

Nachdem im § 1.1 die Nicht-Existenz von eindimensionalen differen- 
tiellen geometrischen Objekten einer Komponente von hdherer als der dritten 
Klasse unmittelbar aus dem Hilfssatz 2 bewiesen wird, brauchen wir hier 
den dazu von S. GOLAB verwendeten Satz ({7], S. 12) nicht. Wir werden im 
§ 1.2 diesen Satz, der die allgemeinste Gestalt von f fiir die Untergruppe 
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mit @—=...=e,-1.=0 angibt, unter unseren schwadcheren Bedingungen doch 
beweisen, da uns dies im zweiten Teil niitzlich sein wird. 

In den §§ 2.1 bzw. 2.2 bzw. 2.3 bestimmen wir endlich unter diesen 
Stetigkeits- und Nicht-Konstanz-Bedingungen die allgemeinsten rein differen- 
tiellen geometrischen Objekte (1 Komponente, 1 Dimension) der Klassen 
1 bzw. 2 bzw. 3. 

Wenn auch in der vorliegenden Arbeit gewisse, manchmal sogar wesent- 
liche Verkiirzungen und Verminderungen der Bedingungen im Vergleich zu 
S. GOLAB’s Arbeiten ([2], [3], [5], [6], [7]) erreicht wurden, stammen die 
Grundgedanken unseres Beweises doch eben von diesen Arbeiten und der 
Verf. ist Herrn S. GOLAB auch sehr dankbar, dali er seine Aufmerksamkeit 
auf diese Probleme gelenkt hat. 


§ 0.2. Ein Hilfssatz iiber die n-te Derivierte 
einer zusammengesetzten Funktion 


Wir geben hier ein Lemma von S. GOvas ({7]) in einer etwas ver- 
scharften Form, das sich auf die n-te Derivierte der zusammengesetzten 
Funktion bezieht. Wir bezeichnen der Kiirze halber 

x9) = Vie], 
(2) g™ (5) =—=E4in, wg) 7 a Bas 45) = en =2n( presy Gn, A, . ae) Pn). 


Unmittelbares Derivieren zeigt, dah 


(3) L=48,, Lo= Ae t+as,, Pr= ai 8,+ 4,3, + 3a, eh, 
(4) £s= Gh, + G8, + 6c} a, 3 + 42,43 + 303/y. 


Im allgemeinen beweisen wir den 


HitFssaTz 1. Es gilt mit den Bezeichnungen (2) fiir jedes n= 4 


(5) Sn == C1 Bn + Enh + 5 Jey teattnees 1+ Ele, bole] Oa Sy y 259 Pn-B) 
mit 
(6) Fn = Megha + Ceghty +... + Ena Aa 2=Poky + Bak Ho + Fn-okn-2, 


wo h; und k; Polynome von cy, &y, ..+, @n-25 Pr, Geers OW. VON ty .:leaatin eget 
sind. ; 


BEwEIS. Wie die Formel (4) zeigt, gilt die Behauptung fiir n—4 
(g, = 343%). Wir vollbringen den Beweis durch Induktion. Vorausgesetzt, 
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—_e- 


daB fiir n die Gleichungen (5)—(6) gelten, derivieren wir die Gleichung (5): — 
Bag = On = eT Bay TOT By + Guy By FO, % PF 


oh >| ar la,8,+| >| tage, +(5}0— Dar ate, a 
+nea, ,8&+na,¢,8,+ne,e@, ~,+2,= 
=a +a,,,8, #("3 ata,8,+(n+1)@,4,8, +8 a1 
wo (6) 
Ba tay nly By Bare rBy = Mal ( 9 0-2) @P Sa, Re Bl | 
+e, ; Jers, 4a, na®p,-ha,h, +...-+a, gh’ + Gyhy tsa a, yh, oo 
Scars @ Patera the, é [(a—2)a} 8 a2 + a *a,}+ 


+ Bk +. +8, kl y+ PO, ky + +8181 K, 9 


und dies sind Formeln der Gestalt (5)—(6), womit der Hilfssatz bewiesen ist. | 
Aus dem Hilfssatz 1 folgen durch Spezialisierung sofort die folgenden 


KOROLLARIEN. 1. Falls (fiir ein 5) @=@;=...@n-2=0O oder 
Biappa. = Pee IST SO. WHT, aural 5 ie 
En(Gi,0, .+.,.0, 8:5 Bas 10+.» Bare) == Bays Wey ny una yih, Oe 0) ae 
2. Fir d= @,—=.... = 04.1==0 gilt . 
£:=4B8,, 2o= 4B, ..-,Qn1= aT 8 ., g,=arP +a B.. 
3. Fiir = ~—=...=Bir1=0 gilt 


i= 06,, Zx= Cy h,,..., Qn-1—An-1 8, Sn= ai Patan &. 
4. Ist endlich a.=a,=..:=@Q.-) ===... = Pri =0, so wird 
£=%/,, £2. = 23. -- = La-1 = 0, Sn= ai Pn, +en 8h, 
gelten. 


Auch die Korollarien 2—4 stammen von S. GOLaB [7]. Man sieht aus 
(3), daB diese Korollarien fiir jedes n = 2 (nicht nur ftir n = 4, wie der Hilfs- 
satz 1) gelten. (Fir n 3 braucht in 1 und fiir n—2 auch in 2,3,4 nichts 
mehr substituiert werden.) Aus 1—4 folgen fiir n = 4 auch: 

5. Flir a, =, = 1, @2=...=@y-2=0 gilt 


Lo 1, £.= fa, oe +9 L£n-2 = Bn-2) Zn-1 == En-1 + Bur, Pn = On + By + NGn-1 Bo. 
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6) Fir ¢, = 6, = 1,%=...—=Br-2=0 gilt 


ep 1, 22 =, wey Jn 2 == Gn-2, Zr-1 = En1atBn-1, 2n=On that | ‘ ay Br. 


§ 0.3. Ein Hilfssatz itber Transformationsscharen mit einem 
additiven Parameter [1] 


_ Im folgenden setzen wir voraus, dab x €(a, 6), u € (— ~, ~), g(x,u) € (a, 6) 
(a, 6 sind endlich oder unendlich). Wir beweisen den 


HILFSSATZ 2. /st fiir ein x = x, € (a, 6) 


(7) §lg(x, 4), y= 8% a+) 

erfiillt, und ist g(x, u) in x (fiir jedes u) und g(x), 1) in u stetig und g(x, u) 
fiir kein x €(a, 6) konstant in u, so gibt es eine stetige und streng monotone 
Funktion w(x), die (a, 6) in (— o, c) transformiert, und deren Inverse mit 
Qu) bezeichnet werden soll, derart, dap 

(8) & (x, u) = 82 [o(x) +4] 

ist und (17) fiir jedes x giiltig ist. Insbesondere gilt 


2 (x, 0) =x. 
Bewels. Wir definieren 
(9) 2a) == 7 (%..tl): 
Aus (7) wird so mit x =X): 
(10) g[2(u), oy] = 2 (u+). | 
Die Funktion Q ist laut unserer Voraussetzungen stetig und nicht konstant. 
Wir beweisen, daB sie streng monoton ist. Ware namlich 
2(,) = 2 (u) fiir uy < Uy, 
dann folgt aus (10) — 
Qlu + (u.—u,)} = £[2 (uw), u—u,] = g[2(u), u—u,] = 2(u), 
also ist 2(u) periodisch mit der Periode u.—u,. Aus Q(u) = 2(u,) folgt 
aber wegen der Stetigkeit, dai es fiir jedes ¢« ein Zahlenpaar uv, » mit 
U,<t<y<th, w—u<é — gibt, wofiir $2(v,) = 2 (vs) gilt. Also hat die 
Funktion Q(u) beliebig kleine Perioden und ist deshalb eine Konstante in 
Widerspruch zu unseren Bedingungen. Q(u) muB also streng monoton sein. 
Wir beweisen ferner, daB 
lim 2 (u) =a, lim 2 (u)= 0 


u>— © 
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ist. Ware namlich z.B. limQ(u)=6'<6, so wiirde aus (10) und der 


Stetigkeit von g(x, v) in x 

g(b7, v=o 
folgen, im Gegensatz dazu, dai g(x,v) bei keinem x konstant bleiben darf, 
wiahrend sich v 4ndert. Also ist lim@(u)—6 (und-b gehdrt nicht mehr 


zum Definitionsbereich (a, 6) beziiglich x, welcher offen ist). Ahnlich gilt 
auch lim £2 (u)—=a. 


u>— 


Zusammenfassend: Q(u) ist stetig, streng monoton und bildet (—, ~<). 
in (a, 6) ab. 
Also gibt es fiir jedes x € (a, 6) genau ein uw derart, daB x — 2(u). 
Bezeichnen wir die inverse Funktion von x= £2(u) mit u—a(x), so 
wird aus (10) 
2 (x, v) = 2 [w (x)+ 4], 
d. h. (8). Umgekehrt folgt aus (8) 


gl[g(x, u), o] = 2 {o[g(x, u)) +0} =2[o(x)+u+2] = g(x, 4+ 0) 
fiir jedes x. — (8) ergibt auch 
& (x, 0) = 2 [w(x)] = x. 
Damit ist Hilfssatz 2 bewiesen. 


§ 1.1. Nicht-Existenz von Objekten héherer Klasse als der dritten — 


Man beweist leicht (vgl. [5]), dab das Definitionsgebiet der Funktion (1) 
beziiglich x fiir n = 2 sinngemaf nur ein Intervall sein kann. g’ + 0, 9”, ..., gp 
nehmen beliebige reelle Werte an. Es gilt der 


SATZ 1. Es sei f(x, @, @;,..., @n) [x € (a, 6), @ € (— ov, ©), a, +0, fE (a, 5)] 
stetig in x und «, und es gebe kein x €(a, 6): fiir das bei jeder Wahl von 
a@,(==0), @&,...,@n-1 die Funktion f(x,@,,...,@,) von @, unabhdngig ware. 
Es sei ferner die (aus (1)—(2) folgende) Gleichung 


(11) LUFC, iy yg, 6.) )) By Bay «+, Pal =F (54, Bip Boys Bad 
erfiillt (Zusammensetzung von zwei Transformationen). Unter diesen Bedin- 
gungen mup n= 3 sein. 

Es gibt also kein rein differentielles geometrisches Objekt mit einer Kom- 
ponente von hoherer Klasse als der dritten im eindimensionalen Raum. 
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BEwEIs. Wir setzen in (11) q%—=$,=1,¢,—=...=¢,i1;=R=...= 


=f,.1—=0 ein. Aus dem Korollar 4 des § 0.2 folgt mit der Bezeichnung. 


(12) &(x, u) =f (x, 1,0,..., 0, u) 
das Bestehen von 
(7) gle 4), o] = g(x, u+). 


Die Bedingungen des Hilfssatzes 2 sind hier erfiillt: g(x, u) ist stetig in x 
und in w und ware fiir ein x—x, &(X), u)—=y. -konstant, so wiirde bei 


—— i fiir beliebige ¢,--0,@,...,@, aus den Gleichungen (11), (12) 
und dem Korollar 2 (§ 0.2) folgen, daf 
FAYex Gi, Qe; .~., Sn-1, Bp) == FF (Xos 15-0). OHO) w)} aya, popes @,] = 
=f (Xo, Bi, -. +, En-1) Gx + UG,) = f (Xp, &,, Qa, .-:, @n-1, 0) 


von «, unabhangig ist, entgegen unserer Voraussetzung. 
Aus dem Hilfssatz 2 folgt also 


FON; 0.0, ) =p 66 1) = 2 [w(x) + u] 


und 
(13) Tite de Wea te 0,0) == X, 

Setzen wir in (11) a@,—1 sowie {—1, &=.-.—f,.1—0 bzw. 
@, =... =¢,-1 = 0 ein, so erhalten wir mit Bezugnahme auf die Korollarien 
3 bzw. 2 


Seems 1 t1 i (k, 15 lo. . 5, Sut, n)| + Bat =f (x, 1)'@j;...; @n-1) 2a + Po) 


bzw. 


f{ 2 [w(x) +4,], A, Bo, wisp Papa 7 (X; B,, Bo, cee Bn-1; an 6, + Bn). 


Wir setzen in diese letzte Gleichung 


dE 
Aisa q y=2[o(x)+a], x=2[o(y)—a@,] =2 loo) rE ol, 
(15) FL QC), B., Bas «+ +5 But, O] =F (tr, Br, Ba, -- +) Br-1) 


und erhalten 


pet 
TO, Di, So, . ey Bock 2.) =F |o() + goes Bp, sey fs], 


: Cr : 
(16) T(x, G1, a, eee) An-l, a)—=Floo +2, @\, &,. sical 


Dadurch erhalten wir mit der Bezeichnung 
(17) w[F(u, 1, @,..., &n-1)] = G(u, @,..., &n-1) 


6 Acta Mathematica VII'3—4 
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aus (14) (¢,= 1) 
G[w(x) + Gn, to, «.-, @n-1] + Bn = G[@(X) + Gn + Bn, Ge, -.., n—1) 

oder mit w(x)+ ¢@,—0, 8, =u 

G(U, Ga, ..-; @n-1) =U + G(O, Ge, «--; Gn 1) =U+ P(as, FT Gea 

Setzen wir dieses Resultat durch (17) in (16) mit @,—1 ein, so 
haber! wir 

f(x, 1, @2,..., Cn) = 2 [w(x) +@,+ P(Gs,..., En-1)]- 

Dies soll wieder in (11) eingesetzt werden mit @,=-,—1,g,—1, 

On =Onall, ey, ..., ny 1, %,---, Pn). Von hier an setzen wir 


n24 
voraus und wenden den Hilfssatz 1 an: 


w(x)+¢,+ P(a@,..., Gn-1) + But P(B,, «++, Bn-1) = O(X) + But P(Ba, «++ $n-1); 
P(@s, wee) dn-1) + P(6o, Srey Piet) a Gi Gy Bu-1 + N@n-1 + Gn+ P(Lo, «03 aoe 


Substituieren wir a=... = @a-2—=0 (@,-1=— 0, &=-0) bzw. A=... = 
=P, 2=0 (a, + 0,6,-1 + 0), so wird laut des Korollars 1 (§ 0.2) in beiden 
Fallen g,=0 und im Einzelnen erhalten wir, falls noch die KoroHarien 5 
bzw. 6 verwendet werden: 


P(0, -:.', 0,@s-1) +P (fh, 22.5 Ba) = Gat Pe +P (Pay ons Pm n-1 + Bn-1) 


bzw. a, 
(ly Ay eae dns) =| ‘ | uses + P (ey, ~-:eue, ene ee 
Der Vergleich dieser, beiden Gleichungen zeigt sofort, dab 


n 
(S| =a, n=3 


ist im Gegensatz zur Voraussetzung n= 4, womit der Satz 1 bewiesen ist. 
(Vgl. [7]-) 


§ 1.2. Bestimmung der Objekte n-ter Klasse (n = 2) fiir die Unter- 
gruppe 5— 4(&), '(&)+0, 9’ (&)=9'"(&) =... = g"-(&) =—0 von 


Koordinatentranaformationen 


Wir beweisen den 
SATZ 2. Alle unter die Bedingungen des Satzes 1 (mit i=1,n) fallen- 
den spezialisterten (a,= a,—= ... = @y,-1 = 0, @, = 0) Funktionen 
7 Xs Gaz Un haa ee) (n = 2) 
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lassen sich in die ‘Gestalt 


W(X), an 
18 F(% 0, 40,05) = | n- 4 
(18) ' ; Spt ce 
schreiben, wo p(x) stetig und streng monoton ist mit der Inversen &.— Also 
sind das alle rein differentiellen geometrischen Objekte n-ter Klasse mit einer 
Komponente im eindimensionalen Raum fiir die im Titel dieses § figurie- 
rende Untergruppe von Koordinatentransformationen. 


Bewels. Wir setzen in die Formel (16) des vorigen § 


dy—=...=&1=0, F(u,a,0,...,0) = D(u, a,), 
wo wegen (13) und (15) 
(19) P(u, 1) = f[Q(u), 1, 0, ..., 0] = Q(u) 
ist, und erhalten 
(20) f(x 0,-1.4 0,69) = ® | 2) + =, a) 
1 
Substituieren wir dies jetzt in (11) mit q=...=a,-:={—=...—=r 1=0, 


so folgt aus dem Korollar 4 (§ 0.2) 


©} o( | + a] )+2 8 | = @| w(x) + Sct othe a), 


A; a 2 
oder mit den Bezeichnungen w (x) + s =f ¢,—=v, }.—w, ome und 
(21) w[P(u, v)] = Hu, v) 
(wo wegen (19) 
(22) H(u,1)=u 
ist) é 
(23) A[H¢, v) +2, w] = A(t4+ 201, vw). 


Es sei hier zuerst t=0, w=—1, zvo"™"!=u, z=uv'" gewahlt: 
| | H(0, v)+uv'- =H (u, v) 
(wegen (22)), d. h. 
(24) H(u, v) =uv'-* +A(v). 
Wir substituieren dies wieder in (23) mit z= 1: 
[tol + AQ) + 1] w+ ACW) = (Eo onwh” + h(vw), 
h(v)w'" + h(w) = h(ow). 
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Da die rechte Seite in v, w symmetrisch ist, mu auch die Linke es sein: 
h(v)w'* + h(w) = h(w)o' "+ Ar), 


_ ftv)” __ _ 40) _ _-¢ (konstant). . 


‘A —ypl-n haan 


Deshalb ist 
h(v) = C(1— vv"), 
d. h. wegen (24) 
H(u, v) =uv'" + C(1—v'”) 
und aus (21), (20) 
P(u, v) = 2[(u—C)' "4+ CI, 
f(x, @, 0, ...,0, &n) = 2 {[o(x)—C]e!* +.a,¢;"+C}, 
was mit der Bezeichnung ™(x)—C=w(x)=u, x=2(u+C)—V#(u) 
eben das gewiinschte Resultat (18) ergibt. (Vgl. [7].) — Wir bemerken, dab 
bei unserem Beweis nirgends n =4 vorausgesetzt wurde, der Satz 2 ist fiir 
jedes n= 2 giiltig. 
Andererseits sieht man durch unmittelbares Einsetzen, dai (18) die 
Gleichung (11) mit @.=...=a@..=—A=—...41=0 auch” tatsachiice 
erfiillt. . 


. 


§ 2.1. Objekte erster Klasse 


Aus (3) und (11) folgt fiir n= 1 gleich 
(25) SUF (x, @:), 2] = F(x, G4) (,, &, == 0). 
Ware diese Gleichung fiir x € (a, 6), @,, 8, € (0, ©) vorausgesetzt, so ware 
sie mit 
(7) gl[g(x, u), o] = g(x, u+) 
Aquivalent, wie das die Substitution «,=—e", ~,—e? 
F(x, «) =f (x, e) = g(x, u) 


sofort zeigt. Ist nun f(x,@) stetig und fiir kein fixes x konstant, so folgt 
aus dem Hilfssatz 2 (§ 0.3) 


2 (x, u) = 2 [w(x) +-u], 
(26) f(x, @) = Plg(x)¢], f(x, 1) =x 
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mit g(x) = e°” 
wechseln ist. 

In (25) darf aber «,,@, auch negativ sein (aber nicht 0). Da I(x, u) 
schon bei positiven uw das ganze Intervall (a, 6) durchlauft, erlauben wir in 
dem Fall der Gleichung (25), da& der Definitionsbereich beziiglich x aus 
zwei (evtl. beriihrenden) Intervallen bestehe. Man sieht leicht ein (vgl. [3]), 
dafi es nicht aus mehr als zwei Komponenten bestehen kann, falls T(x, @) 
fiir ¢==0 stetig und f(x, 1)— x bleiben soll, und daB diese nicht ‘ein Inter- 
vall und ein Punkt sein kénnen. Den Fall, wo der Definitionsbereich aus 
einem bzw. zwei Punkten besteht, lassen wir beiseite (diese geben die Ska- 
lare bzw. Biskalare als Objekte an, vgl. [3}). 

Auch fiir das zweite Intervall (a,, 6,) gilt aus dem Hilfssatz 2 


f(x, e°) = 2 (x, u) = 2,[w, (x) + 4] 
und hier setzen wir g(x) =—e*© <0. Deshalb gilt 
(26) f(x, e) = P[g(xje] (@>0), f(x, 1l)=x 


fiir beide x Intervalle (mit g(x)20, je nachdem x€ (a, 6) bzw. (a, 6,)). — 
F(x, @) gehort fir ¢ >0O wegen der Stetigkeit zu demselben Intervall. wie. x. 


>O [x€(a, 6)], die mit der Funktion ——¢(&) nicht zu ver- 


— Wir setzen 

(27) f(x,—@)=h(x,@) (@>0), A(x, 1) =—k(X). 

Aus (25) (und (26)) folgt mit e——1 bzw. F=—1 bzw. c= f=——1 
(28) h(x, B) =f[k(x), 8] bzw. h(x, «) =k[f(x, @)] 

bzw. | 

(29) "kL k(x)] =x: 


Mit (26) ergibt sich 
h(x, a) =k{ D[p(x)e]} = Pig [k]e}, 


oder mit x = %, P(X) Tp ee == 1), 
k[P(u)] = ® [Da] 
(30) k(x) = B[D@(x)]. 


Wir setzen dies in (29) ein, und bekommen 
J PD g(x] =x, Dg@)=9@), D=+1, 
also wegen (30) und (28), (27) entweder 
f(x, —@)=Ah(x, e) = O[g(x)e], 
f(x, @) = Ple@)|ell, 
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d. h 
(31) He ene. eI, 
oder 
f(x, —a@) = h(x, a) = O[—¢(x)e], 
f(x, —) = ®l[¢(x)e], 
oh. Ine 
(32) f(s, a) = [MO], 


mit VO=am (Die zwei Intervalle (a, 6), (a,,6,) werden im ersten Fall 
durch k(x) in sich, im zweiten Fall in einander abgebildet.) 
Wir haben also den 


SATz 3. Ist f(x, a,) fiir x € {(a, 6), (a, b)}, a € {(— %, 0), (0, ©) } stetig 
und in «, nicht konstant, und gilt die Gleichung (25), so ist f von einer der 
Gestalten (31), (32). — D. h. die rein differentiellen geometrischen Objekte 
erster Klasse mit einer Komponente im eindimensionalen Raum aufer den 
Skalaren und Biskalaren sind die (umkehrbaren) Funktionen von Weylschen 
Dichten [(31)] und die von gewohnlichen Dichten |(32)]. (Vgl. [3], [2].) Um- 
gekehrt erfiillen (31), (32) immer die Gleichung (25). 


Dies la8t sich auch zu einem Satz iiber Objekte der Klasse 4 umfor- 
men (siehe [3]). 


§ 2.2. Objekte zweiter Klasse 


Wie schon am Anfang des § 1.1 bemerkt wurde, ist bei unseren Ob- 
jekten von genau n-ter Klasse (n = 2). sinngema8 der Definitionsbereich 
beziiglich x von f(x,«,,...,@,) immer ein Intervall (a, 6) (vgl. [5]). Dies 
wird also auch in diesem und dem folgenden § vorausgesetzt. Aus dem 
Satz 2 folgt fiir n= 2 sofort der 


Satz 4. Unter den Bedingungen des Satzes 1 fiir n—2 gibt es immer 


eine stetige streng monotone Funktion w(x), mit der sich f(x, a, @) in die 
Gestalt 


fl @,a)=% |") pee] —x) 


ray a 


schreiben léBt. — Also werden die rein differentiellen geometrischen Objekte 
zweiter Klasse mit einer Komponente im eindimensionalen Raum im wesent- 
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lichen wie eine Komponente eines affinen Zusammenhanges transformiert. 
(Vgl. [5], [11], [12}.) 
Diese Formel wird manchmal in die Form 


Fle, @)~ 0 FO _ 4) (oy — yy 
geschrieben ((5], [11], [12]). 


§ 2.3. Objekte dritter Klasse 


Aus dem Satz 2 folgt hierfiir, dab 


f(x, e1, 0, @) = ‘Men a 


Andererseits nimmt (16) fiir n 3 mit 
w(x) = w(x)—C, F(y+C, Gy, Gs) = 1'(y, 5, &o) 
die Gestalt 
(33) F(X, @, @y, &) =F fyy(x) + = » Bi, Oe 


an. 
Substituieren wir diese Formeln in (11) mit «=O bzw. %—0, und 


benutzen die abkiirzende Bezeichnung 


(34) w [r'Qy, a, @)| a, G(y, a, (2), 
so erhalten wir (vgl. die Kerollarieiy 2,3 in § 0.2) 


(35) G pacha sh oe + a , A, #|— G| we) ote i a an ’ a A, cif | 
ae 

A as GB |. 
(3 6) at He [rors »&, «| — Gly 3 Bi, @e A 


Setzen wir in beide Gleichungen 


w(x)+ rie 0, oe == 


und in (35) i=l, ¢t&—=w, we; baw. in (36) @—ai, fiw 


2 9 
; UV; VU ‘ Vi : 
Uo By =< a? p; ae V2,” Qa, == a ) Ao == & ) B — oe so erhalten wir 
: 1 1) 2 


(37) G(u, @,, W)—=G {= A; a 
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bzw. oni 
imc) Vy 
(38) G(u, v1, %) = “alo, 4, Eat 
a 
und durch Einsetzen von (37) in (38) by W== is (2) | 
9 u v3 
G(u, nw) = + we 4 G@,1,1)=4 +e 4 
(34), (33) gibt dann | 
W(x mere 


und falls wir dies in (11) z. B. mit ¢,—9,—0O (n=3) einsetzen, so wird, 
wenn wir auch die Formeln (3) in Betracht ziehen: 


a leeeenee #) +e Be Oa ae 3a: dat 
Bit a “8 (aby (a, 2)! CH 
d.h. 

2c+3=0, c=— + 
und aus (39) folgt 


Andererseits kann man sich unmittelbar iiberzeugen, dai (40) die 
Gleichung (11) fiir 23 auch wirklich erfiillt. Wir gelangten also zum 


Satz 5. Ist f(x, @,,@,@,) [x € (a, b); @, +0, a, @, € (— ©, ~); FE (a, b)} 
stetig in x und @,, und gibt es kein x €(a, 6) fiir das bei jeder Wahl von 


@,(== 0), @ die Funktion f(x, @,,@.,a3) von @y led ae ist, ist ferner 
- die Gleichung — 


bses G1, os, ts), Py, io, Bs] == f(x, @; By, ct By + Gy b, a} b+ é;6+3a, ay (i) 
erfiillt, so lapt sich f(x, @,, @, @) immer in die Gestalt (40) schreiben. 


Also werden die rein differentiellen geometrischen Objekte dritter Klasse 


mit einer Komponente im eindimensionalen Raum im wesentlichen wie eine 
Komponente eines projektiven Zusammenhanges transformiert. (Vgl. [11], [12].) 


Fiir den unseren ahnliche Resultate unter Derivierbarkeits- bzw. Analy- 
tizitatsbedingungen vgl. die Aufsatze [3], [5], [7], [11], [12]. Auch beziiglich 
Folgerungen und Anwendungen verweisen wir den Leser auf diese Arbeiten. 


(Eingegangen am 12. Marz 1955.) 


— hi 
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K TEOPHH TEOMETPHYECKHX OBbERTOB. I—Il 


I. DaemenTapHoe AOKasaTeNbCTBO TOrO, 4TO HE CyLIeCTBYeT OAHOMEPHBIM, 
OAHOKOMNOHEHTHbIM, 4NCTO AHdepeHuManbHbIt TEOMETPHYeCKHK OObEKT 
Kjlacca BbIWe Tp ‘ 


Il. DremenTapHoe onpefenenne Bcex TakHX OObeKTOB KAaccoB 1, 243 
A. Auea (edpeuen) 
(Pe31 Me) 


IIpn 3safannn O6ulerO Biya OAHOMEPHbI, OMHOKOMMOHEHTHBIX TEOMETPHYCCKHX OObEK- 
Top A.C. Ay6uos uw $O. E. Mex308 npeanonoxknan aHaqMTHYHOCTb, M@X*KAY TEM Kak — 
C. [ona6 tTpe6opan OfHOKpaTHyW HenpeppiBHyro AnddepeHunpyemocTb. B HacToauen 
pa6ote TOT +e pe3yibTaT MOMyYaeTcA 6e3 BCAKHX TpeOORaHHH ANdcepenunpyeMOCTH, TOMbKO 
B NpesnonoxKe HHAX CNaOOl HenpepbiBHOCTH. MV AoKasaTeAbCTBa 3HAYHTEAbHO KOPOYe, B OCObeH- 
HOCTH JOKA3aTeJbCTBO TOTO, YTO HET OAHOMEPHbIX, OAHOKOMMOHCHTHBIX reOMeTpH4eCKHX 
OObERTOB KNACCOB BbIINe TPH. 


SUR L’INVERSION DES TRANSFORMATIONS ALEATOIRES 
PRESQUE SUREMENT LINEAIRES 


Par 
ANTONIN SPACEK (Prague) 
(Présenté par A. Rényi) 


Un des résultats trés utiles d’analyse fonctionnelle est le théoréme sui- 
vant de BANACH d’inversion des transformations linéaires Heb Be Be pe 

Soit + une transformation linéaire d’un espace de Banach X en soi 
cest a dire +(X)CX mais pas nécessairement u(X)=X) et supposons 
jue |\r\|<1. La transformation o, qui fait a chaque x¢ X correspondre le 
Doint Pais) € X, posséde une transformation inverse o~ unique et lo {l= 

= (1—||r\|)°. 

Il est naturel de penser a une extension de ce théoréme aux transfor- 
nations aléatoires. Le but de cette note est de présenter quelques résultats 
lémentaires dans cette direction. L’un de ces résultats est une simple carac- 
érisation des transformations aléatoires presque stirement linéaires et l’autre 
in théoreme d’inversion qu’on peut appliquer pour résoudre certains types 
équations fonctionnelles aléatoires. Un exemple typique d’application du 
héoréme d’inversion est l’équation aléatoire de FREDHOLM qu’on peut trouver 
Jans [5]. 

Soit (F, %,#) une transformation aléatoire d’un espace séparable du type 
G) ({1], p. 20) en soi d’aprés la définition donnée dans [4]. Remarquons 
jue X est complet par définition et désignons par o la métrique dans X et 
ar ( une base dénombrable ouverte sur X. 

Il est évident que /a classe D de tous les sous-groupes dénombrables 
le X denses par rapport a X satisfait aux conditions (2) et (3) de [A]. 

Soit A un sous-groupe de X. On dit que Ja transformation f de A en 
K est linéaire sur A, si f(x+y)=f(x)+/f(y) pour toute paire x, yé€A et 
7il existe une constante c=0, appelée constante de Lipschitz, telle que 
(f(x), f(y)) = co (x, y) pour tout couple x,y¢€ A. Cette définition différe un 
yeu de celle de BANACH ([{1], p. 23). 


Soit A un sous-groupe de X. En définissant 
T (A) = {f:f € F,f est linéaire sur A} 


vec une constante de Lipschitz commune pour tous les f€ T(A), on voit 
put de suite que Jes conditions (6), (7) et (8) de [4] sont satisfaites et la 
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propriété (5) de [4] résulte-immédiatement d’un théoréme de prolongement, 
que nous allons formuler sans démonstration, qui est d’ailleurs évidente. 
Ftant donné un sous-groupe A de X dense par rapport a X et une 
transformation linéaire f de A en X, il est possible de la prolonger par line- 
arité dans X. Ce prolongement est unique et conserve la constante de Lipschitz. 
Pour s’assurer que la condition (5) de [4] est satisfaite, il n’est pas 
neécessaire d’exploiter lunicité du prolongement. 
On dit que la ie potuinct aléatoire (F, *%, m) est presque Stree 
linéaire, si »(7(X))-=1, # désignant la mesure extérieure induite par «. 
On déduit cee du théoreme 1 de [4] une simple caractérisation 
des transformations aléatoires presque stirement linéaires: 


THEOREME 1. Pour gu’une transformation aléatoire (F, X, «) dun espace 
X séparable du type (G) en soi soit presque stirement linéaire, il faut et il 
suffit que 
wf: f(x+y)=f(x)-+-f(y)} =1 pour tout x,yExX 


et quil existe une constante c = 0 telle que 


HAF: 0F(X), LY))=Ce(% Y)j =1 pour tout x, y EX. 
Si X est de plus un espace de Banach avec la norme |\-\|, il est possible de 
remplacer la deuxiéme de ces conditions par 


uA f: |P(x)||Sel]x||} 1 pour tout x € X. 


Remarquons que la séparabilité de l’espace X n’est pas une restriction 
sérieuse du point de vue des applications aux équations aléatoires. 

Soit ¢ la transformation de F en soi qui fait 4 chaque f € F corres- 
pondre l’élément t(f)€F de facon que t(f(x))==x—f(x)€ F pour tout x€ X. 

On voit tout de suite que /a transformation t est biunivoque, mesurable 
ef quelle conserve ensemble T(X) des transformations linéaires, cCest a dire 


(Si f€ Ff est linéaire sur X}=(f:f€F, t(f) est linéaire sur X}. 


i) dit qu'une transformation s de l'ensemble HCF en F est presque: 
surement mesurable, si «(H)==1 et s '(E)€ An pour tout E€%, Hn 
designant la classe de tous les ensembles du type HN E, E € & qui est évi- 
deimment une o-algébre de sous-ensembles de H. 

En utilisant ces définitions, nous allons démontrer un théoréme parti- 
culierement adapte aux questions de solution de certains types d’équations: 
fonctionnelles aléatoires. 


THEOREME 2. Soit (F,%,«) une transformation aléatoire a’un espace X' 
de Banach en sot et supposors que les conditions suivantes soient  satisfaites? 
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a) (F, %, 4) est presque siirement linéaire avec une constante de Lipschitz 
<1; 

_ b) il existe un ensemble M<T(X) tel que H(M)=1 et une classe 
dénombrable d’entourages UC MN sur M qui satisfait aux conditions A, B, 
= de.{2} (p.33); 

¢) pour tout x,€X la transformation de M en X, qui fait a chaguc 
féM correspondre le point f(x,) € X, est continue par rapport a la topologie 
engendrée par \\. 

Sous ces conditions la transformation S. qui fait Gd chaque f € M cor- 
respondre la_ transformation inverse de t(f) est presque strement mesurable 


DEMONSTRATION. Evidemment il suffit de démontrer que 


STUPS FEF, F (mm) € G}) EMNG, 
ou d’apres Videntité 


SUF S EF F(x) € G})= fF F, 8 (F(x) € GG 


que 
iF: f€ F, s(f(x,)) € G} EMNK 


pour tout x,€ X, G€). La o-algébre des sous-ensembles boreliens de M étant 
d’aprés b) contenue dans Mn%, il suffit de prouver que la transformation, 
qui fait 4 chaque f€ M correspondre le point s(f(x,)) € X, est continue par 
rapport a la topologie induite par ll. Il est facile de voir que la condition 
a) entraine l’inégalité 


Ils(F(%)) —s(g%)) = IA(s(¢ (%))) —2(s(¢%)) 


pour tout f,g¢M,x,€X. Le point_x,¢€X étant fixé, on peut faire corres- 
pondre, d’aprés la condition c), a chaque «~0O-un entourage V.(g)€U de 
g€M tel que 
| \fs(g a) —g(s(¢(%))| < #«—e) 
pour tout f €V.(g), donc 
| Ils (F(%)) —s(g(%))II < # 
pour tout fé V.(g), c. q. f. d. 

L’exemple d’une équation aléatoire de FREDHOLM, qui est examiné plus 
en détail dans [5], montre que les conditions a), b), c) du théoréme 2 sont 
des exigences assez naturelles et par conséquent légitimes du point de vue 
des applications aux équations aléatoires: 


(Recu le 9 aotit 1955.) 
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UHBEPCHA CAY4YAAHbIX, MOUTH HABEPHO JIMHEMHbIX OTOBPAXKEHHH 
A. Ulnaverk (lpara) 


(Pe3t Me) 


CtaTba COfepxKHT BePOATHOCTHOe OOOGLIeHHeE H3BECTHOH TeOpemMbI OG HHBepcuu 
AuneliHOro OnepaTOpa B npoctTpaHctBe Banaxa. [leppai Teopema copepsKuT HeEOOHOAMMBIE 
M MOCTATONHbIe yCAIOBHA AA TOTO, YTOOBI CaydaHHOe OTOGpaxKeHHe NpoctTpaHctBa Tuna G 
ua mpocrpaxcrsa Banaxa na CceOaA O6bI10 NOYTH HaBepHO JMHeHHBIM. Bropaad Teopema 
COAEPKAT AOCTATOYHBIE yCAOBMA AAA TOTO, 4YTOOBI AAA NOYTH HAaBePHO AHHEHHOTO Caryyaii- 


HOrO OTOOPaxKeHHA OObIKHOBEHHO HCMO.1b3yeMOe COOTRETCTBHE HHBEPCHOrO NpecbpasoBannaA 
6b110 MOUTH HABEPHO H3MePHMbIM. 


SUR UNE CARACTERISATION DE LA REPARTITION 
NORMALE DE PROBABILITES 


Par 
A. CSASZAR (Budapest) 
(Présenté par A. Réxy1) 


1. Il s’agira dans cette note d’une propriété bien connue de la répar- 
tition normale de probabilités, ou plut6t de la fonction de répartition corres- 
pondante 

1 lapest 
(1.1) P (x) = —— | Py a, 
©) (2:10 


-@ 

Pour pouvoir formuler cette propriété d’une facon trés intuitive, considérons 
une variable aléatoire dont les valeurs indiquent les valeurs empiriques d’une 
certaine quantité physicale, fournies par une certaine méthode de mesurage. 
Supposons que l’erreur commise par cette méthode de mesurage posséde 
une fonction de répartition de la forme (1.1), avec une valeur connue de la 
dispersion o. En effectuant un certain nombre d’expériences indépendantes, 
on obtient des valeurs différentes pour la quantité 4 mesurer. Si l’on prend 
une valeur hypothétique comme valeur précise de cette quantité, on peut 
calculer a l’aide de la fonction de répartition (1.1) la probabilité de ce que 
les valeurs observées soient situées dans des intervalles de longueurs données 
autour des valeurs que |’on a observées effectivement. En faisant varier cette 
valeur hypothétique, la probabilité correspondante variera, elle aussi, et — 
c’est justement la propriété mentionnée de la répartition normale — elle sera 
Ja plus grande lorsque la valeur hypothétique coincide avec la moyenne 
arithmétique des valeurs observées. 

D’une facon plus précise, désignons par 5; (i—1,...,) les valeurs 


observées, par & = G+ --» + &,) leur moyenne arithmétique, par § la valeur 
hypothétique, prise comme valeur précise de la quantité en question, 
et posons & —§=x,, §&—§ =a. On aura alors 

(1. 2) . LT | P+ x:+h)—Pa+x)| 


pour la probabilité de ce que les valeurs observées soient situées dans les 
intervalles ayant §& et 6+; pour extrémités, c’est-a-dire que les erreurs 
soient situées dans les intervalles ayant &—5—a+x; et a+x:+A; pour 
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extrémités. Une formulation précise de la propriété dont nous voulons parler” 
est alors la suivante: les quantités x; (i==1,...,n) et a étant données de 
n 


sorte gue la condition di x;-=0 soit remplie, on peut trouver un nombre 0 >O 


1 
tel que, pour des nombres 0 <\hi\< 0 quelconques, expression (1.2) ne dé- 
passe pas lexpression analogue 


(123) LT Oi +h)— Pr)| 
gui en résulte en substituant 0 da a. Pour s’en convaincre, il suffit de poser 


Dat x+h)— Pa+x)—=(Te—— exp \-“S5 or )raf 
‘20 


i 


ou les nombres «; et 2;; deviennent infiniment petits avec 0, et de constater 
que pour a=-0 


I exp [— EY) ex p{- pad (atx) }<exp(— 5a >x)— 
— [I ep (— 34), 


et 


D(x; +h) — B(x) = Coe exp be 


puisque, en faisant usage de |’égalité dx=0, 


Dla txjf=ne’+2a>°x, naar na +>x ead 
1 sat | 1 1 


C’est également bien connu depuis GAuss et LAPLACE qu’en  posant 
des restrictions complémentaires, on peut caractériser la répartition normale 
parmi les répartitions de probabilités par la propriété que nous venons de 
formuler. Par exemple, il est trés facile de démontrer la proposition suivante: 

(1. 4) Soit M(x) une fonction qui posséde une dérivée seconde continue 
dans Vintervalle (—~, +-~), soit @'(x)>0O et supposons qu'elle jouit de 
la propriété (*) suivante: 


(*) a des nombres réels x; (i==1,....,; N=2, 3) quelconques qui remplissent 
n 


: 


la condition 2 X= 0 et au nombre réel a correspond un nombre 0 >O 
tel que 
Il \Pa+x+h)—P@+>x)|s [7 | Ox +h)—O(x)| 
1 
toutefois que 0 <\hy\ <0. 
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En ce cas, M(x) est de la forme 


(1. 5) P(x) =A) edu +c, A>0, B=0. 


0 


DEMONSTRATION. En posant P(x) = f(x), on déduit de la propriété 
(*) que 
, I fa+x) 3 11s (a) 


pour > x:— 0, i= 2,3. Posons & (x)= log f(x); il vient 


n 


Seatx)= Sec) 


sous les mémes conditions. Le premier membre ayant donc un maximum 
pour a=0O, on a en posant h(x) =g’ (x) 


A(x) =0 pour 2 x=0, R= 25 3. 


On en conclut pour n= 2 que la fonction continue A(x) est impaire et pour 
n=--3 qu'elle satisfait a |’équation fonctionnelle 


A(x) + A(x.) = —h(— (x, + x%)) = A(x, + x). 
Par conséquent h(x) ==— 2Bx, g(x) =—Bx+log A, f(x) = Ae-3* et 


D(x) =A edu +C, 
0 


n 
ot A>O et B=O (au cas contraire > g(a+x,) aurait un minimum pour 
1 


a==0 au lieu d’un maximum). En posant ®(— ~)=0 et @(+ o)=1, on 
aboutit a la formule (1. 1). 

C’est M. A. RENY!I qui a attiré mon attention au probléme de géneraliser 
le théoréme classique (1.4) en remplagant les hypothéses qui y figurent par 
des conditions plus faibles. En examinant la littérature de ce sujet, j’ai trouvé 
un. théoréme plus général, datant du commencement du siécle et da a F. 
BERNSTEIN [1]: 

(1.6) Supposons que la fonction (x) est dérivable dans Vintervalle 
(—‘oo, + 0), que P'(x) reste dans tout intervalle fini au dessus dune borne 


7 Acta Mathematica VII/[3—4 


; 
: 


) 
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positive et que (x) jouit de la propriété (*). En ce cas (x) est de la 
forme (1.5).' 

Dans ce qui suit, nous donnerons une généralisation ultérieure du 
théoréme classique (1.4), en supprimant notamment toute condition de 
dérivabilité de I’hypothése et en considérant une fonction monotone non- 
décroissante quelconque qui jouitde la propriété (*) dans un intervalle quel- 
conque symétrique par rapport a l’origine. En dehors des fonctions du type 
(1.5), on aura alors comme nouvelles solutions les constantes (c’est-a-dire 
les fonctions du type (1.5) avec A= 0) et les fonctions qui sont constantes 
dans lintervalle (—-~,0) et dans celui (0, +c), mais qui ont un saut au 
point 0. Entre les fonctions de ce dernier type se trouve la fonction de 
répartition d’une répartition dégénérée, répartition d’une variable aléatoire qui 
prend la valeur O avec la probabilité égale a l’unité. 

Le but de cette note est donc la démonstration du théoréme suivant: 


(1.7) THEOREME. Soit @(x) une fonction monotone non-décroissante 
dans Vintervalle (—r,r) (O<r= +) qui jouit de la propriété (*) suivante : 
(*) a des nombres réels x; (i=1,...,n;n=2,3) quelconques qui rem- 


“re : 
> x;=0 et au nombre réel a correspond un 
1 


plissent la condition 


nombre 0 >0 tel que 


TI ®(a-+x.+h)— (a+ x) = 1) M(x; + hi) — D(x;)| 


toutefois que 0O<|h;\<0 et que les arguments de la fonction ® sont 
situés dans Vintervalle (—r, r). 


En ce cas P(x) est ou bien de la forme 


_)A pour —r<x<0O, ‘ 
i158) Ato pour O<x<r (4< 58 


ou bien de la forme 


(1.9) D(x) =A fe du+C (A=0,B=0). 

Dans la démonstration on va faire usage des méthodes dues a F. 
BERNSTEIN et d’un théoréme auxiliaire qui généralise le théoréme de W. 
SIERPINSKI sur les fonctions convexes mesurables [2] et qui sera’ démontré 
dans § 4. 


' En realité, F. Bernstein postule que ’(x) reste au dessus d’une borne positive 
dans Vintervalle entier (—<, +0), condition qui n’est pas méme remplie par la fonction 
(1. 1); analyse de sa démonstration fournit le théoréme (1. 6). 
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_ Il faut encore remarquer qu’au lieu des intervalles ayanta+x,eta+x,+h, 
pour extrémités, on pourrait considérer des intervalles (a+x:—hi,a+x;+ hj) 
symétriques par rapport aux arguments en question; les mémes méthodes 
que nous allons employer fourniraient en ce cas un théoréme analogue a. 
(1.7). Par contre, nous n’avons pas réussi a éliminer les intervalles 4 lon- 
gueurs différentes; en remplacant les nombres h, par un méme nombre h, nos 
méthodes ne fourniraient plus le résultat exigé. 

Cependant il faut remarquer que ’hypothése de l’égalité des nombres 
h; peut étre admise si J’on suppose en méme temps que la fonction @(x) 
est absolument continue dans tout intervalle partiel intérieur a /. En effet, on 
a le théoréme suivant: 


(1.10) THEOREME. Soit @(x) une fonction monotone non-décroissante 
dans Vintervalle 1=(—r,r) (0<r=+ co) et absolument continue dans tout 
intervalle partiel intérieur a 1.’ Supposons que cette fonction Jouit de la pro- 
priété suivante: 


(**) ad des nombres réels x; (i~=1,...,n;n—2, 3) quelconques gui rem- 


n 
plissent la condition > x%=0 et au nombre réel a correspond un 
1 


nombre 0 >0O tel que 


Lf ®a+x.+)— 00 +x)\ = 11) 0 +h) —0(8)| 


toutefois que O<|h|<0 ef que les arguments de la fonction ® sont 
situés dans Vintervalle 1. 


En ce cas P(x) est de la forme 
D(x) Ale **du+C (A=0,B =0). 


Les §§ 2 a 5 contiendront la démonstration du théoréme (1.7), tandis 
que la démonstration de (1.10) sera fournie par les §§ 3 a 5. 


2. Pour démontrer le théoréme (1.7), considérons une fonction @(x) 
satisfaisant aux hypothéses de ce théoréme, c’est-a-dire monotone non 
décroissante dans l’intervalle /=(—r,r) (0<r=-+ cc) et jouissant de la 
propriété (*). Nous commencons par la démonstration de la proposition 
suivante: 

(2.1) Excepté peut-étre le point x =O, la fonction M(x) est continue. 

DEMONSTRATION. Posons d* (x)= ®(x-+)— M(x). En employant la 
propriété (*) pour n=2 et pour x,—x,xX,——x, on déduit aisément 


7T* 


364 A. CSASZAR 


linégalité 


(2. 2) d*(a+x)d* (a—x) = d* (x)d* (—x) (a+ xé€/). 
En posant e* (x) =d*(x)d*(—x), on a donc 

(2. 3) d* (a+ x)d* (a—x) Se" (x) (a+ xé€/); 
en substituant —a a a, il s’ensuit 

(2. 4) d* (—a+x)d* (—a—x) 5 e* (x) (—a. FX CF) 
et en multipliant (2.3) par (2. 4) il vient 

(2.5) e+ (x+a)et (x—a) = e* (xP 


pour +a+xé€J, ce qui veut dire la méme chose que x+a¢€/ (/ étant 
symétrique. par rapport a lorigine). L’inégalité (2.5) montre que 


e*(a)=&, e*(¢)=e implique e* (| =e (@, 8€1), 
par conséquent les: mémes hypothéses eintrainent également 
e(pe+qs)=e pour p=0, g=0, p+q=—1, p=m/2" 
(i == Ol, 2). 057 Ue ee eee 


Puisque d* (x) et, avec elle, e* (x) ne peuvent dépasser une quantité positive 
donnée qu’en un nombre fini de points d’un intervalle partiel intérieur a /, 
la fonction e* (x) ne peut donc étre différente de zéro qu’en un seul point x 
au plus. La fonction e*(x) étant paire, ce seul point doit coincider avec 
x= 0, de sorte que e*(x) s’annule pour x=-0. Ceci entraine en vertu de 
(2. 3) que la fonction d’ (x) s’annule également a l'exception d’un seul point 
au plus. En posant xO dans l’inégalité (2.2), on voit que d*(0)—0 
implique d@* (a) 0 pour a€/; le seul point oti d(x) ne doit pas s’annuler 
ne peut donc ¢tre que x= 0. 

En résumant nos conclusions, on voit que d* (x)= OP(x+)— O(x)=0 
pour x == 0. Un raisonnement analogue montre que d (x) = P(x —)— D(x) =0 
pour x=-0, ce qui donne la proposition a démontrer. 

Supposons maintenant que le nombre dérivé supérieur (bilatéral) @’(x) 
de (x) est infini*‘pour un point xx, au moins. En ce cas la proposition” 
suivante peut étre démontrée: 


(2.6) Sil y a un x,€/ tel que O'(x,) = + %, la fonction P(x) est de 
la forme 


(2. 7) D(x) = 
(done x, == 0). | 


(A < B) 
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DEMONSTRATION. Soit x un point tel que la dérivée @'(—x) existe et 
qu'elle est finie. Si l’on a encore x,+-2xé€/J, il existe en vertu de la propriété 
(*) un nombre 0 >0 tel que 

| PX + h)— D(x) |-| O(% 4-2x +4) — B(x, 4 2x)| = 
S|P(—x+h)— O(—x) || + )— 0), 


pour 0< |h| <0, O<|k| <0. Cette inégalité entraine pour les mémes valeurs 
me fh et de k 


*| D(x, + 2x -+ k)— B(x, + 2x)| 


IIA 


PC +W)— (x) 
)— PU 


(P(—x -+ h)— D(—x) 
ae 

Fixons la valeur de & et faisons varier la quantité A de facon qu’elle tende. 
vers zéro et que le premier facteur du premier membre croisse indéfiniment. 
Puisque le second membre tend vers une limite finie, le second facteur du 
premier membre doit s’annuler: 

P(x, + 2x+k)— P(x, + 2x) =0 (0 <|k| <9), 
de sorte que M(x) est constante au voisinage du point x,+2x. La dérivée 
@'(x) étant finie presque partout dans l’intervalle /, les points x,+ 2x dont 
nous venons de parler remplissent l’intervalle / a l’exception d’un ensemble 
de mesure nulle. 

En désignant donc par Gc/ l’ensemble (ouvert) des points au voisinage 
desquels (x) est constante, on a |/—G|=0. Posons /—G = P; l’ensemble 
P est fermé et de mesure nulle et la fonction @(x) est évidemment constante 
dans tout intervalle faisant partie de / et n’ayant aucun point commun avec 
P. M(x) étant continue d’aprés (2.1) a exception du point x —0O, il s’ensuit 
que l’ensemble P ne peut avoir autre point isolé que (peut-étre) le point 0. 

Soit x€G, a+xé€J/; en vertu de la propriété (*) on peut trouver un 
0 >O tel que 

| D(at+x+h)—P(a+x)|-|P@—x+hkh)—P(a—x)|= 
= |P(x+h)— P(x) | O(—x+)—B(—)| = 0 
pour 0 <|h|<0, O<|k| <0. Cela veut dire qu’on a soit a+x€G, soit 
~a—xé€G. En autres termes, les relations 
(2. 8) a+xé€P, a—xé€P_ entrainent x€P. 


Si donc le point O appartenait 4 G, tous les points suffisamment voisins a 
O y appartiendraient également, de sorte que l’ensemble P ne pourrait avoir 
aucun point d’accumulation, cet ensemble serait par conséquent vide, d’aprés 
ce que nous avons établi plus haut. 


es 


‘| P(x+ k)— P(x)|. 
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Supposons maintenant que l’ensemble P posséde un point c=+-0; ona 
en ce cas O€P. Nous montrons en procédant par induction que les points 
(nj2-\c.(n =0,1,.2,4-6;3)=0, Wa -xs 2a appartiennent a P. Cette assertion 
se trouve vérifiée pour nO. En supposant que c’est le cas pour n=k, 
les relations O€ P et (p/2*)c€P (p—O,1,...,2*') entrainent d’aprés (2.8) 


et celles (p/2*)c€ P et c€P entrainent 


ao 
at a PEP, 


PM iT ja aaa 
on a donc 
is 
pea C&P 
tant pour r=0,1,...,2*°! que pour r= 2*-!, 2.52%. de tsorterquenasseruom 


s’ensuit pour n—k-+1. Puisque P est fermé, on en tirerait que |’intervalle 
[0,c/2] (ou [c/2,0], si c <0) fait partie de P, contrairement a notre conclusion 
antérieure d’aprés laquelle P est de mesure nulle. 

Tout cela montre que l’ensemble P est soit vide, soit il ne contient 
que le seul point x—0O. La premiére_ possibilité impliquerait que ~ 
P(x) est constante, contrairement a Il’hypothése de l’existence d’un_ point 
X) tel que D’(x,)—= + oe. Il ne reste donc que la seconde possibilité qui 
entraine que @(x) est de la forme (2.7), c.q.f.d. 

Si ’on a contrairement 4 I’hypothése de (2.6), D’(x)<-+ partout 
dans |’intervalle /, eu égard a ce que ®’(x) =20>—oe en conséquence de 
la monotonité de ®(x), on peut employer un théoréme de DENJoyY’ et conclure 
que ®(x) est (ACG,) dans |’intervalle /, par conséquent qu’elle est l’intégrale 
(®,) indéfinie de sa dérivée. Cette dérivée étant non-négative, ®(x) est 
méme intégrale indéfinie de Lebesgue, donc absolument continue dans tout 


intervalle partiel intérieur a /. C’est ce que nous supposerons dans ce qui 
suit. 


3. Considérons donc une fonction ®(x), monotone non-décroissante et 
absolument continue dans tout intervalle partiel intérieur 4 /—(—r,r) et 
qui jouit ou bien de la propriété (*) du théoréme (1.7), ou bien de celle (##) 


du théoréme (1.10). En désignant par f(x) la dérivée ®'(x), on obtient une 
fonction qui satisfait aux conditions suivantes: 


2 V. p. ex. [3], p. 235; D(x) est continue en ce cas méme pour x—0, puisque ses 
nombres dérivés de Dini sont finis. 
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| (3.1) f(x) est définie et mesurable sur un ensembleRC]— (—r,r) 
O<r=-+ov) tel que |I—R|—0, 


(3.2) on-a O=f(x)<-+ 2% pour x€R, 
(3.3) on a pour n= 2,3 


i f(a+x)s Ife) 


outefois que x.€R, a+x,€R et » x;=0. 
1 


(3. 1) et (3.2) résultent du fait que f(x) est la dérivée d’une fonction 
nonotone non-décroissante; quant a (3.3), elle est la conséquence immeédiate 
Je la propriété (*) ou (*«).° 

Nous allons démontrer la proposition suivante : 

(3.4) f(x) étant une fonction qui satisfait aux conditions (3.1) a (3.3), 
ma soit f(x)=O0 p.p. sur I, soit f(x)>0 p.p. sur I. 

DEMONSTRATION. Posons R,—=E[x€R, —x€ R]; on aura évidemment 
I—R,|=0. Il vient d’aprés (3.3) 


3. 5) iis) JX) = f(x) }(—X) pour at x, 1 X€R, 
Jonc 
3.6) F(of(c+2x) S=f(x)f(—x) = pour: sc,c+2x, + x€R. 


Supposons qu’il existe un x,€R, tel que x, >0 et que f(x,)f(—x,) =0. 
=n ce cas on aura d’aprés (3. 6) 
F(ce)f(c+2x)=0O pour c,c+2xX€R. 
ar conséquent si l’intervalle (¢,«@+4x,) fait partie de /, il vient 
R.(@, @+2x%) = E[x¢ R,@<x<at2x, f(x) =O0]+ 


+ E[XER, X+20€R, €< xX < E+ 2X, f(X+ 2%) =O] + 
+ E[x€R,x+2xn€R,@<x< a4 2x]. 


_e troisiéme terme du second membre étant de mesure nulle, la somme des 

jeux premiers termes doit étre égale au moins a |R-(@,¢@+2X)|= 2X. 

ensemble E,— E[f(x) 0] a donc une densité moyenne supérieure ou 
x 


* Je dois 4 M.’J. Czipszer la remarque suivante: en se bornant a la démonstration 
je (1.7), le fait que les nombres dérivés de Dini de #(x) sont finis partout dans J entraine 
jue chacun de ces nombres dérivés remplit les conditions (3. 1) a (3.3) pour R= J, ce qui 
yermet de simplifier considérablement la démonstration de (1.7) (sans altérer celle de 
1. 10)). 
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égale 4 1/2 dans l’intervalle (¢,@+4x,), celui E. = E[f(x) > 0] a par 
conséquent une densité moyenne = 1/2 dans le méme intervalle. 

En supposant que le point 0 est un point d’accumulation des points 
X, appartenant a R,ettels que f(x,) 0, le résultat que nous venons d’établir 
montre que la densité de l’ensemble £, ne peut étre égale a l’unite en 
aucun point de l’intervalle /, donc que |E,|—0. C’est justement la premiére 
possibilité de la proposition. On a donc la proposition suivante: 


(3.7) Ou bien f(x)=0 p.p. sur I, ou bien il existe un y > 0 tel que 
f(x)>0 pour x€R-(—y,/7). 
Admettons l’existence d’un y du type envisagé et posons pour x€R, 
F(x) =f(x) f (—»). 
La fonction F(x) est mesurable et paire sur l’ensemble R, et on a 
(3. 8) F(x +a) F(x—a) 3s F(x? pour x+a,x€R,. 
En effet, les hypothéses x +a, x€R, impliquent x + a, —x ta, + x€R, 
donc d’aprés (3.5) 
0=f(at+xf(a—x) = fof(—x) = F(x) 


0=f(—a+x)f(—a—x) = f(x) f(—x) = FQ), 
d’out (3.8) s’ensuit par multiplication. 
Soit H,— E[x€ R,, F(x) > 0]; (3.8) entraine que l’ensemble H., contient 


le point x€R, toutefois qu’il contient les points x-+a et x—a. L’hypothése 
que la seconde possibilité de (3.7) se réalise nous assure qu’il existe un 
y>O tel que H, contient presque tous les points de l’intervalle (0, +). 
Désignons par y, la borne supérieure des nombres y de ce type; on a 


O<y,=r et l'ensemble H, contient évidemment presque tous les points de 
(0, 70). 


(3.9) F(x) s’annule presque partout dans les intervalles (—r, —y,) et 
(70,7). 


et 


- 


En effet, si F(x) était positive sur un sous-ensemble de mesure 
positive de Tintervalle (y,,2y)-/, il existerait un point x, commun 
a (y%,2y%)-/ et a H,. D’aprés (3.8), on aurait F(x)>0__ toutefois 
que x€R,, O<2x—x<y, 2x—xX €H,, c’est-d-dire presque. partout 
dans _|’intervalle ee 24M] Puisque nos hypothéses — entrainent 


x 
—<y, et 


U+Yo 
2 Z 


>%, il s’ensuivrait que l’ensemble 4H, contient 
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presque tous les points de |’intervalle (0, omc) ce qui contredit a la 


définition du nombre y,, de sorte que F(x) s’annule presque partout dans 
Pintervalle (y,, 2yo)-/. 

En procédant par induction, supposons que F(x) s’annule presque 
partout dans l’intervalle (2*-'y,, 2*y,). En admettant qu’elle est positive sur 
un sous-ensemble de mesure positive de (2'y,, 2y,)-J, il y aurait un 
Xnsi tel que 2 yo < Xp < Wt yy, Xiu. €H,. Il s’ensuivrait d’aprés (3.8) F(x) >0 
pour 0 < 2x— xn < Yo, 2X— Xa € H,,x€R,, de sorte que F(x) serait positive 


presque partout dans 1’intervalle (Ze, eet} ce qui est impossible en 


+ k 
conséquence des inégalités “ =< 27, et ser Tass 2 a v) > ky, 
qui montrent que (et men) empiete sur l’intervalle (2''y,, 2*y,) ot 


F(x)s’annule presque partout par hypothése. La contradiction obtenue montre 
la validité de la proposition qui concerne l’intervalle (7,7); l'autre partie de 
la proposition s’ensuit par suite de la parité de la fonction F(x). 

(3.10) On a f(x) =0 pour x€R,\x| >. 

En effet, soit x€R,|x|>y); supposons pour fixer les idées qu’on a 
x<—y,. Considérons les points x, de l’intervalle 

(max (— Vox X 27), Yo) 

de mesure positive. Presque tous les points x, de cet intervalle appartiennent 


2 ey eg 
a Ay, et 2 


3 oe 


5 ER, et d’aprés (3.9) 


étant supérieur a yp, il vient 


F(a>*|—0 pour presque tous ces points x,. I] s’ensuit qu'il existe un x, 

tel que 

xX,—Xx 
ie 


doit on conclut en vertu de . 5) 
0 =f(x) f(x) = eee A252 _ F(® eA —0, 


donc, en conséquence de x,€H, (qui entraine f(x,) > 0) il vient f(x) 0. 


ER, et F[2S)=0 


x,€H,, 3 


(3.11) On a Yo=r, cest-d-dire F(x) est positive presque partout sur I. 
On trouve en vertu de (3.3) que ; 
(3.12) f(a+x)f(a—2x) = f(xPf(—2x) pour a+x,a—2x, x, —2x€R. 
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En supposant que jy) <7, on aurait pour i ax < min( 4 a a Yo Jies inégalités 
| Yo | Yo | 
(3213) —r<o—2x<—yn, yw ed aaa Pe 


par conséquent presque tous les x qui satisfont a ces inégalités seraient 
tels que 


(3. 14) LER, PLIXER! TP xe He, DP axeH,. 
En appliquant (3.12) pour a= y,/4, on aboutirait a une contradiction, le 
premier membre étant positif et le second s’annulant d’aprés (3. 10), (3. 13) 
et (3. 14). 

Nous avons vu que la seconde possibilité de la proposition (3.7) 
entraine (3.11), c’est-a-dire que f(x) est positive presque partout sur /; ceci 
termine la démonstration de (3. 4). 


4. Dans ce qui suit, la notation suivante nous sera utile: F(x) étant 
une fonction réelle, a4 valeurs finies ou infinies, définie et mesurable dans 
l’intervalle ouvert /, posons pour x€/ 

f(x) = lim vrai max f(?) 


h>O+ a2-hctexth 
et 


S (x)= lim vrai min f(f) 
h>0+ a-h<t<ut+h 


ou, comme d’habitude, vrai max f(f) désigne la borne inférieure des nombres 
: E<t— bh 
y tels que 


JEUO zy, Gedo y 


et vrai min f(t) est défini de fagon analogue. Les limites en question, finies 


ou infinies, existent puisque vrai max /(f) est évidemment une fonction non- 
a-h<t<xr+h 
décroissante et que vrai min f(t) est une fonction non- -croissante de h>0. 
a-h<t<crt+h 


Comme /(x) et f(x) ne varient pas lorsqu’ on modifie la définition de la 
fonction f(x) sur un ensemble de mesure nulle, on peut parler de f(x) et 
‘de f(x) méme si f(x) n’est définie que presque partout’ dans lintervalle /. 

(4.1) La fonction réelle (a valeurs finies ou infinies) f(x) est semi- 


continue supérieurement, celle f(x) est semi-continue inférieurement dans 
intervalle I. 
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DEMONSTRATION. II suffit de démontrer la premiére assertion. Or, soit 
X,€/ et posons f(x) < + 0 (si f(%) = + ©, il n’y a rien a démontrer); en 


designant par y, un nombre quelconque supérieur a A(X), ON aura pour un 
fh, > 0 convenable 


ae max f(t)< , 
—ho<t Capt hy 


il existe donc un y, < y, tel que 
EVO > Vi» Xo—hy <b < s+) 


Bi; silxo— ly <-X <Xo-+Ao, On a pour tous les nombres h>O eurtisarnareny 
petits 
Xy—hy< x—hexth<xyth,; 
par suite 
ELA >y,x—h<t< el ==), 
c’est-a-dire 
vrai max f(t) = 


a-h<t<ar+h 
et par conséquent en passant a la limite h-O+ 
f(x) Sn<N% (Xo —Ay < ¥ < XH + Ay), 
ce qui vérifie la proposition. 
(4.2) Ona pour x€I f(x) =f(x). 
DEMONSTRATION. Supposons par impossible qu’on a pour un x€/ 
F(x) < f(). 
ll existe en ce cas un A>O tel que 


vrai max Tt) < ns a Jo: 
a-h<t<a+h 


on a donc des nombres y, et y, tels que y; < y, et que 
JEU) >. x—h<t<x+h]|=0, 
PEE) S de; alas ae S Elise 0, 


d’ot il s’ensuivrait |(x—h, x-+h)|=2h—O, ce qui est impossible. 
Nous pouvons maintenant énoncer la généralisation mentionnée dans | 
Vintroduction du théoréme de SIERPINSKI: 
(4.3) Soit g(x) uae fonction réelle, 4 valeurs finies ou infinies, définie 
et mesurable dans Vintervalle ouvert I. Supposons que I admet une décompo- 
sition I= R+Z, ow |Z |= 0 et p(x) est convexe sur l'ensemble R, c’est-d-dire 


_— 
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(x) est finie pour x€ R et on a 


y( 242 aes BAG at 107) 


Il existe en ce cas une fonction y*(x) finie, continue, convexe dans Vintervalle 
I gui coincide avec (x) sur l'ensemble R. 


(4. 4) pour x,y,~> > €R. 


DEMONSTRATION. Nous commengons par la démonstration du lemme 
suivant: 


(4.5) Soient p un nombre réel et 1,>0. Supposons 

(4. 6) soit que chacun des voisinages d'un point x,€1 contient un point x,€R 
tel que g(x;)<p et un ensemble mesurable E, de mesure positive sur 
lequel ¢ (x) >p+%; 

(4.7) soit que chacun des voisinages du point x,€I contient un point x,.€R 
tel que 4(x,) > p-+7, et un ensemble mesurable E, de mesure positive sur 


lequel g(x) < p. 
En ce cas chacun des voisinages ie xX, contient un ensemble mesurable E de 
mesure positive sur lequel g(x) > p+ 2n. 


Soit «>0 un nombre tel que (x,—¢,x,+-«)C/ et supposons d’abord 
que Il’hypothése (4.6) se vérifie. Il existe alors un point x,€R- 


: ita tel que ¢(x,) <p et, en posant 
. a 
| eae E Fo > ps7, %w—z < t<xX+ <I 
Vensemble E£, est mesurable et on a |£,|>0. Soit R, l'ensemble qui résulte 
de l’esemble R par une homothétie ayant x, pour centre et 1=s pour 
coefficient, c’est-a-dire posons 
R, os El2t—x, €R] 


et considérons l’ensemble 
E, == E,RR {x coe ee . 
1 1 ] t ) 3 ’ 4) ih . 


Puisque l'ensemble R  contient presque tous les points de |’intervalle 
(X»—é, X,+-¢) celui R, contiendra presque tous les points de l’intervalle 
{G4 + Xy—é), poitx+9]> [x— ze ty of) de sorte que |E,|>0 
implique |E;| >0. Or, on a pour té€E; 


Xp—& < 2t—X, << KH +¢, teR, 2t—x,€R 
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et en vertu de (4.4) (appliqué pour x--x,, y==.2t—x,) 
g (2t—x) = 2g(t)—¢(%) > 2p+ 24 —p=-p+2n,. 


En ‘appliquant donc a E; une homothétie ayant x, pour centre et 4=- 2 pour 
coefficient et en désignant l’ensemble obtenu par F, il vient 


E= E[x==2t—x,, t€E)], 


donc E est mesurable, on a EC(x,—#, x, +8), |E| = 2|F;| > 0 et la fonction 
(x) est supérieure 4 p+ 27, sur l’ensemble E. 
Supposons maintenant que l’hypothése (4.7) est vérifiée. En ce cas a 


existe un point PER, 8s + tel que g(x.)>p-+7, et en posant 


Es = E\# <P, Xo— 3 
t « 


E, est mesurable et on a |F£,|>0. Désignon$ par R, l'ensemble symétrique 
a R par rapport au point x,, c’est-a-dire soit 


R= E[2x.—t€R] 


et posons 


i ERRe|y—<, Xot+ ea 


Puisque R contient presque tous les points de (x,—é, x, +8), R, contiendra 
presque tous les points de (2x,—x.—é, 2,—x,4+)>[x—+ »Xy+ x) par 
conséquent |F;|>0. On aura pour f¢ E; 
Xy—E< 2X%—t<XH+4s, té€R, 2x,—téR, 
‘en appliquant donc (4.4) pour x=t, y=2x,—t, il vient 
g(2x.—t) = 29(x.)—9(t) > 2p +25n—p= p+ 2m. 
Cela veut dire que l’ensemble_ 


E=E|[x=2x,—i,t € E], 


symétrique 4 E; par rapport au point x,, jouira de toutes les propriétés désirées: 
JE|>0,EC(m—8 xm +8) et (x) >p+2n pour x€E. 

Par 1a, le lemme (4.5) est démontré. 
Considérons maintenant les fonctions g(x) et g(x), définies au com- 


mencement du présent paragraphe. On démontre aisément la proposition 
suivante: 
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(4.8) Les hypothéses du lemme (4.5) entrainent 
P(X) = + %. 

En effet, d’aprés le lemme (4.5), les hypothéses en question impliquent 
que chacun des voisinages du point x, contient un ensemble mesurable de 
mesure positive sur lequel g(x) >p-+27 et un point x,€R tel que g(x,)<p 
(existence d’un point x, de ce type figure explicitement dans I’hypothése 
(4.6) et s’ensuit de celle (4.7), ensemble E, de mesure positive possédant 
au moins un point commun avec R). Les hypothéses (4.6) se vérifient ainsi 
pour 27, au lieu de 7, par conséquent, en vertu du lemme (4.5), chacun des 
voisinages de x, contient un ensemble mesurable de mesure positive sur 
lequel g(x) > p-+47,. En répétant ce raisonnement, on aboutit 4 la conclusion 
que chacun des voisinages du point x, contient un ensemble mesurable de 
mesure positive sur lequel g(x)>p+2"7, n étant un nombre naturel 
quelconque. Cela veut dire que 

vrai max ¢(t)—= + 
w-h<t< ath 
pour tout nombre fA > 0, c’est-a-dire que g(x,)—= + %, comme nous |’avons 
affirmé. 

Nous montrons maintenant que les hypothéses dulemme (4.5) ne peuvent 
se réaliser en aucun point de l’intervalle /. Cela s’ensuit de (4.8) et de la 
proposition suivante : 


(4.9) On a pour x€1 G(%)< +x. 


Soient ¢>0O un nombre tel que (x,—e,x,+¢)C/ et y un nombre 
réel quelconque. Si |’on avait ¢(x))—= + o, la fonction g(x) serait supérieure 


a y sur un sous-ensemble de mesure positive de l’intervalle (ae 


il existerait donc au moins un point Rw — 044) tel que g(x) > y. 
Soit R; l'ensemble symétrique a R par rapport au point x;: 
3 Ri= E[2xs—t€ R] 
et posons 
A 


beg SA eds ea 
H=RRy|x, Fmt 5} 


On voit aisément que H contient presque tous les point de |’intervalle 
é 8 ry : . 
fae 4 et l’inégalité (4. 4) entraine que, x étant un point quelconque: 


de H, on a soit (x)>y, soit p(2x,;—x) >y. En autres termes, 
E[x¢ H, ¢(x) > y]+ E[x ; Hi, p(2xX;—x) > y] =H, 


\ 
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la mesure d’au moins l’un des ensembles du premier membre est donc 
,. : | é 
supérieure ou égale a a lHi=3 


Xo —E<X<KXte et XHy—e<2xy—xX< XH+e, 


. Vu que x€ H implique 


il vient 
El¢@ >Y,Xy—éeE<xX< %o+ all = m2 


Mais cela est impossible, parce que le premier membre tend vers zéro 
lorsque y+ +x, la fonction g(x) étant finie sur R, donc presque partout 
dans l’intervalle (x,—¢,x,+é). La contradiction obtenue montre que la 
proposition est valable. 


(4.10) On a 
G (Xo) = P(%) < + pour x,€I 
et ; 
(Xo) = ¥ (Xo) = $(X) pour x,€R. 
L’inégalité ~(x,) > ¢(x,) étant impossible d’aprés (4. 2) supposons qu’on 
a G(X) < G(X) pour un x,€/. Choisissons les nombres p et 7 de fagon 
qu’on ait = 
G(X0) <P < PHI < P(%); 
on aura alors pour tout h>0O 
/Ele@) >ptn,XH—-A<x< i Fl) =) 


et 
Ele@) <p, Xy—A<x<xX+h]| >O, 


donc l’hypothése (4.6) (ou (4. 7)) se vérifie pour x), ce qui est impossible 
d’aprés nos conclusion antérieures. Par la, notre premiére assertion est 
démontrée. ¢ 
Supposons d’autre part qu’on a P(X.) < P(X) pour un point XE R. 
Prenons en ce cas des nombres p et 2; tels que 
P(X) <P <P+N < P(%X)- 
On a alors pour tout nombre h>O 


Xo €R+(Xyo—A, Xo h), p(X) < p 
|Elr(s) >p+y,%—-A<x< Xo+ All > 0, 


et 


de sorte que Il’hypothése (4. 6) se réalise, ce qui est également impossible. 
Un raisonnement analogue montre que I’hypothese G (Xo) < P(X) pour 
x,»€R entrainerait la validite de (4. 7), nous aménerait donc a une contradiction. 
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On a ainsi pour x,€R les inégalités : 
G(X) = PX) = FX) = FO%), 
ce qui montre la validité de la seconde assertion. 
Considérons maintenant pour x€/ la fonction 
g(x) = 9(x) = 0). 
D’aprés (4. 1), y*(x) est semi-continue supérieurement et inférieurement en— 
méme temps, c’est-a-dire elle est continue; en vertu de (4.9) g*(x)< + °% 
et, d’aprés (4.10), g*(x) coincide avec g(x) sur l’ensemble R. A deux 
points x et y quelconques de /, on peut trouver évidemment deux suites {Xn} 
et {y,} telles que 
Xn + Yn 
5) ER, 
ensemble R contenant presque tous les points de /. L’inégalité (4. 4) 
entraine donc 


[Xn +Vn 
r| 2 


Xa ix; Yn — Jj; Xn€R, yn€R, 


feces — Yn)+ Gn) GF" (Xn) +." On) 
ry te 2 2 , 


et par suite de la continuité de g*(x) 


(4.11) g* ues ee 


c’est-a-dire la fonction g*(x) est convexe sur /. On voit de (4.11) que si 
g(x) était égale 4 —ov, elle aurait la méme valeur dans un voisinage entier — 
X,, ce qui est impossible, puisque g*(x) = (x) est finie sur R. Par conséquent — 
y"(x) est finie partout sur /, ce qui termine la démonstration de (4.3). 


5. Retournons aux idées du § 3 et considérons une fonction f(x) qui_ 
satisfait aux conditions (3.1) a (3.3). Eu égard a (3.4), supposons encore 
que f(x) est positive presque partout sur / (nous garderons les notations du 


§ 3). 


Posons (comme plus haut) 
E, = Elx« R, f(x) >0] et. Rye= E\xcE,, —x€E,]; 

on a par hypothése R,c Ry, |/—R,|=0 et 0< f(x) <+~,0< F(x)< +0 
pour x€R,.. 

Définissons les fonctions g(x) et G(x) pour x€R, par les égalités 

& (x)= log f(x), G(x) = log F(x). 
Chacune de ces deux fonctions est finie et mesurable sur l’ensemble R,, 
celle G(x) est paire et satisfait d’aprés (3.8) a Vinégalité 
G(x +a) + G(x—a) = 2G(x) pour x +a,x€R,. 
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Par consequent on peut appliquer le théoréme (4.3) 4 g(x) =—G(x), de 
Sorte qu’il existe une fonction G*(x) finie, continue et concave dans V’inter- 


valle / qui coincide avec G(x) pour x€R.; tout comme G(x), la fonction 
G*(x) est paire. 


En vertu de (3.5) on a‘ 

&(@+x)+ s(@—x) =e(X)+e(—x) pour a+ x, + xER,, 
donc 
G1) g(x+a)—g(x—a) = g(x) + g(—x)—g(a—x)—g(x—0) — 

= G(x)— G(x—a) pour a x, + Xa eR... 

Substituons —a a a dans cette inégalité : 
(5.2) g(x—a)—g(x+a)= G(x)— G(x+a) pour —a4 x, +x, x+a€R,. 
En résumant (5.1) et (5.2), on peut écrire 


G(x + a)— G(x) = g(x + a)—g(x—a) = G(x)— G(x—a) 
pour + Or x, - XCR,. 
En remplagant x—a par « et x+a par §, il vient 


63) ayo F*) = (es ($4) 


pour ¢, ~, ete ER, 

(oli on a fait usage de la symétrie de l’ensemble R, par rapport au point 0). 

Considérons les fonctions g(x) et g(x).’ x, étant un point quelconque 
de l’intervalle / et ¢>O étant donné, on peut déterminer par suite de la 
continuité de la fonction G*(x) un d >0 tel que l’oscillation de G*(x) dans 
Pintervalle (x,—0,x,-+0) soit inférieure a ¢ En désignant par « un point 
quelconque de R.-(x,—d,x,+0) et en tenant compte de ce que 1|’ensemble 
R, contient presque tous les points de (x,—d,x,+ 0), on conclut de (5. 3), 
la fonction G(x) coincidant avec G*(x) sur R,, que 

£(xX,) = vrai max g(t) =g(e)+e< + 


y-IO< tats 
ot que 
2(x) = vrai min g(t) = g(a)—e > — © 
< Xp -O<t<ayto 


Jonc, eu égard a (4.2), que 
) 0 = B(x) —g(%) = 2¢. 


4 L’idée principale du raisonnement qui suit est empruntée a l’ouvrage [1] de, F. 
3ERNSTEIN. 
5 Pour la notation, v. p. 370. 
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Il s’ensuit en conséquence du choix arbitraire de e>O que g(%)= ¢(%) 
pour x,€/ et que cette valeur commune est finie. 

Si le point x, appartient 4 R,, on peut choisir dans le raisoanement 
précédent «=x, de sorte qu’on en tire les inégalités 


2(x%)=_X)+e et g(x%)—& SX), 
donc en faisant tendre « vers zéro, et vu aussi (4. 2), 


2(X) = ¥(%) = E(%) = B(%), 
c’est-a-dire 
g (Xo) = 2(X) = 2 (Xo) pour X, ~ R. , 


Puisque, d’aprés (4.1), g(x) est semi-continue supérieurement et que g(x) 
est semi-continue inférieurement, la fonction 


g(x) = (%) = 8 (*) 


est finie et continue sur / et elle coincide avec g(x) sur R.. Par raison de 
continuité, l’inégalité (5.3) nous conduit a celle 


"|= '@)—g'@ =C Bae G*(a) 
pour «, @¢é/. 


Cette inégalité a pour conséquence que la fonction g*(x) est absolument 
continue dans tout intervalle partiel intérieur a /, la fonction G*(x) ayant la 
méme propriété comme fonction continue et concave dans /. 

Désignons par H(x) la dérivée unilatérale du cété droit de la fonction 
G"(x); H(x) existe partout dans /, elle est finie, monotone non-croissante et continue 
a l’exception des points d’un sous-ensemble dénombrable de /. Il s’ensuit de 
(5.4), en faisant usage du théoréme de Dini sur les bornes des nombres 
dérivés des fonctions continues,’ qu’on a en tous les points de continuité de 
H(x) 


a 


a 


6.4)  G(a—cr| 


d Neat fae ecg 
cette égalité étant donc valable presque partout dans / et la fonction g(t) 


® V. p. ex. [3], p. 204. On arrive au méme résultat d’une facon plus élémentaire en | 
faisant usage de I’inégalité 


p—a * (a+ 8) os aN |. £ . _Aa—-a 
7 He) G*()—G"[=") <2 @—e(a) 5G [|-@ms*Z“H@ 


qui résulte pour « <4, a, 8€/ de (5.4) et de la concavité de G*(x). (Remarque de M. J. . 
Czjpszer.) 
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étant, comme nous l’avons vu, absolument continue dans l’intervalle [0, x] 
(ou [x, 0], si x <0) pour x €/, on a 
* * ! } * ] * * 
£0) = 80) +4 [Mat = +L 1G~)—GO, 
0) 
Par conséquent la fonction g"(x) est, elle aussi, continue, paire et concave 
dans l’intervalle /. 

Désignons par h(x) la deérivée unilatérale du coté droit de 2"(x); tout 
comme H(x), h(x) est finie, monotone-non-croissante et continue A l’excep- 
tion des points d’un ensemble dénombrable Dcl, et on a (d’aprés le théo- 
réme cité de Dini) 


a. 5) h(x) = ex) pour x€/—D. 


L’inégalité (3.3) a pour conséquence F 
&(a+x)+g(b+x)+e(—a—b+x) = g(a)+2(b)+2(—a—d) 
toutefois que a+x, b+x, —a—b+x, a,b, —a—b€R,. Par raison de conti- 

nuité et puisque g*(x) est paire, on en tire 
(5.6) g"(a+x)+g"(b+x)+2"(a+ b—x) = g(a) +-8°(b)+2"(a +b) 
pourvu que tous les arguments soient situés dans /. Le premier membre de 
(5. 6) ayant un maximum pour xO, on a 
(5. 7) h(a)+h(6)—h(a+b6—0 
toutefois que le premier membre de (5.6) est dérivable au point x —O, ce 
qui est le cas d’aprés (5.5) si a, 6, a+ b€/—D. 
Soit x,€/. Choisissons des suites {x,} et {y,} telles que 
Xn—+Xo+, Ya—->Xo—, XED, ywED, Xn—YnED 

ce qui est évidemment possible. On a alors x,—y,—~0-+, et en vertu de 
(5. 7) 

h(Xn—Yn) = A(Xn)—A(Yn). 
En passant 4a la limite, on obtient 

| h(O+) = h(x +)—A(o—), 

c’est-a-dire le saut de la fonction A(x) est indépendant de l’argument x). 
Comme le saut s’annule en tous les points de continuité de A(x), il s’annule 
partout dans /, donc A(x) est continue partout. Par raison de continuité, 
Péquation fonctionnelle (5.7) se vérifie partout dans lintervalle / (c’est-a-dire 
pour a,b, a+ 6€/ quelconques).’ 


7 Pour arriver a cette conclusion, nous aurions pu faire usage du théoréme (4. 3), 
mais nous avons préféré le raisonnement élémentaire du texte. 
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Le théoréme de CAUCHY montre qu’on a i 
h(x) == —2Bx (B= 0), 4 


donc 
g(x)= —Bx+log A (A > 0), 
par conséquent 
I(xjaAct, 


En tenant compte de ce que f(x)=@(x) p.p. et que P(x) est absolument 
-continue dans tout intervalle partiel intérieur a /, on en tire 


(5. 8) D(x) Afe™du+C (A>0,B=0),_ 
is) 


‘ 


tandis que la premiére possibilité de la proposition (3.7) conduit 4 D(x) 
== constante, c’est-a-dire 4 la formule (5.8) avec A = 0. 
Par 1a, les théoremes (1.7) et (1. 10) sont démontrés. 


6. On voit aisément qu’au cas d’une fonction de la forme (1. 8) le signe” 
d’égalité est valable dans la formule de la propriété (*) pour des valeurs” 
convenables des quantités x; et a= 0, et pour des /; aussi petits que 1l’on 
veut; tandis que, M(x) étant de la forme (1.9), la méme remarque ne s’app- 

- lique que si A~0O ou si B=O. En autres termes, on peut énoncer le théo- 
réme suivant: 

(6. 1) Soit ®(x) une fonction monotone non-décrojssante dans Vintervalle 
(—r,r) (O<rs+ex) qui jouit de la propriété (*,") suivante: 

(*,") a@ des nombres réels x; (i==1,...,; n= 2, 3) quelconques qui remplissent 
Nb 


la condition _* x;= 0 et au nombre réel a +0 correspond un nombre 
1 


0 >0. tel que 


IT P(a+xi+h)—P(a + xi)|< Il P(x; + Ai)— P(x,)| 


toutefois que O0<|h;|< 0 et que les arguments de la fonction ® sont 
situés dans Vintervalle (—r, r). 


En ce cas P(x) est de la forme 


P(x) =A | e™du+C (A> 0, B~ 0). 
.U ¥ 


En ajoutant aux hypothéses les égalités P(— x) =0, O(+ ~)—1, on est ' 
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ramené a la formule 


x 


D(X) == des [ eer du. 


2400 


. 


fee) 


(Recu le 8 mars 1956.) 
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OB OfMHOMW XAPAKTEPH3AUMH HOPMAJIBHOrO PACIPEJE/IEHHA 
BEPOATHOCTEM 


A. Yacap (Byganeuit) 


(Pe 3 Me) 


B pa6ote fOkashipaeTcH cnemywoulad Teopema: 
Nycth (x) —ney6vinaiomas cpyHkuns B MHTepBane (—r,r) (0 <r < + 00), oOnanaw- 
Wad CA€AYIOUMM CBOMCTBOM: KakOBbI Ke GblaH 4NCAa X; (i= 1,..., 2; n=2, 3),. yqonae- 


n 
i! 

THOPALOLUHE YCOBHIO is x;=- 0, m BemecTReHHOe 4NCnO a, cyulecTByeT TakKoe 6 > 0, uTe 
' 


TTi@ +x, + )—9@ +x)\ < JO, + 4) — (x) )), 
1 1 : 


ecau TOKO O< [A,;| << d u aprymente dbyHkunn © nonafawT B unTepwan (—r,r). Torna 
¢pyHkuna ©(x) MoKeT ObiTb 3anncaHa 2HOO B BHAe 


A, ecm —r<x<0 

D ge) , eet A-<. B), 
(x) LB, ecm O'<7 <— Fr oe 
mn60 B Bue 


x 


(x) ree +C (42.0, BZ 0). 


HanGoaee paxkHOe BCNOMOraTeAbHOe CpeACTKO fOKa3aTeAbCTBAa eCTh cnenywoulast 
Teopema, o6o6maiwulan Tteopemy B. Cepnuuckoro O HenpepbiBHOcTH NaMepuMbIXx 
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’ 


BHINYKABIX tpyHkunit: ycrb p(x) ecth OnpeseaeHHad B OTKPbITOM uHTepBate J HsMepuMan 


BELIECTBEHHAA (PyHKLWMA, IPMHMMalOlad KOHEYHbIe HK GeCKOHeYHbIe 3HayeHHA. [Ipeqnoz0xKum, 
uTo 7 MOwKeT ObITh NpeACTaBjeH B BUDE 


=R-+- Z, rpe mepa Z pabua nyt, ‘a Ha MHOKECTBE 

R tbyuKxuna ~(x) BbinyKaa, T.e. p(X) KOHe4HA B Cay¥yae XER un 
) — 9(xX) + eC) 
9 | 5 | ey ee 


x+y 
2 j ecu x; ¥, sa ER. 


Torga cyuyectpyet KOHe4HaA, HeEMpeppishad HU BoINyKIaA B HHTepBare J dyHKuHA gy*(x), 
coBNajjatoulad Ha MHOMKeCTBE FR Cc p(x). 


UBER EINE LOSUNGSMETHODE 
GEWISSER FUNKTIONALGLEICHUNGEN 


Von 


I. FENYO (Budapest) 
(Vorgelegt von A. Rényi) 


Jiingst hat J. AczEL’ eine allgemeine Methode zur Lésung gewisser 
Funktionalgleichungen mitgeteilt, welche die Lésung einer sehr weiten Klasse 
von Gleichungen liefert. AuBer dieser verfiigen wir auch iiber eine andere all-. 
gemeine Methode, die im wesentlichen darin besteht, da& durch Bildung 
geeigneter partieller Ableitungen die Funktionalgleichung in eine Differential- 
gleichung oder in ein Differentialgleichungssystem iibergefiihrt wird. Diese 
Methode ist in den meisten Fallen sehr einfach, sie kann aber blo® dann 
beniitzt werden, wenn wir die Funktionalgleichung in der Klasse der genii- 
gend oft differenzierbaren Funktionen suchen, und die in der zu lésenden 
Gleichung auftretenden gegebenen Funktionen auch geniigend oft differenzier- 
bar sind. 

Das Ziel dieser Arbeit ist zu zeigen, dai mittels der Theorie der Dis- 
tributionen die Methode der Uberfiihrung von Funktionalgleichungen in Dif- 
ferentialgleichungen unter 4uBerst geringen Voraussetzungen leicht durchfiihrbar 
ist. Wir werden im allgemeinen gar nicht die Funktionenlésungen, sondern 
die Distributionenlésungen der Funktionalgleichung bestimmen. Wollen wir 
doch von Funktionenlésungen sprechen, so erhalten wir die Existenz der 
Lésung in der Klasse der integrierbaren Funktionen. 

Im folgenden werden wir die einfachsten Tatsachen der Distributionen- 
theorie in der durch L. SCHWARTZ ausgearbeiteten Form beniitzen. Auch die 
Bezeichnungen und die Nomenklatur sind diejenigen, welche L. SCHWARTZ 
in seiner Monographie (7héorie des Distributions. 1 (Paris, 1950), Hi (Paris, 
1951)) eingefiihrt hat.’ 

Wir schicken einige Begriffe und Definitionen voraus. 


> 


1 J. Aczét, GrundriB einer allgemeinen Behandlung von einigen Funktionalgleichungs- 


typen, Publ. Math. Debrecen, 3 (1953), S. 119—132. 
2 im folgenden wollen wir dieses Werk unter der Bezeichnung L. Sco. 1 bzw. L. 


Scu. Il zitieren. 
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DEFINITION 1. Es sei 7 eine beliebige, in einem Bereich von k* defi- 
nierte Distribution und u(x) € D, eine festgehaltene Funktion. Wir werden unter 
linksseitigem multiplikativem Produkt von u und T eine in R' definierte und mit 
(u)T bezeichnete Distribution verstehen, welche folgendermafen definiert ist: 


(1. 1) (u) T(¢) = T[u(x)¢())] (y(y)€ D,). 

Daf (u)7T wahrlich eine Distribution ist, ist trivial. 

Ganz analog definieren wir das rechtsseitige multiplikative Produkt von 
T mit einer beliebigen Funktion v(y) aus der Funktionenklasse D,. 

Im besonderen Fall, wenn 7 das direkte Produkt von R und S ist (wo 
R und S Distributionen in R' sind), ist das linksseitige multiplikative Pro- 
dukt von v(x)€D, und RX S die folgende Distribution : 

(1. 2) (v)R X S= R(v)-S. 
Sie ist also die Distribution S multipliziert mit der Zahl R(v). 

DEFINITION 2. Es sei 7 eine Distribution in einem Bereich von R’', ¢ 
und @ sind reelle oder komplexe, von Null verschiedene Zahlen. Unter Tox + py 
wollen wir folgende, in A® definierte Distribution verstehen: 

+@ 


Ta348,)(9) == el | g(z;6 t—as'2z) a,| —a r| | g (a7! t—~paz; d2| 


(1.3) a (x, ) Day): 


Wenn y€D,z,, so ist w(t)—= | p(z;3't—e@h"2z)dz€D;, und konvergiert 


die Folge ;(x,y) nebst allen partiellen Ableitungen gleichmaBig gegen 0, 
so konvergiert auch die Folge w,(f) nebst allen Ableitungen gieichmaBig ge- 
gen 0. Daraus folgt, da das unter (1.3) definierte lineare und homogene 
Funktional wahrlich eine Distribution ist. Ist der Trager von 7 der Bereich 
WM, so ist der Trager von Tyz:s, die durch die Relation ex + Pye M defi- 
nierte Menge.’ 


Wir bilden die partiellen Ableitungen von Taz:,,: 


Ole Aq 


rT tik )= — Tasepy og |__e'T fz oz -g(a' t—Ba'2: z)dz |= 


(1. 4) 


+o 
ae 
7 71 | g(a't— Bartz; ven CTasra(¢) (pe Dy). 


$ Im Spezialfall, wenn T(f)={f(x)a(x)dx ist, so ist Taxtpy (p(x, y)) = 
= fox, y)a(ax + By)dxdy. 
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Ebenso erhalten wir die folgende Relation: 


aT, 
vay eeper ee R TS 
( ) ay BT caisys 
Ist « = @=1 bzw. c=1, B=—1, so wird aus (1. 4) und (1. 5) 
OT xy. OT x4 ae oT 
1.6 Asad A EB ey OS gy 
5}; ) Ae oO y und ax opr 


DEFINITION 3. Wir betrachten die Distributionen S;, So, -.-> Sn-als. linear 
unabhdngig, falls es eine Funktion g€D gibt, so da die mit ihr gebildete 
»Wronskische Determinante“ von Null verschieden ist, d.h o 


Si(p) Sop)... S,(g) | 
Si(¥) aby . Si(@) 


(1.7) 4-04 


se "gy Sit ).. Seg) 


DEFINITION 4. Es seien S und T zwei, in einem Bereich von R' defi- 
nierte Distributionen. Ihre direkte Summe ist eine in R*® definierte und mit 
S +T bezeichnete Distribution folgendermafen definiert : 


G8) S+N@)—S| foe yay] + r| Joc ydx] (#€ Dy). 


Es bedarf keines Beweises, daB das unter (1.8), im Funktionenraum.D,, de- 
finierte lineare und homogene Funktional eine Distribution ist. Sie besitzt 
+0 


folgende Eigenschaft: 
(szo-a]Fpo]- 


(1.9) AAS sit) 2 
BEwEIS. 
= — | i ‘ta (g(x, 9) € Dey), 


Mise) | dR). 
as (¢)— iS twelael S 


axay 


denn 
a” a 


6 == +0 
{ne Gey loe Miea "=O. 
ay 
~-o 

4 Existieren n Zahlen so, daB c,S,-+¢,S,+...+-¢,S,=0 (mindestens ein ci 0) 
ist, so ist die Determinante (1.7) gewi6 gleich 0 und umgekehrt. Ob die Giiltigkeit der 
Relation (1.7) notwendig fiir die lineare Unabhangigkeit der Distributionen (im Sinn 
¢,S,+...+¢,S,=—S = 0) ist, ist eine offene Frage. 


386 1. FENYO 


Die rechte Seite ist aber unabhdngig von y,° und deshalb ist die Be- 
hauptung (1.9) richtig. 

DEFINITON 5. Betrachten wir diejenigen, zur Funktionenklasse D,, gehdé- 
renden Funktionen, deren Trager keinen gemeinsamen Punkt mit der X und Y 
Achse haben. Die Klasse dieser Funktionen sei mit G,, bezeichnet. Es 
ist G,,CD,,. Betrachten wir die in einem Bereich von R' definierte Distribu- 
tion 7. Wir bilden aus ihr folgende, durch 7,, bezeichnete und in R* be- 


stimmte Distribution folgendermaBen: 
+o 
i r| J p(tu', oa 


-@ 


+o 


Pao) = | { g(u, tu-')u-'du 


-@ 


(1. 10) 
(9(x, y) € Gry). 


+@ 


Die Funktion J g(n,tu)u'du {una auch ie g(tue! uur du | gehért gewib 


der Funrnoneakiec D,, daher ist (1.10) eine Distribution. Wir werden fol- 
gende Ejigenschaften dieser Distribution beniitzen : 


Clk) ETN oy a . und. ——=xTy,. 


‘Um dies einzusehen, haben wir einerseits : 


+0 + @ 
ails Paes as “d 
aan! ITs gy —_ 7, [ct IJ Solb al ea 7] | ited 
(p(x, ¥) € Gay). 
+o 


if g(tu,ujuudu 


_~ © 


Wy; | ares 
= r\d i g(tu nae] 


und damit ist unsere Behauptung bewiesen. Die zweite Identitat von (1. 11) 
kann man in analoger Weise verifizieren. 


Anderseits ist 


y Ti(9) = Tey [¢(%, ¥)¥] = — 


DEFINITION 6. Es sei 7 wieder eine Distribution in R' und « eine be- 
liebige, von.0 verschiedene reelle oder komplexe Zahl. Unter der Kontraktion 


Pa OCH el ess, OOF 
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von. der Gropge e der Distribution T verstehen wir eine mit: 4,7 bezeiehnete 
Distribution R', deren Definition die folgende ist: 


(1. 12) kaT(g)—=a'T[¢(te)]  (¢()ED). 
Die Abieitung von x.7 la6t sich folgendermafen bilden: 
(1. 13) (Nel) Sax, 1”, 


Das ist fast selbstversténdig, denn gilt @€D, so haben wir 
(%aT) (~) = — (aT) (4) = — @'T[p'(e"'t)] = T [g¢(e"t)] =e (za) Y). 


§ 2 


Als erstes Beispiel sei folgende, durch T. Levi-Civita’ und P. STACKEL’ 
geldéste Funktionalgleichung diskutiert: 


a Ax ty) SX0)¥0), 


wo f, X,, Y, unbekannte Funktionen sind. Diese Gleichung wurde von LEvi- 
Civita und STACKEL unter Voraussetzung der Differenzierbarkeit.dieser geldst. 
Wir wollen jetzt f, X,Y, als unbekannte Distributionen auffassen, und _statt 
(2.1) folgende Distributionengleichung betrachten: 


(2. 2) | fory = 2, XyX Y,5 


Setzen wir voraus, da die Y, linear unabhangig sind. Derivieren wir beide 
Seiten von (2.2), so erhalten wir gemaf& einem Satz von L. SCHWARTZ 


ofey oS yx fey Sy ay 
/ ne ae POP SD i und ay mt vs 
Daraus folgt aber wegen (1.6): 

DAK, Se APO YY: 


ot v=1 


Mererenzierén wir diese Gleichung (n—1)-mal, so erhalten wir folgendes 
Gleichungssystem : 3 


(2.3) Vxex v= TX, x VO (p= 0,1,2,..., 2-1). 
Fey | v=1 


6 T. Levi-Civita, Sulla funzioni che ammettono una formula d’addizione del tipo 
T(x w=>%, ()Y, (y), Atti della Reale Ace. dei Lincei, 22 (1913), S. 181—183. 


ier: ote Sulla equazione funzionale, Atti della Reale Acc. det Tncer 22 (1913). 


S. 392—393. 
Sybe Scu. LS; 111, -Théoréme VII. Z 
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Es sei nun die Funktion y,(y) € Dy so gewahit, dab die ,Wronskische De- 
terminante“ von Null verschieden ist (siehe Definition 3 und (1. 7)). Bilden 
wir das rechtsseitige multiplikative Produkt beider Seiten von (2.3) mit 
w(¥), SO gelangen wir gemé6 (1.2) zum folgenden Differentialgleichungs- 
system : 


me Y?) (Wy) X; =2 Verdits O15) Be. (p=0,1,2,..., n—1). 


Wegen der Voraussetzung tiber die Y, und w, ist dieses System mit dem 
folgenden aquivalent: 


(2. 4) Xi= D AX (i= 2a 8) 
k=1 


Die Koeffizienten A, sind reelle oder komplexe Zahlen. Dieses Gleichungs- 
system hat bekanntlich®? keine andere Lésung als unendlich oft differenzier- 
bare Funktionen. Ebenso kann man beweisen, dai auch die Y, nur Funk- 
tionen sein kénnen. Dann mui aber wegen (2.2) auch f,.,, folglich 
auch f eine unendlich oft differenzierbare Funktion sein. Nach Feststellung 
dieser Tatsache kann man dem Verfahren von Levi-CiviTta oder von STACKEL 
folgen, und die Lésungsfunktionen — unter anderen — durch Lésung von 
(2. 4) bestimmen. 
Die klassische Funktionalgleichung 


(2. 5) Suvy es {xf 
ist Spezialfall von (2.2). Sie hat nach unserem Satz keine anderen Lésungen 
als Funktionen. 

Ein weiterer Spezialfall von (2. 2) ist das folgende Funktionalgleichungs- 
system, welches von OsGoop" untersucht wurde: 


S(x+ y= S(X)C(y)+C)S(y),  C(x+¥) = C(x) C(y)—S (x) S (9). 
Oscoop behauptete, daBi die allgemeinen Lésungen im Bereich der stetigen 
Funktionen die folgenden Funktionen sind: S (x) =e sinu x, C (x) = e“ cosux.: 
Auch im Bereich der Distributionen liefern obige Funktionen die allgemeine 
Lésung des Systems. 


B. KEREKJARTO stellte die Frage:’' welche stetigen Lésungen besitzt fol- 
gendes Gleichungssystem: : 


fiulX+Y)= Su) fiQ)-+ fal) fa), 

folX + y) =f Oh) +fol(x) fo), 

F(X +9) = fa (XD) Si (VY) + foal) fn (y), 

Soa (X + -y) a Fu (X) fio) + fio(x) f(y). 
LE och LS. 139: 


1” W. T. Oscoop, Lehrbuch der Funktionentheorie. I (1912), S. 582. 
1 B. KerexjArro, Aufgabe 4, Mat. Fiz. Lapok, 48 (1941), S. 369. 


UBER EINE LOSUNGSMETHODE GEWISSER PUNKTIONAIGLEICHUNGEN 389 


F. KArtTeszi und F. ZiGANy" bewiesen, dali die Lésung des Kereékjartoschen 
Systems auf die Lésung des Osgoodschen Systems und auf die Lésung der 
Funktionalgleichungen (2. 5), (1.3) (@,= @,— 1) zuriickgefiihrt werden kann. 
Da aber diese als allgemeinste Distributionenlésung unendlich oft differen- 
zierbare Funktionen besitzen, so kann das Kerékjartosche System auch keine 
anderen Lésungen haben. 


§ 3 
Als zweites Beispiel betrachten wir die folgende Funktionalgleichung : 


(3. 1) f(@x + ery) = X(x) + YO). 
Diese enthalt als Spezialfall die von J. AczéL" geléste Funktionalgleichung, 


falls X= &,f(x)+p,(x) und Y= f(y) + P2(y)+ Po ist. 
Wir bilden statt (3.1) die Distributionen-Funktionalgleichung 


(3. 2) : Sorroy rae X + Y, 
Wir erhalten nach (1.4) und (1.8): 
@; foray = Aus 


Diese ist aber von y unabhangig. In ganz 4hnlicher Weise ist die Distribu- 
tion faz+cy wegen 


Qifavray — rn 


auch von y unabhangig, d. h. fa,2+ay ist mit einer Konstante identisch. Daraus 
folgt, dai auch f’ eine Konstante ist. Denn hat die Funktion «(t) € D die Form 
+o 


J g(a: tei" a22; 2)dz, so liefert f wegen (1.3) immer denselben Wert. Ist 
w(€D) nicht von der geschilderten Form, dann kann man immer eine Folge 
‘yon Funktionen ,, ¥,..., Wn-.- (a €D) finden," deren Glieder vom Faltungs- 
typus, also in angegebener Form schreibbar sind und deren gleichmafiger 
Limes w ist. Fiir jedes Glied dieser Folge gibt f denselben Wert; da f ein 
stetiges Funktional ist, liefert.es auch fiir y diesen gemeinen Wert. 

Nun ist f’ eine Konstante, und daher f eine Funktion von der Form 
ax-+b. Es sind nun X’ und Y’ auch Konstanten, also X und Y lineare 

Funktionen. 


12 F, KArteszi und F. ZicAny, Lésung der Aufgabe 4, Mat. Fiz. Lapok, 49 (1942) 
 §. 292—296. 

13 J. AczeéL, Uber eine Klasse von Funktionalgleichungen, Comm. Math. Helv., 21 
(1948), S. 247—252. 

14 L. Scu. I, S. 22, Théoréme I. 
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In analoger Weise kann man die Funktionalgleichung 


(3. 3) flaxt+ byt+y)=af(x)+ ef) +7 


lésen, welche in der Lésungsmethode der allgemeineren Gleichung 


f(ax+ By +7) = PIF, FO) 
eine wichtige Rolle spielt, denn sie kann auf (3. 3) zuriickgefiihrt werden (®' 
ist eine stetige, in beiden Argumenten streng monotone Funktion).” 
Noch allgemeiner ist die folgende Gleichung: 


f(ex+ey+)=X(~)+ YO), 
wo f, X und Y unbekannte Funktionen sind. Die entsprechende Distributionen- 
gleichung lautet folgendermaBen:” 
Ty faxsay== X + Y. 
Die Lésungsmethode dieser ist die wortliche Wiederholung des vorigen Lésungs- 
prozesses. 

Etwas schneller gelangen wir zum Ziel, falls wir nicht die Distributionen- 
lésungen, sondern die integrierbaren Funktionenlésungen von (3.1) suchen. 
Die zu den Funktionen f(t) und X(x) gehdrigen Distributionen seien f und 
X, y sei ein beliebiger festgehaltener Wert. Dann kann man statt (3. 1) fol- 


gendes schreiben: 
aioe Tony (Xa,f)—= X+ Y(y). 
Bilden wir an beiden Seiten die Distributionenableitung: 


Cary (%a,f)’ aa Xx 


Die rechte Seite hangt von y nicht ab, d. h. ist (%a,f)’ gegen jede Transla- 
tion invariant, also ist sie eine Konstante.” Das ist gemaf Definition 6 damit 
gleichbedeutend, da f’ auch eine Konstante ist. Damit ist alles erledigt. 


§ 4 


Die von G. VAN DER Lyn" geldste Funktionalgleichung lautet folgender- 
maben : 


(4. 1) Fx+y)+Sx—y) = 2f)g(V). 


15 J. Aczé., Sur une équation fonctionnelle, Publ. de I'Inst. Math. de V’Ac. Serbe des 
Sciences, 2 (1948), S. 257—262. 

16 x ist der Translationsoperator. Siehe L. SCHi ly S800: 

Woks Scu.. 1, S.156. 

18 G. vaN per Lyn, Sur léquation fonctionnelle f(x-+-y) + f(x—y) =2f(x)g(y),. 
Mathematica (Cluj), 16 (1939), S. 91—96. — Bemerkung bei der Korrektur. Herr Aczév 
machte mich aufmerksam, da6 diese Funktionalgleichung nicht von G. van per Lyn, sondern 
von W. H. Witson (Bull. Amer. Math. Soc., 26 (1920), S. 300—312) zuerst behandelt wurde- 
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Die entsprechende Distributionengleichung ist 


(4. 2) fury +hey= 2f xg 
(siehe Definition 2). Aus ihr folgt wegen (1.4) und (1.5) 


Ofex afx , 
4.3 ett Aras elie st Pe 
) ax) ax of’X8, 
ih er ES 
4.4 y 4 OFa-y _ 


Durch Addition und Substraktion von (4.3) und (4.4) erhalten wir wegen 
(1.6) folgendes Gleichungssystem : 


0 x ‘ \ , 
(4. 5) Shots xe+fXe', 
Ofn-y ea ee pes , 
(4. 6) Siew — jx g— fxg". 


Nun sei g(x) €D, eine Funktion, fiir welche S(g) = 9. Wir halten sie fest 
und bilden das linksseitige multiplikative Produkt von (4.5) und (4.6) mit 


(4.7) (p) 2F"— pe +42". 
(4.8) (—) = — fp) g-T)8’ 


Nun bilden wir die ,zum Nullpunkt symmetrischen Distributionen* der in 
(4.8) betrachteten Distributionen:” 


(4.9) ptt =r@e-Toe: 


Es is leicht einzusehen, dab 


hey rit Ofzty 
CO erpercr 1D) ed 


Denn ist w(y)€ D,, so ist wegen der Definition der Operation _fol- 
gendes giiltig: 


(y) 4 (yy =) w- | yoyo 


‘ -@ 


| { veont—oae| 9 Ler 


—-@ 


1® L. Scu. Il, S. 23. 
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Schreiben wir also statt (4.9) 
0 zt , v — 
(9) 2" =f ()gS@R- 
Das gibt aber mit (4.7) folgendes: 


Kye +8) +f (P)(g—g) =0. 
Bemerken wir nun: falls w(y) € D, so ist 


eH) =e =a) --8) = -—O'W, 
also g’ —- —(&)'; dadurch gelangen wir zur Differentialgleichung 


S(g)($—8) +f (Y)(g—£) = 0. 
Das ist in h =g—g eine homogene Gleichung, welche keine anderen L6- 
sungen als Funktionen hat. Nun ist g eine beliebig oft differenzierbare Funk- 
tion und wegen (4.7) auch f eine solche Funktion. Das bedeutet, daB die 


betrachtete Gleichung keine anderen Loésungen als die von VAN DER LYN ange- 
gebene besitzt. 


§ 5 
Zum Schlu® betrachten wir die Gleichung 
coi amy Hay) = SX) ¥e(9). 
Ihr entspricht die folgende Distributionen-Funktionalgleichung: 
fy = > ea 


wo f, X,, Y, unbekannte Distributionen sind. Wir setzen voraus, dab die 
Distributionen Y, unabhangig sind. Wegen (1.11) haben wir 


mM n 
Yiu=2XeXY, und xfy—= > X, x ¥;. 
v= v=l 


Bilden wir das multiplikative Produkt der ersten Gleichung mit x, der zweiten — 
mit y, so ist 


2 xXX;XV,=>X, Xy Vi. 
v=1 v=1 
‘Wir derivieren beide Seiten nach y (n—1)-mal: 


xD XX Y= > xX, Xx (p Yor ey ry (po 1 oe ign— Ts 
v= 


y=1 
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‘Wahlen wir w(y)€ Dy so, daB die ,Wronskische Determinante“ der Y,, nicht 
verschwinde. So erhalten wir folgendes Differentialgleichungssystem: 


x2 Y,”(w) X; =D [PI () + Yo? (yun. 


Wegen der Voraussetzung iiber die Y, ist dieses mit dem folgenden 
dquivalent: 


(5. 2) SAN ree Age Xs (i=1,2,...,n). 
v=) 


Dieses Gleichungssystem besitzt, wie bekannt, wegen der singularen Stelle 
x=0O nicht nur Funktionen, sondern auch Distributionen als Lésungen.™ 
Diese Distributionenlésungen kénnen wir aber meiden. Denn beschranken 
wir den Definitionsbereich der unbekannten Distributionen auf einen solchen, 
fiir welchen x+-0, so ist (5.2) ein homogenes Differentialgleichungssystem 
ohne singulare Stelle, die Koeffizienten der X, sind unendlich oft differen- 
zierbare Funktionen. Will man sie aber fortsetzen in solche Bereiche, welche 
Punkte der Koordinatenachsen enthalten, so treten solche Distributionen auf, 
welche die Derivierten der Dirac 0 oder die ,partie fini von Hadamard 
gewisser Funktionen enthalten. Diese verschwinden in gentigend ,schmalen“, 
mit den Achsen gemeinsame Punkte besitzenden Bereichen; denn Je, ist. nor 
fiir die Funktionen G,, bestimmt, sie verschwinden aber in diesen Bereichen. 

Ebenso gewinnt man, da& die Y, auch nur unendlich oft differenzier- 
bare Funktionen sein kénnen, und daher ist f auch eine solche Funktion. 
Damit ist alles erledigt. 

Ist n==1 und suchen wir die integrierbaren Funktionenlésungen der 
Gleichung 


(5. 3) F(xy) = X(x)¥(y), 

so kénnen wir wieder etwas kiirzer zum Ziel gelangen. y sei ein beliebiger 
Parameter (y=-0), f und X seien die zu den Funktionen f(t) und X(x) ge- : 
hérigen Distributionen. So laBt sich (5.3) auch folgenderweise schreiben: 


wyf = Y(y)X. 
Daraus folgt (siehe (1. 13)) 


yxy F'(G)=Y(Y)-X(¢) — (@ E Ds) 
oder 


Yoy xf’ (¢) = X(9), 


209 Send, S. 3130; 


: 


394 1. FENYO ; 


vorausgesetzt, dal Y(y)=-9 ist. Nun ist die rechte Seite dieser Gleichung 
von y unabhangig, d. h. f’ gegen die Transformation Voy invariant Dar- 


aus folgt 
ype! 
voy “Yay 
Nach Definition 6 und einem Satz von L. SCHWARTZ” ist aber y-#y f(g) un- 
endlich oft differenzierbar nach y in jedem Intervall, wo y nicht verschwindet 
Das ist nur so mdglich, falls Y(y) auch eine solche Funktion ist. Damit is 
das Problem geldst. 

Hier wurde vorausgesetzt, dai Y(1) +0 ist. Falls Y(1)=0 ist, Sc 
ergibt sich aus (5. 3) f(x)=0. In diesem Fall gewinnen wir also blof® die 
triviale Lésung. 

Unsere zusammenfassende Behauptung ist also, daB die von uns be 
trachteten Funktionalgleichungen blo8 durch mit unendlich oft differenzierbaret 
Funktionen identische Distributionen befriedigt werden kénnen.” 


f oder = y-%yf =f : 


 (Eingegangen am 8. Marz 1956.) 


21 L. Scu. I, S. 104 Théoréme V. 

22 Nachtrdgliche Bemerkung. Manche hier behandelte Funktionalgleichungen konn 
durch geeignete Veridnderlichentransformationen in einfachere und schon friiher behande 
Gleichungen iiberfiihrt werden. Unser Ziel war aber, die Anwendungsart der Methode 
illustrieren. 
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OB OAHOM METOZE PELLUEHHA ®YHKUMOHAJIbBHbIX YPABHEHUM 


U. denne (Bynaaneuwt) 


(Pe3 tome) 


Yeap padotpi—npumenenne o6o6ujennbix (pynkuni JI. UI bapa k pewennto (pyHK- 
_ UNOHATbHBIX ypaBHeHui. OcHOBHBIe ONPeneneHHA HW OOO3HAYeHHA cOpnajarwr c Temn, KOTOppIe 
npumenan JI. Uleapy B cpoeit ussecrHoit MOHOrpadun. Ucxoaa us Hux, paoota paer 
creayroune Onpefeneunua : 

Onpengenenne 1. Tycts 7 onpenesennas p HeKOTOpOh O6nacTn R2 o606meHHaA 
tpynkuns wu u(x)€D,. Torga nog azepbim MYJIbTHIINKATHBHBIM MpOHsBeqeHHeM 7 C U NOHNMa- 
eTca OG6O3HaYaemad Yepes u(T) H ONpenenenHad BR? Takada o6O6meHHaA (pyHKuns, 4TO 


(u) T(p) = T[u(x), ¢(y)] (p(y) € D)). 
Avanorn4Ho onpefensetca npasoe mMyaAbTHNANKaTHBHOe npouspeneune. 
Onpengeneune 2. Mycth 7 onpenenennan B HEKOTOpOH OOnactTu R2 o6o6mennas 
tpyHkunsa, a +0 un £+0 mo6nie uncaa. Torga Taxtpy CT Onpenenennaa B R? caeayiouum 
o6pas0m o606muleHHad (byHKUHA : 
nee 
Taxing lo = 3 r| [ (z, pis 52) a2| (7 (, ») €D,,). 


- Ona o6nagaer Tem cBOuCTBOM, 4TO 
. aT. 


SS axt+By ay ; 
ax tT asi py 
On p efmeneunue 3. Onpegenennsie BR! o6o6menHbIe pynkunn S,,..., S, Haspipa- 


HOTCA H€3aBMCMMBIMH, ECM CyuecTByeT Takaa gy € D, 4TO 
k h=0. ..., n=l 
det (Si (y) in #0. 


(t+ ee 
Onpeneaeune 4. Nyc S u T onpefenenHpie BR! OGO6ueHHHIE (bynKuMn. 
Vx npsmaa cymma ect Onpenenennaa B R2 u o6osHayennast uepes S-+ 7 tTaxaw onpene- 
nenHan (pyHKuns, 4TO 


+ 


+0 +0 E 
(S + rns} | 7 (x, y) ay] + r| Ate ALeS 


-@ 


(p(x, y) € D,,)- 


Vimeet mecto paBeHctso ; 
. a(S+.7) _ 0 
Ox oy. - 

Onpenenenne 5. Mycts Gy D,,, @CTb MHOKECTBO (pyHKUH, ONOPbI KOTOPHIX 
‘TIpMHaaiexkaT MHOKECTBY, AONOAHHTeENBHOMY K OCAM KOOpAMHaT. Ecan T HeKoTopast 
o6oOueHHaH hyHKuna Ha R1, uz Hee nponsBogutca O6o6uyeHHaA (bynkuna 7, Ha R? Tak, 
4TO 


+0 
Fe are i ag | 
Ty (9) = r| | Pp (4, =| ee an (¢(x, y) € G,,). 
= = er 
Vimerot mecto caeayroujne cooTHOmeHns : 
aT. oT, 
EARS or ae Aa. , 
ax “= yy us ay : xT 
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Ucnonpsyx npenbizyuywe onpegenenna, padoTra B Ka4yeCTBe NpuMepa nccrenyeT 
cnenyroue ypaBHeHHs : 


n 
bs Susy = yj x, x Y,» 
v= 

rae f,X, u Y, wenspectupie o6odmenHbie dyHKunn. Metogom mpupegennsi K CnCTeme 
Quddepenunasbybix ypaBHenult paOoTa AOKashIBaeT, 4TO KaKJad OOOOWeHHAN (pyHKuAs, 
pewaroulad aTO ypaBHeHne, MO*KeT ObITh OTOKAECTBAeHA C GecKOHe4HO ANddepeHUNpyeMou 
O6bI4HOH (pyHkKuHell. ; 

2° ty Saspy = X + v3 


Kaxkoe peuleHve M 9TOrO.ypaBHeHHA MOXKET ObITh OTO*KECTBIEHO C GeCKOHEYHO AHNdnpepeH- 
uupyemMon OObIdHON (byHKUHeN. 


clog Ar ober T De 
TakOKe HMCCT TOABKO PeweHHe, COOTBETCTByHOLee GECKOHEYHO AuPepeHuUpyeMOnt (PyHKUUH, 
Pewenus ypanHennst 
n 
483 of eee ND" Xe. 
v==1 mie 
CMH HX HCKAaTb Cpeqn OOOOWEHHHIX (yHKUMN, ONOPAa KOTOPbIX MPHHAAIOKUNT MHOKCCTEY, 


AONOAHMTENBHOMY K OCAM KOOPANHAT, TaKKeE MOryT ObITh OTOXKACCTRICHHI C OObIMHHIMK 
GHeckOHEYHO AN(ppepeHunpyeMbIMH (PYHKUNAMH. 


ON THE SUM OF DISTANCES DETERMINED BY A POINTSET 


By 
L. FEJES TOTH (Budapest) 
(Presented by G. Hajos) 


We shall prove the following 


THEOREM 1. The sum S, of the (3 ] distances. determined by n=2 co- 
planar points satisfies the inequality | 
nu 
S,=rn ctg an 


where r denotes the circumradius of the points. Equality holds only if the 
poinis are the vertices of a regular n-gon. 


This inequality yields immediately the estimation 


IU 


where d denotes the diameter of the circumcircle of the points. The constant 
zt cannot be replaced by a greater one. 

In order to prove our theorem we denote the points by P,,...,Pn- 
Fixing the points P,,...,P,, we consider S, as a function of the point P,. 
Since the distances P,P,,..., P,P, are convex functions of P,, the same can 
be stated of S,. It follows. that S, takes its maximum for:a point P, lying 
on the boundary C of the circumcircle of the points. Therefore all points 
‘may be supposed to lie on C. Furthermore we suppose that C is a unit 
circle and that the cyclical order of the points is P,,..., Pn. 

Introducing the notations Pay —= Pi, ..., Pon-1 = Pn-1 We consider the sum 


sk = > PP = 2 ps! sin - Bs 
t==1 a | 
where k is an integer such that 1=k=n—1. In view of the inequalities 
0= 5 PP P.Pi,,<7 and the concavity of sinx for O=x= we can apply 


Jensen’s inequality, obtaining - 


SpS2n sin( > BP mi 
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But since the arcs PLES Se Pee cover the circle C exactly k-times 
we have : 


NEC 
SS 2nsin—. 


On the other hand, on account of the obvious relation s,—=s,-, and of 


the fact that for an even n the sum s, involves each distance P;P., » twice, 
2 2 ‘ 
we have for any n=2 


Consequently 
n-1 
. KI It 
S,=n 2'sin— =n ctg a 


This is just the inequality to be proved. The case of equality is obvious. 
Our figure displais the extrem- 
al configuration for n=10. It is 
interesting to observe how the seg- 
ments P; Pysx,..-, PnPrsx form one or 
more (convex or star) polygons, ac- 
cording as n and k are or are not 
co-primes. The above proof is based 
essentially on the remark that S, can 
be represented as the sum of the 
perimeters of such polygons which 
all take their maximum in the tegu- 
lar case. 

The above method yields also 
the proof of the following fact: If 
Fig. 1 P,,...,P, are n points on the peri- 
meter of the unit circle, then the sum 7,—.1/P;P; extended over the mu- 
tual distances of the points fulfils the inequality 


n-1 


nw mk 
Te Cone 
47 tsi n 


with equality only for the vertices of a regular n-gon. 
Indeed, we have in view of the convexity of cosecx for O<x<a- 


n—1 


saa! X AN 


n ’ n-1 n n-1 
Te SS Sapp, 2a lon pe uk 3 wk 
2 2 UP Pay & 2, cosec x PiPin =z 2, cosec—. 
Let us suppose a repelling force between the points, inversely propor- 
tional to the square of the distance. Then the position of equilibrium is cha- 
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racterised by the minimal value of 7. Consequently the points must assume 
a regular position. The statical distribution of an electric charge on a circular 
conductor is, of course, the homogeneous one. It is interesting to find such a 
simple proof as the above one for the analogous property for discrete charges. 

Concerning S, we propose now the following general problem: to find 
the maximum of S,/r for n points of an m-dimensional (m= n—1) Euclidean 
space. The case m= 2 has been settled above. The following inequality 
gives the solution for m—n—1 and yields a rather good bound for m <n—1. 


THEOREM 2. /f S, denotes the sum of the mutual distances of n points 
of the n—1-dimensional Euclidean space, then 


s,sn|/(%)7 


where r is the circumradius of the points. Equality holds only for the vertices 
of a regular simplex. 

‘Especially, among all tetrahedra inscribed in a sphere the regular one 
has the greatest sum of the lengths of the edges. 

For the vertices of a regular octahedron inscribed in a unit sphere we 
have" S, = 6 + 12/2 = 22,97. .., whilst the above inequality yields S, < 6/15 — 
P= 23,23... ; 

The proof is based on the consideration of the sum Q, of the squares 
of the mutual distances. We suppose the circumsphere of the points P,,..., Pr 


to be the unit sphere centred at O. Introducing the notations e; — OP; and 
= >'e, we have 
11 . 


n 


2Q,.= > (i—ey=._ D>. (i+ e}—2e.e)—2n De —2e', 
iS RSs aS " i=) 
whence! 
OO; = n’, 


with equality only if |e|—0 and if the points lie all on the boundary of 
the unit sphere. But since the arithmetic mean doesn’t exceed the quadratic 
one; we obtain the desired inequality 


fy n n 

s.|(5} = Q.|(%) = a] (3): 

Equality holds only. if the (3) distances are equal, i.e. in thé case indicated 
above. ; ae 


1 To this nice inequality my attention was called by E. Makai. 
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The estimation of S, in 3-space deserves special attention. It is easy to 
show that in case of an increasing number of points distributed uniformly on 
the surface of a unit sphere we have S,/n’— 2/3. Collating this fact with the 
2-dimensional case, it may be conjectured that 


dr’ 
Sn< 


where d denotes the diameter of the circumsphere of the points. Theorem 2 
confirms this conjecture for n=9. For the vertices of a regular icosahedron 
of circumradius 1 we have 


s,—12+30(]/ 247 +|2-2)—o4s... 
whilst the conjectured inequality gives S,.< 96. 

Let us now return to the two-dimensional case and consider points of 
power of the continuum distributed on the perimeter of the unit circle. Let 
w(g) be an L integrable weight function of the length of the arc g. Then 
w(y)dq@ can be interpreted as the number of points on the arc element 
dg and the integral 

2a 


N= Jvo dg 


as the total number of points. The sum of the distances between the points 
of the arc elements dp, and dg, may be represented by 


2 sin er w(¢,)W(gr)dg,dgqy. 
Therefore the integral 
2a 2n 
s=| | sin #4 wegywipdgdg, 
00 


(involving each pair of arc elements twice) may be interpreted as the total 
sum of distances of the points. 


On account of the above wee Sn, <2n°/m one may conjecture that 
S§s=— 2 NY | 
7 


We shall give here a direct proof of this inequality. 
Let the Fourier: series of w(g) be 


w(a~F me S acosrg-+b, sin vg). 
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Then the Fourier series of the function 
Qn 
F(v) =| w(g)w(y +e)dg 
0 
becomes 


2 @ 
Fo)~a SF +n > (a; +62) cos Vw. 
. v=1 


Therefore, in virtue of Lebesgue’s theorem concerning the integration of a 
Fourier series, 


2n 2n 2n 
Se | | sin 5 we) w(y+o)dgedo = | sin . F(w)dw == 
00 6 


ey ae SP SN 
2 tay | —= 270ty = — Nt. 


Equality holds only if a,—6,—0 for v=1, i.e. if w(~) is almost every- 
where a constant. 


@ 
=227a—An > 
v=1 


(Received 30 March 1956) 
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OcHoBHOM pesyabTaT padofh1 — cnenyroulad Teopema: 
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ON THE DETERMINATION OF PROBABILITY DISTRIBUTIONS 
OF MORE DIMENSIONS BY THEIR PROJECTIONS 


By 
A. HEPPES (Budapest) 
(Presented by A, Rényi) 


In § lof this paper we consider only discrete distributions and in this 
part — for the sake of simplicity — we shall use the terminology of mass 
distributions. (The points of the distribution are those in which positive 
Masses are concentrated.) We shall investigate the problem, by how many 
projections is a discrete mass distribution consisting of a finite number of 
Mass points in two or more dimensions uniquely determined and how can 
the “parent” distribution be reconstructed if sufficiently many of its projec- 
tions are known. 

In § 2 we shall consider more general distributions and we shall show 
for distributions, belonging to a certain class, that in order to ensure unique 
determination it is necessary to know an infinite set of their projections. 

The present paper uses the geometrical terminology of the n-dimension- 
al Euclidean space. (For example, we shall call a subspace of one dimension 
a “straight line’’.) ; 

Also here I express my sincerest thanks to Prof. G. Hajos and Prof. 
A. RéEnyi for reading my paper and to O. ELTeTO for his valuable remarks. 


§ 1 


In a paper of A. RENy! [1] we can find the following theorem: 

“A discrete mass distribution consisting of & distinct mass points with 
masses /,, M,...,m, Situated in the points (x,, yr), (X2, Vo), +++) (Xe, Ve), Te- 
spectively, is completely determined if its projections on n+-1 different straight 
lines through the origin are given.” 

The proof of this theorem given in [1] is due to G. Hajos. 

A method is also given in [1] for the determination of the points of the 
plane distribution. The paper [1] proves also a corresponding theorem about 
‘distributions consisting of points with equal masses in the space of three 
‘dimensions and about their projections on planes which are not parallel. 
On the other hand, it is proved with examples that the above mentioned 
‘theorems can not be improved in the direction that a distribution in the 
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plane or in the space consisting of k points could be uniquely determined 
by its projections on k or less (not parallel) straight lines or planes, re- 
spectively. 

As a generalisation of these theorems of the mentioned paper we shall 
prove the following 


THEOREM 1. A distribution consisting of k arbitrary points in the n-di- 
mensional space is uniquely determined if its projections on k+-1 not parallel 
(n —1)-dimensional subspaces are given. 


DEFINITION. Let us call “projecting lines’’ those straight lines of the 
n-dimensional space, which connect the mass points with one of its projec- 
tions, and let us call “knot points’ those points in which k-+-1 different 
projecting lines meet. 


Proor. Let us consider a distribution consisting of k points in the 
n-dimensional space and its projections on k+-1 not parallel (n—1)-dimen- 
sional subspaces. If we know the projections, then also the projecting lines 
and knot points are known. Every point of the parent distribution is a knot 
point because k+1 distinct projecting lines pass through it. We shall prove 
that no other knot points exist, i.e. every knot point is a mass point of the 
parent distribution. Let us choose an arbitrary knot point of the distribution. 
As the distribution consists of k mass points and, on the other hand, each 
of the k+1 projecting lines passing through the chosen knot point con- 
tains at least one mass point, thus necessarily the only common point of. 
these projecting lines, the knot point has to be a mass point; furthermore 
there are at least two among the projecting lines which contain no other 
mass point. 

The above proof shows also how the parent mass point system can be 
reconstructed very simply if k+1 of its projections are known; the only 
thing we have to do is to determine the knot points and to mark them as 


mass points with masses equal to the least of the masses of its own pro- 
jections. 


As shown in the paper of A. RENy! [I], there exists a set of k (n—1)- 
dimensional subspaces and two distributions, each of them. consisting of a 
distinct set of k points and having the property that the projections of the 
two distributions on these subspaces are the same. 

Let us consider, namely, a regular polygon with 2k sides in an arbit- 
rary two-dimensional plane of the n-dimensional space. Passing along the 
periphery of this polygon and situating a unit mass in each of its vertices, 
let the mass points situated in every second vertex belong to the mass point: 
systems A and B, respectively. Since the projection on an (n—1)-dimensional 
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subspace means a projection parallel to the normal vector of this subspace, 
the distributions A and B have the same projection on every (n—1)-dimen- 
sional subspace with a normal vector parallel to one of the sides of the 
regular polygon. So we get — corresponding to the sides of the regular 
2k-gon — k not parallel (2 —1)-dimensional subspaces on which the projections 
of the distributions A and B, each of them consisting of k mass points, are 
identical. 

It can be seen from this example that generally the distribution of k 
points is not uniquely determined by less than k+l of its projections. 

The same line of thought as used in the above proof of Theorem 1 
leads to the following more general 


THEOREM 1’. A discrete mass distribution of k points in the n-dimension- 
al space is uniquely determined by its projections on the respectively 
M,, My, ..-, Mg.,-dimensional hyperplanes H,, Hy,..., Hr, if no two of these 
hyperplanes are contained inan (n—1)-dimensional subspace, i.e. if an arbit- 
rary straight line of the n-dimensional space is perpendicular to not more 
than one of the hyperplanes H; (i=1, 2,...,k+-1). 


There is but a very little difference between the proof of this theorem 
and that of Theorem 1: we have to consider “projecting subspaces” instead 
of the projecting lines. The term “projecting subspace” is used for those 
(n—™m,))-dimensional subspaces which connect an arbitrary point of the mass 
distribution with its projection on the hyperplane H,, furthermore every 
straight line of which is perpendicular to each straight line of the hyper- 
plane Hj. 


REMARKS. 

1. Theorems 1 and 1’ state that the k-+-1 subspaces on which we con- 
sider the projections determining the parent distribution can be chosen inde- 
pendently of the arrangement of the k mass points and only with respect 
to the conditions of “independence”, postulated by the theorem, and the 
system of subspaces can be practically fixed. — It is quite another ques- 
tion’ how can a known distribution be characterised by a’ possibly few 
number of its projections. It is easy to see that every finite set of mass 
points of the n-dimensional space (2 = 3) can be uniquely characterised by 
two of its properly chosen (n—1)-dimensional projections. Let us choose, 
namely, such a system of rectangular coordinates X,, X,,..., Xn that the first 
coordinates (x,) of every mass point should be distinct. Now let us construct 


1 My attention to this problem was called by J. Moxndr and also the solution, pre- 
sented here, was given by him. 
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the projections of the distribution on the subspaces x,-1—0 and Xn = 08 
respectively. Owing to the choice of the coordinate system only two of the 
projecting lines projecting the same point will be in the same plane and so” 
the sought-for mass points are uniquely determined by their intersections. 
In case of a plane distribution a mass distribution consisting of a finite set 
of points can be characterised by three of its projections. Two distinct pro- 
jections of them may be taken arbitrary. If the third projecting direction will 
be chosen so that no projecting line should pass through those points of 
intersection of the two former ones in which there is no mass point situated, 
then the distribution can be uniquely reconstructed. It is a further question? 
whether the mass point system can be determined if we know the projections 
themselves as “photographs” only, i. e. ignoring their situation in the space 
and the directions of projection, respectively. (In this case the determination 
is, of course, required only up to congruence.) 


2. The statement of Theorems 1 and 1’ is stronger than it seems at 
first glance. According to these theorems a mass distribution consisting of k 
points is uniquely determined by &+-1 of its projections, fulfilling the con- 
ditions of the theorem, not only as a distribution of & points but also as an 
arbitrary distribution. That is to say, if the projections of a distribution of & 
points on k+1 corresponding subspaces are given, then the parent distrib- 
ution can be determined without knowing the number of its points, i. e. 
there exists only one discrete mass distribution having the given projections. 
(It is clearly seen that the solution can not be a “non-discrete” distribution 
because every distribution having discrete projections on two subspaces with 
no common normal is a discrete one.) 


3. Theorem 1 is valid also in the /? space® if projections on subspaces 
are considered which together with their normal vectors stretch out the whole 
space. Theorem 1’ is also valid and can be proved with the same method 
if by a “projecting subspace’ we mean a subspace passing through an arbit- 
rary mass point and having the properties that every straight line of it is 
perpendicular to the subspace H; in question and has a parallel straight 
line to every normal vector of H;. 

In what follows we shall show a procedure which enables us to con- 
struct two distinct finite discrete mass distributions of the n-dimensional or 
of the /° space, having coincident projections in given directions characteri- 
sed by their normal vectors e€,, @o,..., x. 


2 This problem was raised by Prof. G. Hajos. 
% I. e. in the Hilbert spaceeof infinite sequences. 
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Let us consider those points of the space in question which can be 
represented in the form 


P= CL Cy +e, Ce oe + Ce er - 


where the coefficients c; can — independently of each other — assume the two 
values O or 2'-!. With such a choice of the coefficients no two points are coinci- 
dent. We divide the set of points defined in this way into two subsets: the 
points belong to the sets C or D according to the number of coefficients 
different from’ 0 being even or odd, resp. Let us consider these points as 
mass points with unit masses; thus we get two distinct mass distributions 
C and D. It is easy to see that the projections of C and D from an arbit- 
rary direction e; are the same, namely to every point of C there corresponds 
one and only one point of D, and two such corresponding points of C and 
D differ only by the coefficient c;. With respect to the coincidence of pro- 
jections of the point p and p+ce; from the direction e; and to the equality 
of their masses, the projections of the two distributions are the same. 

In what follows the two distributions, constructed for k given directions 
(given in a prescribed order) by the procedure described above, will be cal- 
led “distributions C and D belonging to the given directions”. Naturally we 
have distinct pairs of distributions C, D corresponding to different rearrange- 
ments of the given directions. 

Applying a similar construction we can find pairs of distributions, 
consisting of an enumerably infinite sequence of mass points, for a given 
enumerably infinite set of projecting directions of the n-dimensional or of 
P space, which two distributions have the same projection in the given 
directions. Let us consider those points of the, space again which can be 
represented in the form 


where the coefficients c; can have only the two values 0 or 2*-! — indepen- 
dently of each other — but with the restriction that in the representation of 
each point only a finite number of the coefficients c; may be different from 
0. The distributions C and D will be generated from this set, by the method 
used above. It is easy to see that these distributions have equal projections 
in every direction e;. 

It follows from the latter fact that generally a distribution consisting of 
an enumerably infinite set of points can not be uniquely determined by 
giving an arbitrarily given enumerably infinite set of its projections. 

It should be remarked, however, that here we passed beyond the limits 
of the ordinary probability theory, as in a probability space of KOLMOGOROV 
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there can not exist an enumerably infinite set of mutually disjoint events 
each of which has the same positive probability. Such a probability distrib-_ 
ution can, however, be exist in a conditional probability space in the sense _ 
given by A. Renyi in [2]. Thus there exist discrete conditional probability 

distributions which can not be determined by a denumerable set of its 
projections. 


§ 2 


According to a theorem of H. CRAMER and H. WOLD [3] every proba- 
bility distribution on the plane is uniquely determined by the totality of its 
linear projections. In this direction a further result is contained in A. RENYI’s 
mentioned paper [1] which states that every probability distribution on the 
plane is uniquely determined by its projections on an arbitrary infinite set of 
straight lines passing through the origin if the characteristic function — 
transformed to polar coordinates r,g — of the parent distribution is an 
analytic function of gy for every fixed value of r. It has been proved further 
by W. M. GILBERT [4] that if the moments of a distribution F(x, y) are those 
of a determined moment problem, then F(x, y) is determined by its projec- 
tions on an infinite set of distinct lines through the origin. GILBERT gave 
an example of such a distribution on. the plane which is not determined by 
an infinite set of its projections. 

We raise the question, whether a “sufficiently regular” distribution 
could be determined by a finite set of its projections. 

An answer in this direction is given by the following 


THEOREM 2. /f the density function f(x, y) of the probability distribution . 
F(x, y) on the plane exists and surpasses a positive lower bound d>O in 
some circle with radius r>0O, then for the unique determination of the distrib- 
ution it is necessary to know the projections: of F(x, y) on an infinite set 
of distinct straight lines through the origin. 


Proor. In order to prove our statement it will be shown that if only 
the projections of the distribution with the above mentioned properties on a 
finite set of straight lines are given, then there can be constructed such a 
function m(x, y)==0 that the distributions with the density. functions f(x, y) 
and g(x, y)—f(x, y)-+ m(x, y), respectively, have both the same projections 
on the finite set of lines in question. 

Let e; ((=1,2,...,k) denote the unit vectors perpendicular to the 
given straight lines and let us construct the distributions C and D belonging 
to them with the procedure shown in § 1. Both these distributions — as we 
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know — have the same projections on the mentioned set of straight lines 
and are consisting of 2*-! points of unit mass, with distance greater than 
or equal to unity between each two of them ; furthermore all these points are 
inside a circle with centre O and radius 2'—1. Let (c:, ci) and (d;, d/) denote 
the coordinates of the points of the distributions C and D, respectively 
m1, 2, .:., 2e-1: f=1;)2, 2*"'). Without the restriction of genetality it 
can be supposed that f(x, y) is greater than d inside the circle with centre 
O and radius r. Let the continuous function t(x, y)==0 have the properties 


O=t(x,y)<d if Vp < 5 and t(x,y)=-0 if VF pp = > 
It is easy to see that the integral of the function 
{(x—ci, Y—ci) —t(x—d;, y—d}) 


vanishes along every straight line parallel to a direction e, i.e. the projection of 
this function on a straight line perpendicular to the direction e is identically 


equal to O if the points (c;,c/) and (d,, dj) have the same projections on the 
Straight line in question. 


Let us now consider the function 
gk-I gk-1 


m,(x, y oe t(x—c,y—cj) and m,(x, y) em t(x—d;, y—d;). 
i=l i= 
By the above remark the projections of the function 


m(x, y) = m,(x, y)—m,(x, y) 
vanish along every one of the given k straight lines. Also the function 


a - 7 ag 
m(x, y) =I & XG — y] 


has projections on the mentioned straight lines identically equal to 0. This 
functions satisfies also the following conditions |m(x, y\<d if /xe+yr<r 
and m(x,y)=0 if |x*+y* =r. It follows from the restrictions on the function 
f(x, y) that the function 

&(X, Y) = f(x, y) +m(x, y) 
satisfies the condition g(x, y)=0. On the other hand, we have 


+0 +0 $0 +o 

| J gy) axay— J f fey) dx dy = 
5 +@ +0 : ‘3 
pecause i aes y)=0, i.e. the function g(x,y) is probability density 


‘unction. 


0 Acta Mathematica VII'3—4 
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The two probability distributions with the density functions f(x, y) and 
g(x, y), respectively, have thus the same projections on the given set of the 
k straight lines because the projections of m/(x, y) are identically equal to 0 
on this set what proves Theorem 2 completely. 


(Received 16 May 1956) 
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OMPEJEJIEHHE MHOrTOMEPHbIX PACNPEJEJIEHHH 
CJIYYAMHbIX BEJIMV4HH C MOMOLMbIO HX MPOEKLIMU 


A. Xennew (Byganeut) 


(Pesto Me) 


B nepsonw yactu padorbi pewaetcs Crepyroulan 3afaya: 

CkOAbKO NpOeKUHH HEOOXOAHMO COOTB. AOCTATONKO AIA OAHOSHAYHOrO ONpenereHHs 
pacnpenereHna AMCKPeTHOM CaAyYaHHOH BeAMYAHDI B -MEPHOM MpoctTpanctee. 

Teopema 1 — o606ulaH Ave Teopembl OfHOK cTaTbH [1] A. Penbu — nonpayact 
TeEPMHHONOrHeH pacnpepeneHHA MaCC, yTREpKAAeT Crepyroulee : 


Teopema 1. Cocroauee us a06nix & TOYeK pacnpegenenne Macc /-mMepHOri 
NpOCTPaHCTba OMHOSHAYHO ONpPeAereHO, CCAM HBBECTHHI ero NPOeKuMH Ha K +- 1 He napanneaAH 
HbIX —I1-MePHbIX NOANPOCTPAHCTR ; MEHbINee YNCIO NpOeKUMH AAA 9TOrO, BOOGWWE rOBOps 
He JLOCTATOUHO. : F 

Teopema 1’ w OcTanbHad 4aCTb NepBOH rAaBbI 3aHHMAWOTCA OGOGULERHEM TeOPeMbI | 

Bo Bropou riape AOKasbIBaeTCA CesyioUlad TeOpemMa, OTHOCAUAACA K HeMpepbIBHblh 
pacnpefenenuam B NOCKOCTH, OOAaMarOWNHM PYHKUKEH MAOTHOCTH : 


Teopema 2. Saganne npoekunit Ha GecKOHe4HOe 4YHCNO He NapamAeAbHHIX NpPAMb 
HEOOXOAMMO AVIA OMHOSHAYHOFO ONPeAeneHHA BCAKOTO TaKOrO HeNpepbIBHOrO pacnpepeseHH 
B MNOCKOCTH, KOTOPOe OONaMaeT (byHKUHeH NAOTHOCTH, OrpaHHyeHHON CHH3y B HEKOTOPC 
O61aCTH NONOKMTEABHBIM YHCIOM. 


UBER DIE ANWENDBARKEIT DES DIRICHLETSCHEN 
PRINZIPS FUR DEN KREIS 


Von 
G. FREUD und D. KRALIK (Budapest) 
(Vorgelegt von G. Avexits) 


Das Dirichletsche Prinzip lautet folgendermaBen: Sei G ein ebenes 
Gebiet, dessen Rand J’ ein topologischer Kreis (geschlossene Jordankurve) 
ist, und bezeichne F(x, y) eine in G stetige Funktion. Sei ferner G in endlich 
viele zusammenhangende Gebiete zerlegbar, in welchen F stetige partielle 
Ableitungen hat. Existiert das Integral 

. ([faFY , (ary 
7 oon [fF [26] lene 
so gibt es eine einzige, in G harmonische Funktion f(x,y), die auf I mit 
F(x, y) tibereinstimmt, und das Integral D(F) sein Minimum fiir F—f an- 
nimmt. 

Gelingt es eine auf dem Rand J” vorgegebene stetige Funktion F(P) 
auf das ganze Gebiet G so auszudehnen, da die obigen Bedingungen erfiillt 
seien, so hat man die Existenz und die Einzigkeit der Lésung des Randwert- 
problems fiir harmonische Funktionen mit der Randbedingung F(x, y) = f(x, y) 
auf J’ bewiesen, und zugleich gezeigt, daB diese Lésung durch das Lésen 
des Dirichletschen Variationsproblems gefunden werden kann. 

Wenn wir uns auf den Fall des Kreises beschranken, kénnen wir leicht 
notwendige und hinreichende Bedingungen mit Hilfe der Fourierkoeffizienten 
der auf dem Rand definierten Funktion angeben. Entwickeln wir namlich die 
Funktion F(P) in die Fourierreihe 


(2) F(P) = F(9)~ a+ oa (a, cos vp +6, sin vq), 


so lautet die notwendige und hinreichende Bedingung fiir die Anwendbarkeit 
des Dirichletschen Prinzips (z. B. R. COURANT [2]): 


© 


(3) > var +05) < 0, 


v=1 


S. M. NIKOLSKI |4] hat die Frage aufgeworfen, ob es mdglich sei, eine 
Bedingung fiir die Anwendbarkeit des Dirichletschen Prinzips anzugeben, die 
sich nicht auf die Fourierkoeffizienten der auf dem Rand vorgegebenen 


10* 
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Funktion bezieht, sondern direkt eine strukturelle Eigenschaft dieser Fanktiol 


; . 1 
ausdriickt. Er hat bewiesen, daB im Fall F(g) € Lip (¢, 2) mit «> on d. h. 
- 


od, 1/2 me i Y ; 
0(0;F)— sup) | (p+) — Fo) ay | =o) |«>5) @ 


die Bedingung (3) erfiillt wird, also das Dirichletsche Prinzip anwendbar ist; 
ist umgekehrt das Dirichletsche Prinzip anwendbar und somit (3) erfiillt, so 


gilt F(p) € Lip tees 2} : 

Im folgenden wollen wir dieses Ergebnis von NIKOLSK! verbessern, indem 
wir notwendige und zugleich hinreichende Bedingungen fiir die Anwendbarkeit 
des Dirichletschen Prinzips angeben. Wir werden zeigen, da (3) mit der 
Bedingung 


(4) >" 3 [= ; F| < oo 


gleichwertig ist, und da (4) dann und nur dann besteht, wenn 


2a 20 


(5) | i Jesh lee Mair! 


Q 


dtdy<~x 


ist. Statt (4) hatte man auch die mit (4) vollkommen 4quivalente Bedingung 


(4a) | 0 [45] dd<x 
1 

anfiihren konnen. 

L. N. SLoBopEzki und V. M. BaBirscH [6] und unabhangig von ihnen| 
G. Freup [3] haben schon gezeigt, dai (5) fiir die Anwendbarkeit des 
Dirichletschen Prinzips auf eine stetige Funktion notwendig und hinreichend 
ist; (4) und (5) stellen also zwei gleichwertige notwendige und hinreichende: 
Bedingungen fiir die Anwendbarkeit des Dirichletschen Prinzips auf eine 
stetige Funktion dar, in denen je eine rein strukturelle Eigenschaft der Funk- 
tion F(g) zum Ausdruck kommt. Aus (4) ergeben sich tibrigens sehr einfachi 


die Ergebnisse von NIKOLsk!. Ist némlich F(¢) € Lip(@, 2) mit «> danni 


alts 
\ . 2 

of 1 %, 

ist F(q). stetig, ferner m3 (t5F]= on : |, also besteht (4) und somit auch 
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(3). Aus der Monotonie der Funktion w:(0; F) folgt aber 
. 


a: | | 
wo F)—o|n I, w, (0; F)— 0(0""), 


d.h. wir erhalten ein noch scharferes Ergebnis als NIKOLSKI. Wir beweisen 


eigentlich noch mehr: (4) und (5) sind namlich Spezialfalle (fiir «—1) des 
folgenden, allgemeinen Satzes: 


Fiir 0<«@<2 sind die Reihen 


| 1 
2 2\— 3 F » 
6) 2 ) — Dateh (ak +88) 
r= nl 
und das Doppelintegral 
2n 20 
(8) ee! a tem A dea dy 


0 0 


gleichzeitig konvergent oder divergent. 

Wir haben zu bemerken, dafi unser Ergebnis mit friiheren Arbeiten von 
PLESSNER [5], ALExITS [1] und STECKIN [7] zusammenhdngt. In der erwahnten 
Arbeit von ALEXITS und STECKIN wird unter anderen bewiesen, dafi die Reihen 


7 : 

5 =" 4 
ee) oi (5 F) fe) pa 
7 NM j NX 


00) 
‘XN yon ee 
PAE "ea EGE ta area eae und ans On log n 
nol fl n=l Nn n=1 


gleichzeitig konvergieren oder divergieren, wogegen PLESSNER die gleichzeitige 
3 . 


Konvergenz oder Divergenz der Reihe >a logn und des Doppelintegrals 
n=l 


a 


| [Ee tO Fe Or ae ne 


ee LY 


. 


0 
o 


schon viel friiher bewiesen hat. Die Konvergenz der Reihe L 0, logn hat 


ee) 
bekanntlich die Konvergenz von > (a, cosng+6, sin ng) fast tiberall zur 
n=! 


Folge, so daf die erwahnten Ergebnisse von PLESSNER, ALEXITS und STECKIN 
mehrere, einander gleichwertige hinreichende Bedingungen fiir die Konvergenz 


der Reihe > (a,cosngy+6, sin ng) fast iiberall darstellen. 
n=1 ‘ 
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Es ist leicht zu zeigen, daf die Reihe 


@ 
a? “2 
< ae Ov 
=} von 
(9) n= I iia 


und (7) fiir «@>0O zugleich konvergieren oder divergieren, indem wir diese 
Reihe umordnen. Es geniigt also, statt der gleichzeitigen Konvergenz von (6) 
und (7) dasselbe fiir (6) und (9) zu beweisen. 

Zum Beweise unseres Satzes bedienen wir uns zuerst eines Kunstgriffes 
von STECKIN (vgl. [7], S. 502). Aus 


F(g)~ a+ > (a, cos vg +, sing) 
vy=1 


erhalten wir 
ex 
| [Fig +h)—F(g—h] dg —4a > e; sin’ vh, 
. r=1 
0 

woraus sofort die Ungleichung 

2n ! 

| [F(p+h)—F(e—h)} dg < 47] Wo av ert 2% 
0 =n+ } 


folgt. Ist O0<AS -, so hat ‘man 


27 


al [F(p +h) — F(p—Mf de = 7 an |S atet fan 


und da das fiir jedes der Ungleichung O<A= - geniigende A gilt, ergibt 
sich 
Qn 
: 1 e. 2 te tk 
n(3s0)= 90, U[eb-s4)-ele—B]fer= Se 
(10) 0<ns— 0 : ‘ a 
$n S ot 48 Ser So a8 Sade. 


enrd nitric 


Da bekanntlich 


>, ey = coi[ 1; F| : 
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wo C eine absolute Konstante ist, folgt somit aus der Konvergenz von (6) 
die von (9). — Sei nun umgekehrt (9) konvergent. Aus (10) ergibt sich 


N of n | . . 
— aero ere >; Dred ct ar ee » [ea * 
= nz v= i=] v=n =n 
Ty 4 
Wegen «<2 ist > [a konvergent und ihre Summe ist kleiner als 
as 
oy aa 
Safe Wir erhalten also 
(2—a) n*« 
v 
F| ¥4D) De! 
y oi “ 24a i” SS reco Cy 
al eae =O. ne 


SchlieBlich zeigen wir, da aus der Konvergenz von (6) die von (8) folgt 
und umgekehrt. Aus der Konvergenz von (6) und der Monotonie von @.(0; F) 
ergibt sich namlich sofort die ela des Integrals 


[ ae sD) a5 1s fae iy 


l+a 
1 
und daher ist 
2n 2n 27 2n 


. 2 
| er NEN ata =| rs ob at; F)=4} HGF ates 


lia 
0 0 7 0 0 
Wenn nun (8) konvergiert und ¢ <2 gilt, so konvergiert auch die Reihe (7). 
Es ist namlich:? 


2a 2n 2n 
) — t 
| [eto Reo dt dg = 4a Sot | Sa ree 
0 0 AP 0 
2an ag 
4g ne | de 
<n . x 


0 


- 


| 1 Diese SchluBweise ist im wesentlichen dieselbe, die Presser [6] zum Beweis der 
gleichzeitigen Konvergenz der Reihe 


@ 
=, oe” logn 


und des Integrals 
| TOT [Fy +)—Fo—0P 

| | [Fie + a We dt dg 
a) 

beniitzt hat. 
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mit der Substitution n¢—x. Wegen 


Qan 3 2n 
{Aare (a ne | 
3G ae asa : 

0 0 

folgt daher 
2n 2a 2 | 
Stilo fa) 1 ‘( [(F@+)—F@—))] 
a 0, = per le ie dtdg. 
ie sin ce 
4x | ye dx ® 


Da wir wissen, dai (6) und (7) gleichzeitig konvergieren oder divergieren, 


haben wir damit alles bewiesen. 


f 
‘ 


(Eingegangen am 23. Mai 1956.) 


— ete 
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NPMMEHMMOCTb TIPHHUMNA JMPUXJIE B CJIYYAE KPYTA 
Yr. ®patga u A. Kpaanue (Byganeuir) 


(Pe3 Me) 


Vasectuo, uto ecan F(y) ecrh onpenenenHad Ha CAMHHYHON OKPyxKHOCTH HENpepbiB- 
Has (pyHKuHA, pag Pypbe KoTOpOK 


i) 


F(p) ~ ay + >) (a, £0 vy + 6, sin ¥y), 


v= 


TO 14 NpMMeHHMOCTH NpHHuKNNA /LupHx1e HEOOXOAHMO H AOCTATOYHO BbIMOAHEHHE yCnOBU, 


@ 
2 2 
(1) > (a, + &) <00. 
v=1 
C. M. HukoabcKkuit nocrapua Creayroulyt Bayauy: faTb TakOe ycaoBMe NpHMeHUMOCTH 
npwyuuna [upuxne, KOTOpOe OTHOCHTCH He K KOadPuUNeHTAM Dypbe, 3aqaHHOH Ha OKPy>x*- 
HOcTH (pyHKWMM, a K CTPyKTYPHbIM CBOHCTBOM CaMOM (pyHKuHH, OH fOKasan, 4YTO ecan 


F(¢) € Lip(e, 2), rne a >: +e 


. On 1/2 
06s F)= sup) [IF +1) Fon dg} = 00), 


. 1 
TO (1) BbInonHAeTCA, ecaM Ke BEINOnHAeTCA (1), TO F(¢) € Lip (> 2] ; 
B wactrosmen pa6ote atot pesyzptat C. M. Hu KOAbBCKOLO yTOHHHeTCA: WaeTCH 
HEOOXOAMMOE M OCTATOUHOe ycnoBHe npnMeHHMOcTH NpHHunna [upuxae. [Moxaspinaetcn, 
uTo (1) aKBHBaeHTHO yCOBHHO 


Q) Saft; F) <0 


KOTOpOe BhINOMHACTCA TOrAa HM TOMbKO TOrfa, CCK 


(3) | - 


v 


f [Fy +0—Fo—OP 
| [Fig + Ue (p—bP did doe: 
d 

Ycaosne (2) TakKe BNOAHE BKBUBAe* THO YCOBHIO 


(2a) i 0§ (G3 F) db <0. 
1 


Va (2) nerko nonyyarotca pesyabtatel C. M. HuxoapcKoro. U6o, ecan F(¢) € Lip (4, 2) 


(«>| , TO F(p) Henpeppizua u 0 (=: F| = o(n**} , T.€. BepHO (2), a NOBTOMY HM (1). 


1 
C apyroi cropoui, u3 (2) B Cay MOHOTOHHOCTH 8 (0; F) nonyyaetca wg ex F| =o(n-'), 


T.€. wWy(6; F) = 0(6'”). 
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Jloxaspinaetca, uTo ycnosna (2) nm (3)—HacTHbIe Cayyan (npH @=1) carenyroulen 
OOuleH Teopembl: B Cnyyae O< a <2 pspbl 


(1 
a 03 (3 ) — a2 eee ee 
rn Pa: on (c2 = ah + OF : 
n=1 Pie n=l 
HM QBOHHOM HHTerpat 
2a 2n F F Nr 
fens 
0 U 


OMHOBPeMeCHHO CXOAATCA HAM PacxOZATCA. 
OTOT pesyibTaT TeCHO CBABaH C pesyabTaTami ITneccuepa [5], Anexcuya fl] 
nu CTreuKkHua [7]. 


ON THE GENERALIZATION OF ERLANG’S FORMULA 


By 
L. TAKACS (Budapest) 
(Presented by A. Rény1) 


Introduction 


The following problem arises in connection with the design of telephone 
centers: At the center calls are arriving in the instants 1), T%,..., Tn,..- 
where 0 < 7 < 1%) <:-:< T<-+:<oo. There are m available trunk lines. Suppose 
that a connection is realised if the incoming call finds an idle channel (trunk 
line). If all the channels are busy, then the incoming call is lost. The dura- 
tion of a connection is a random variable. The probability distribution of the 
number of the channels occupied simultaneously is to be determined. 

Denote by 7(t) the number of the busy channels in the instant ¢ and 
put 71(t,—0)—= mn. We say that the system is in state E, (k=0,1,...,m) if 
k channels are busy. We shall determine the limiting distributions 
jim P{n(t)=k} =P; and lim P{yj,—k}—P, (kK=0,1,...,m) and _ its 


moments. 

We suppose the followings: 

A) The instants {t,} form a sequence of recurrent events, i.e. the time 
differences Tnyi1—Tn (n=1, 2,...) are equidistributed independent positive 
random variables. Let us denote by F(x) their common distribution function. 
Further put 


(1) @ = | xd F(x) 
and . | : 
aa. 1 g(s)—= emdF(x)  (2(s) = 0). 


B) Denote by xz, the duration of the connection beginning in the instant 
t,. We assume that the y, are independent random variables which are in- 
dependent also of the process {rn}. Put P{ynSX|qQn =k} = A(x) if 
k—0,1,...,.m—1, and 7,=0 if 7.—™m. In what follows we suppose 
| 1—e“ if x=0, 
(3) Ho)=| 0 if x<0. 


ss 
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A. K. ERLANG [3] has proved that if {r,} forms a Poisson process with 
intensity 4 and supposition B) is satisfied, then 


j k 
eve ae “ ) 


(4) i= 
.,, (Afmy 
& ett oe 


It is worth mentioning that in this case P, also exists and P,—= Py. 


§ 1. Generalization of Erlang’s formula 


We shall prove the following theorems. 


THEOREM 1. /n case {t,} and ({y,} fulfil the conditions A) and /B), then 
the limiting distribution {Px} exists independently of the initial distribution 
of 74(0) and we have 


m fo r 
(5) P= > (-1) “lel B,, 
where B, is the r-th binomial moment of {Px} and is given by the formula 
S Wigs 
(6) B.=C, —_ J J 
Zlile 
jo \J) C; 
where Cy==1 and ) 
, 7 # li) 
if 1 > —— oe ode 
m Cr Fe PED oon | rots No 


THEOREM 2. /n case {tp} and {y,} fulfil the conditions A) and B) anc 
the distribution F(x) is not of lattice type and @< ~, then the limiting dis- 
tribution {Py} exists and is independent of the initial distribution of (0) 
further we have 


(8) P} => (-1)"" (| . 


where By, the r-th binomial moment of the distribution {P%\, is given by the 
formulae Bi}=1 and 


sige’ 
vy Ser Cy 


rua > (es 
jes) J C 


(9) B= 


where C; is defined by (7). 
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THEOREM 3. The probability distribution {Px} can be expressed by the 
listribution {P,} as follows: 


10) * = ae (Rests... m1) 
and 

/ pa ee 

11) Pi = eh ace oe 


We are going to prove these theorems. 


PROOF OF THEOREM 1. It is easy to see that the sequence of random 
variables, {7,} (a= 1, 2,...) forms a Markov chain with transition probabili- 
mes P {try =k| yn. —=/J} =pa where 


PSV yi | 
(12) pr (% ] fem=(1—ermyet-rd F(x) (7 =0, I,...., 11—1) 
UO 
and 
(13) Doi k = Dn-t)xe 


This Markov chain is ergodic and thus the limiting probabilities 
lim P {7,—k}=—*P, exist and are independent of the initial distribution of 


n—-> © 


7,. The limiting distribution is uniquely determined by the system of linear 
equations - 


(14) Pe= ay Dix P; (k= 0, 1,..., m) 
j=k- 
and 
Se ey. 
(15) Pt 


(Cf. W. FELLER [4], p. 325.) 
To solve the system of linear equations (14) and (15) let us introduce 


the generating function 
(16) U(z) aed Py2*. 


From (14) we obtain for U(z) the integral equation 


(17) » U(2)= | Ie +20) Ue + ze) d F(x) + 


0 


+(1—2z)Pu il e-b= (1 —e-¥* + zeu)" d F(x). 


0 
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Now let us introduce the binomial moments B, (r —0,1,..., m) of the 
distribution {P,}: : . 


“ (k 

pe )P. 
(18) >| ;) Ps 
We have clearly 

es eae) 
(19) B= 4 (e Le 
From (15) it follows B,=1 and by r times differentiating (17) we obtain 
(20) By == [B+ B.1— lesa P| { ema F(x) (r= 1, 2,. 30 

0 
Let us put, for the sake of brevity, 
(21) gr=o(ru)=le™dF(x) — (r=1,2,...), 
0 
then from (20) we obtain 
r om 

(22) Beye [Br (/25,) 2. (r=1,2,..., m), 


taking P,,—B,, into account. If we consider B,, as fixed, then (22) is a 
linear difference equation of first order with variable coefficients, which can 
be solved simply (cf. CH. JORDAN [8], p. 583). The solution is 


. —(m) 1 
B= C,|1—Ba 5 (1) 2 


C, = f P2 ory Pp, a 
1; 1 —-@ad ie] — qe 


where C,— 1 and 


For rm we obtain 


1 
B.=—-——— 
C3) Sa lies 
FOI) C, 
and thus finally 
Sie 
—|i) C. 
(24) Bios O eran 


(nie . 
EC; 
This proves (6). ie 

The unknown probabilities P, can be expressed as 


aok CuG)) 
=a dz* J,9 
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The derivatives of U(z) are known at z= 1, and by means of these we can 
determine the derivatives at z—O and so we get the required probabilities 
P,, too. However, it is more convenient to use CH. JORDAN’s formula which 
gives the probabilities P, immediately by the binomial moments. According 
to this formula we obtain 


(25) Pe= (1 |g) Be 
which proves (5). (We remark that (25) is obtained by multiplying (18) by 
f—1)"" (Z| and adding the equalities for r—k,k+1,...,m.) 

_ PROOF OF THEOREM 2. For the proof we need a lemma. 


Lemma. Denote by M,(t) the expectation of the number of transitions 
Ex, — Eni (kK 0,1,...,m: En Em) occurring in the time interval (0, t). If 
F(x) is not a lattice distribution and @~ ~, then for all h>0O we have 


(26) lim M. (t+ h)— M(t) pie 
l= h re 

Proor. The time differences between consecutive transitions EF, — Fx 
are, as it can easily be seen, equidistributed independent positive random 
variables. These random variables have a common distribution not of lattice 
type if F(x) is not of lattice type, either. Then, according to a theorem of 
D. BLACKWELL [1], it follows that (26) exists and is equal to the reciprocal 
value of the expectation of the time differences between consecutive transitions 
E, > Exs1. (We remark that the existence of (26) follows also from a theorem 
of J. L. Doo [2], if the distribution in question is not singular.) To obtain 
the expectation in question let us consider the Markov chain {7,}. The state 
E, is a recurrent state and the expectation of the recurrence step number is 
1/P, (cf. W. FELLER [4], p. 325). As transitions Ey — Ex4: occur only in the 
instants t, if m,—-k, consequently the expected number of steps between 
consecutive transitions E,—> Ex: is 1/P,. The expectation of the length of 
each step is « and so the expectation of the time differences between con- 
secutive transitions E,—> Exs1 is @/P,. This proves (26). 


Now we have 


t 
m-1L 


Pno—H—= > (ke ] [emo —entoyiesf1 F(a] My(u) + 
(27) ee 
4- (Z) Jemen — eH -«))a—* 1] — F(t—u)]dM,,(u). 


0 


0 
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As a matter of fact, the event 7(f)==k can occur in the following mutually 
exclusive ways: at the instant w (where 0 =u =f) there occurs a transition 
Ej > Ejy.i(i =k—1,k,...,m) and the next call occurs after the instant ¢, and 
in the time interval (w,t) k conversations (connections) do not terminate, 
while the others terminate. (27) can be obtained by the total probability 
theorem. Using (26) the existence of lim P{n(t) =k} Py follows and we have 

t>@ F 


(28) Pi= 2 PP, 
where 
° 1] . : 
pra let | J emec1 —e-ney tH1—F(x)]dx... (j==0, 1...., ee 
0 
and 
Dut = Din lke 


The relation (28) gives Pj explicitly by the aid of the distribution {P;!, but 
Theorem 3 gives this in a simpler way. 
Let us introduce the binomial moments 


(29) Bt = > (Fe 


of the distribution {Px}. By virtue of (28) similarly to (20) we obtain 


(30) BY |B, +B,.—| m By i rue PON Gy, 
0 


As 


foe) 


| e-?* [1— F(x)]dx= zi 
, u 


taking (20) into consideration we have 


(31) fyi ea te 2 a 
fr rua 


This proves (9). (8) can be deduced immediately from (9). 


PROOF OF THEOREM 3. In view of (22) we have from (30) 


B,-1— fea, a 


while Bj==1. Using this form of Bt we get (10) and (11) from (8), 


(32) pease 
: ray 
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REMARK. The above result can easily be deduced from the fact that the 
difference of the number of the transitions E,.,—+ E, and E,— E, , occurring 
in a given time interval is at most 1. Denote by N,(t) the expectation of the 


number of transitions E,—> E,_: occurring in the time interval (0, f). It is easy 
to see that 


Ny (t+ 4t) =Ni(t) + Pin (t) =k) ku At +o(4t). 
As lim P{n(t)=k} = Pt exists, it follows 
t>@ 


(33) lim Ny(t)=kuPy 
t >a 
and it is also true that 
AVENE) os 
(34) lim pars kuPy 


As |My-1(t)— Nx (t)| = 1, we obtain (10) from (34) and 
(35) prac URR ke 


t>o t a 


EXAMPLE. Let {t,} be a Poisson process with intensity 4. Then 
b> beeer’? (if xX 20, 
HAS Dea it if x<0, 
@—14 and o(s)=A/(A+5), further, by (7), we obtain 
Glu)’ 
C= eee 
From (7) we have 
Sey 
Wu) Fo fl 
rh ley 
= ote 


b,= 


and, by (5), 


(A/t)* 
k! 


‘ j= J} ; 
According to Theorem 2 the limiting distribution {Py} exists and we have 
| PO Pe ee alge Fs 


11 Acta Mathematica VII/3—4 
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§ 2. The stationary process 
Let the random variable ¢(t) denote the distance between the instant f 
and the next call. First of all we shall prove the following 


THEOREM 4. If the distribution F(x) is not of lattice type and «<x, 
then the limiting distribution 


(36) lim P{O() sx\|7,() =k} =F) (k==0, T, 2) 


exists and we have 


@ 


ePil PIE Ee) ese (1— emi Fu + x) — Flu) du + 


0 


(37) Fir(x)=- 


\ 


+ (@) P. fe “See eee [F(u+x)—F(u)] du | ( 


Proof. Clearly we have 


t 


m~ 1 


PIL sx7()=—Kh=— D> a Je “kat (J —e wt i KLE(t— + x) 


jek 1 
ny) 


t 


— F(t—u)|]dM;(u) + Ay few ™(1—e 9)" TF(t—u+x)— F(t—u)|dM,,(). 


0 


Namely, the event {5(t) = x, n(t)—=k} can occur if at some instant u 
(where 0 =u =F) a transition E;—> Ej. (j==’—1,..., m) takes place and 
the next call occurs in the time interval (¢,¢+-x), further during the time 
interval (u,t) k conversations do not come to end, while the others come to 
end. Now, by the aid of (26), we obtain the limit lim P{¢(t) =x, 7()=hk} 


t+@ 


(k= 0,1,...,m). Taking into consideration that — 


icin) = \ ) = t : 
PS(t) =xin() =k} = — eae ee 


and lim P (7(t)—=k} = P; .exists, we obtain finally (36). 
t>+o 


CorOLtAary. /f the distribution F(x) is not of lattice type and «< ~, 
then we have 


(38) lim Pi6(0 =x} =F (x) 


ON THE GENERALIZATION OF ERLANG’S FORMULA 427 


where 
: i¢ 
(39) F(a —1| 1 —Foniay. 
Hiro 


This follows immediately from (36) or can be deduced from 


1 
™ 


PYo() =x} = a ([F@—u + x)— F(t—u)]dM,(u). 
9] 

The investigated process may be considered as a Markov process if we 
describe the state of the system by the random variables 7(t) and ¢(f). We 
have shown that if F(x) is not a lattice distribution and «< », then the 
limiting distributions of the random variables n(#) and C(¢) exist for t+ » 
and are independent of the initial distributions. Thus we can define the sta- 
tionary process supposing that the initial distribution of the investigated pro- 
cess is given by P{7j(0)=k}=Pr and P{f(0)=x\7jO)=—k}=Fi(x) 
(k=0,1,...,m). Then the distribution of 7(f) and ¢(f) agrees in all instants 
with the initial distribution of 1,(0) and 5(0), respectively. Furthermore, the 
expectation of the number of transitions FE,— Ex-1, occurring in the time 
interval (0, £), is 


P 
(40) Mi(t)=—"t 
and the expectation of the number of transitions E,—> Ex+1, occurring in the 
time interval (0, ¢), is 
(41) N,(t) = ku Pit. 
In most applications the stationary process plays an important role. 


§ 3. The limiting case m— ~ 


Let us consider the problem stated in the Introduction, but suppose now 
that infinitely many trunks (channels) are available, i. e. m= oe. In this case, 
letting m— ~ in (4), for the probability of k lines being busy we obtain 


anTA 
(42) Pt == e7Me ies er ON1F2 0.3) 


if the incoming calls form a Poisson process with parameter 2. Further, we 
have also P,==P* (k=O, 1,2,...). Thus the number of the busy lines has 
Poisson limiting distribution if ‘the incoming calls form a Poisson process. 
But we obtain another limiting distribution if the sequence {c,\ forms a 
recurrent process. We shall prove the following theorems. 


11% 
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THEOREM 5. Suppose that {r»\ and {y,\ satisfy the conditions A) and 
B), respectively, and that m=. The limiting distribution {P,} (k = 0, 1,...) 
exists and is independent of the initial distribution of 7(O). We have 


(43) Pr= D(A" 
where C, is defined by (7). The r-th binomial moment of {Px} is simply 
(44) be==C,. 


THEOREM 6. Suppose that {,} and {y,} satisfy the conditions A) and 
B), respectively, and that F(x) is not a lattice distribution and its mean « is 
finite, further that m= ©. Then the limiting distribution {Px} (k=90,1,...) 
exists and is independent of the initial distribution of 1,(0). We have 


1 — T-k Fr C3 
(45) Pao (JS b=12..0 
and . 
‘ ] 
(46) i-+ 3 (= 
Further the r-th binomial moment of {Pi} is 
Cas 

47 = - 

(47) Br a (r== 1, 2,22), 
while Bi = 1. 

COROLLARY. The distribution {P;} can be obtained by (45) in the following 
way: 
Te a a 

(48) , (k=1,2,...) 

and 
; ud ae at 

49 Pte | ce Sakae 

( 9) 0 Tt = k 


PROOF OF THEOREM 5. The random variables {7,} form also in case 
m== oe a Markov chain with transition probabilities pj; defined by (12). This 
Markov chain is ergodic (cf. F. G. FOsTer [7}) and the limiting probabilities 
lim P{7j,n=k}—=P, (k—0,1,2,...) exist and are independent of the initial 


distribution of 7). The limiting distribution ee is uniquely determined by 
the system of linear equations 


(50) P, = > aP, (k=0, 1,2,...) 
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and 
(51) > Pe=1. 
k=0 


Proceeding similarly as in the proof of Theorem 2, we obtain 
Bee C,. (feet oe) 
for the binomial moments of the distribution {P,}. Finally 


n= (tee 


REMARK. To prove (44) we can proceed as follows. Let us consider the 
instant of a call in a stationary process. Define ¢, (n—1,2,...) as follows: 
& —1 if the former n-th conversation is in course, and «,—O if it does 
not. Then we have 


what proves (43.) 


P, = P{e, + & + pe: + eat ++ == K}. 


Now 
6b he eee : n+ +--+ +é&n) ) 
Beem me es immo et tf 
Here 
i + & i a tig a ia Oi Siikje ss Oi tigbieth 


Jytiet ti, Sn 


where all /; = 1. Consequently 


y fos) @ . 
: ty one fe és, Se 
lim Mie i )| mia M8), 8) 40 +» Sits ti} 
n-+>@ A= jr= 
A simple calculation shows that 
M8), Fjtje.. Sirtiet-ti,5 = pig... pt 
and it follows ; 
et ee a 
1—®, 1—gy 1— g, 


what was to be proved. 


PROOF OF THEOREM 6. Now we obtain similarly to (27) that 


—k-1 


Pin — Mm — > Ue) fewer enemys [1— Ft a Mila). 
j f 
Since (26) is valid in case m= ce too, letting f+ ~, we get 
jok-t 


By some transformations this gives (45) and (46). 
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§ 4. Remarks 


1. A. K. ERLANG’s formula (4) is valid if {7,} forms a Poisson process 
with intensity 2 and H(x) is an exponential distribution. However, the general 
opinion is that the formula (4) is valid for arbitrary H(x) if the mean of 
H(x) is denoted by 1/u. As a matter of fact, (4) is proved by A. K. ERLANG 
[3] only for the case when H(x) is an exponential distribution. Though R. 
ForTET [5] (p. 298) stated that (4) holds for the general case too, we think 
the proof of this theorem is still missing. 


2. If m= -~ and {r,} forms a Poisson process, while H(x) is arbitrary, 
we have 


Aju) 
(52) Pt — e-Au ate 


where . 


(52) was proved by A. RENy! [9], R. FoRTET [6], C. RYLL-NARDZEwskI [10] 
and it follows from a more general result given by the author [11]. 
Now we shall give a brief proof of (52). We have 


t 


(53) Pin(t)—h = es Ay (2 (OL j (1—He)ax| tJ wear], 


“a ft-meye 44) HQ) ax 
Pin(t)—k}—e * er 


k 


and whence 
(54) Pi = lim Pin() = 4} =e GN, 


(53) may be proved as follows. If we know that in the time interval (0, A) 
there arrive exactly n calls at the center, the probability of which is 


out)’, 
nn!’ 


then the instants of these n calls may be regarded as n independent, uni- 
formly distributed points in the interval (0, ft). The probability that a conver- 
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sation, started at a random point, will end before the instant ¢ is 


t 
1 {Hepa 
4 
and the probability of the complementary event is 


1 Jf —H@jax 


Finally, (53) results from the total probability theorem. 


3. In case {«,! is a recurrent process and H(x) is arbitrary, the deter- 
mination of {F,! and {Pr} is a complicated problem. But if m= cv, the 
moments of the distribution {Pf} may be determined. This follows from a 
more general result given by the author [12]. Put M, = lim M{(n(t))’}, i. e. 


M?= > K Py. 
k=) 
We have by [12] 


* l > iva) * 
Mi =—— 2>'(;| | mje [1—A(hdt, 
C j=9 7 
0 
where M3(t)==1 and Mf(t), M3(t),... may be determined by the following 


recurrence formula 


t 
r-1 


meo—=> (4) { Mje—0 LH a)]am (a) 
0 


j= 
where 
m(x) = >, Fr(x) 
n=l 
and F,(x) denotes the n-fold convolution of F(x) with itself. 
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OB OBOBLLIIEHHH ®OPMYJIbI SP JIAHITA 


Jl. Takxau (Bynanewrt) 


(Pe310 Me) 


B tenepounbiit WeNTP B MOMEHTH 11, 7,...,%,--. (OS Cees C4 < s) 
noctynawT BhIZOBbI. [pomexkyTKH BpeMeHH &,,,—z, (2 —1,2,3,...) CyTb HesaBHCHMBIe 
NOAOKUTEMPH‘IE CAYYAMHbIC BEAMYHHbI C OHHAKOBON GhyHKuMeH pacnpepenenna F(x). Mycte 

Q [ve] 
— | xd F(x) wu ¢(s) = | e “* dF(x). Uewrp pacnonaraet m aunuamn pia pasronopos. Ecaa 
i) i) : 
B MOMEHT BbI3ZOBa HMEETCH CROOOMHAA AHHH, TO yCTAHABIMBACTCA CBASb, CCIM CBOOOAHOI 
AMHHK HET, TO BbIZOB Nponagaer. Ilycth y,, OGOOBHAYaeT BPeMA BaHATOCTH, HAYHHAIOUeeCH 
B MOMEHT T,. IIpeqnonoKHM, 4TO CAyYaliHbIe BeAHYHHHI {7,} HE 3aBHCHT APyr OT Apyra H 
ux (byHkunA pacnpeyenenua H(x)==1—e "” (x =O), ecan Boo6me ycraHaBAMBaeTcs CRAB. 
O6osHadum yepes y(t) 4YHCNO BaHATRIX B MOMeHT f AHHH HM HyCTb 9, =n(t,,—0). Nycte 
nanee Pye fin P {qo kin Py= lim P{(t) = k} (k =0,1,..., m). Joxaapinarores caenyto- 


ume TEOPeMbI : 
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Teopema 1, Ecauw m< oo, pacnpegenenne pepoatuocten {P,} cymectryer nHe- 
BaBUCHMO OT HadabHOrO pPacnpenenenuA BeAMUMHBI 7(0) H HMeeT MECTO PaBeHCTBO 


r? 


™ 
£2 ey eas ca 14, 
a,‘ 1) k) a 
= 
rae B. ecth $r-piit OHHOMHaAbHbI ~MOMeHT pacnpenenenua {P,}, KOTOpPHIit BEIUNCAAeTCA 
hopmy noi 


re Cra | uw 
= gin) 
ae ieee eth) 


Teopema 2. Ecan m<oo, F(x) ne peweruatoe pacnpesesenne u « <0co, TO 
H€3aBHCHMO OT HadabHOTO pacnpeseneHnA BenMYHHbI 7(0) CyulecTByeT mpeferbHOe pac- 
npenenenne {P,'} uw HMetoT MeCTO COOTHOWWeHKA 


Prt Low Pye 
k=1 


Teopema 3. Ecau mov, TO pacnpepenenne {P,} cyuecTByeT He3aBHCHMO OT 
HavabHOrO pacnpefzenenna Bern4HHbI 7(0) H UMeeT 1 eECTO PaBeHCTBO 


os Dy (1) (2) C, 


Teopema 4: Ecan m= oo, F(x) we peweryatoe pacnpesenenne, 
H€3aBHCHMO OT HadabHOrO pacnpefesenuaA BenMunHb 7(0) cyumlecrByeT npemenbHoe pac- 
npenenenne {Pf} u umewoT MECTO COOTHOWEHHH 


a< oo, TO 


iv: aay 
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NOTES ON DE LA VALLEE POUSSIN’S 
APPROXIMATION THEOREM 


By 
S. CSIBI (Budapest) 
(Presented by G. Atexirs) 


We appeal to DE LA VALLEE PoussiN’s following approximation theorem 
[3]: Let f(x) be a continuous real and periodic function, let E, be its best 
approximation by trigonometric polynomials of n™ degree in the Chebyshev 
sense, and let be 
2(n) 
. n® 
where p may be zero or any positive integer. Suppose that 
(1) $2(§,) = 2(&) if a<§<& 
a> 1 being a fixed positive integer, and 

a §2(§) = 0. 


Be 


Furthermore suppose the existence of the following integral : 


(20a 

i S 

Then f‘”(x) exists, and its modulus of continuity has the following order of 
magnitude: 


: afd te) 
ve, "2 , 
(2) w'¥)()) = o(o | $2() d5 + | £© as}. 
| Pe fi 
It is well known [2] that approximating to f(x) by algebraic polynomials 
in a finite closed interval [a, 6] inequality (2) holds only in any closed sub- 
interval of (a, 6). The aim of this paper is to show that throughout the whole 
approximation interval the following theorem holds: 


THEOREM. Let be 


then f(x) exists and w'”(d) may be estimated by (2) throughout fa, 6]. 


1 if Q(x) =x (0 < a <1), we get an extension of Bernstein's approximation theo- 
rem [1]. If «= 1, a similar extension may be given to Zyamunp’s corresponding theorem [4]. 
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In (2) O may not be substituted by o following from an example of 
G. Freup. presented later. 


Proor.’ According to our REsunipuOns a polynomial P(x) of not more 


than ath degree exists satisfying 


(3) Rosca 


where n and a are fixed positive integers, a being the lower bound introduced 
by (1). Let 

(4) UC)=P. (x)— pM ea erty hice: 

and U,(x) = P.a(x). Then 


we 
Py(x) = & U,(x). 
n-—3 
First we shall prove the existence of f‘”'(x). By virtue of (3), (4) and 


the monotonity of $2(€) we obtain: 
2(n-1) 
U9) = |Pa)—F0)| +f) Pan (a) = AO, 


qr" 


A being a fixed positive number. 
According to Markov’s inequality : 


[UW (x)| S Ba" ’) 


where B denotes a fixed positive number. 
Regarding the monotonity of £2(§) we may write: 


Sure =c{2® at 


where C is a fixed positive number. Now, from the existence of the integral 
on the, right follows the uniform convergence of the series on the left.: 
Consequently, f(x) exists and 


f"(~)= ps U;.””(x). 


Next we shall investigate the modulus of continuity of this derivative: 


6) F)—10)| = RIUM) +_Y [UO|+_ > UO) 


2 


where x, y € [a, b] and |x—y| =.d 


> If p=0 or the problem may be readily reduced to pO. (see for instance 
(x)= x-¢), our statement may be derived immediately from the trigonometric case follow+ 
ing T. KévAri’s remark: w AO ) y (V3), o, and oy, being the moduli with respect to the 
‘irst or second differences, x€ tt +1), v(y)= flcos g) and 0< 6 < 1/3. 
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According to Lagrange’s mean value theorem and Markov’s inequality : 
UP ih — Ul) “= Da" Qa") -d 
where D is a fixed positive number. It can be readily seen that 


2m 
m+l . 
(6) S| Un?(x)— Un? (9)| = OK | 28) de 


K being a fixed positive number. Furthermore, as it was shown already above, 
(7) > Wm Cc | 20) ae 
_ n=m+2 . Ss 


qem 
Putting (6) and (7) into (5) and. letting 


a 


d 


we get in the case of any sufficiently small number 0 the following upper 
estimation: , F 


qem-} — = a Fad qe?” <= 


a/é 


w'”(d) 2 O [3) 26) ds } | $2 (5) as| 


c 
S 


a 1/d 
what was to be proved. aie 
The negative statement may be proved by G. FrEuD’s following example: 


8 AeA Gg 
(8) yen san Lee (fel 10-21) 


where 6 denotes a fixed positive integer, 


‘ f 1/2a 
(9) b> =f 7 


/ 


N being a fixed positive number defined by (11), and 7,,,(x) = cos (O* are cos x). 
(8) is obviously uniformly convergent, hence f(x) is continuous. By (8) 

it can be readily shown that E,— O(n?) and so f(x) is among the 

functions considered by our theorem. We may write 
mi TY —TPA—A) TH) —Ty(1—A) 
f?Q—f? (1—h) = 2, a pee beanie ae 


k=U 


2 TP U)—Ti(I—h) 


bk (a+p) 


2m (a+p) 
Dae: 


(10) 


k=m4+1 
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Taking A-~ 1/20", we get 1—h > cos/26” therefore 
Paj—TP(i—A)>0 if kam. 
Furthermore, eee to Markov’s inequality | 7\?'(x)i = om Regarding” 
these relations and (9) we may write 


TU —TWI—N 2 


pee : 


fa) —f (I— A) > 


— 
B” (a+p) a 


The first term on the right may be estimated noting that 
TEV — Fh) = TEM) 2 


and letting A be so small that 6” “> 2. Then, according to relations between 
Chebyshev and Jacobi polynomials and between Jacobi polynomials and their 
derivatives, we get 


(1 1) Re (1) > Nema) 
where N denotes a fixed positive number. Finally, we may write 


(p) foe (yy) = @,a SS 2 
FOF) 5 2°0" |— a— 
where the sign of P is positive following from restriction (9). Hence 

wh) > Ph 


for h= el 20 the negative statement being proved.® 


)= pre 
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’ Taking a=-1 a similar reasoning may be carried out considering moduli with 
respect to second differences, showing that the corresponding extension of ZyomuND’s | 
approximation theorem [4} can not be improved, either. 


NOTES ON DE LA VALLEE POUSSIN’S APPROXIMATION THEOREM 439 


3AMEUAHME K AMMPOKCAMAUMOHHOM TEOPEME BAJVIE-MYCCEHA 
LU. Yu 6n (Byganeur) 


(Pe 30 Me) 


Vspectuo, 4To Teopembs BepHhurtet#ha—Baane-lycceha—S3urMyuaa, 
yCTaHaBIMBalOWMe 3aBHCMMOCTbh CTPYKTYPHbIX CBOMCTB (pyHKUM OT NOpAAKa NpROAWKeHHH 
HX TPHrOHOMETPHYeCKMMH MHOTOUeHaMH, MOTyT GhITh NepeHecenbl Ha CayYa NpHOAWKEHHs 
anreOpawyecKHMM MHOrOUNeHaMM AMWIb Aaa aAOGoro no~HHTepsana [a’, b’] C (a, 6), rae [a, 5] 
Bech annpoKcumauMoHHbili unTeppat. B Hacrosmen paboTe fOKasbiBaeTCA, YTO OWeHKAa 
Banne-Iyccena Mower OpiTh pacnpocpraneHa Ha Bech OTpesoK [a,b], ecan BMeCTO 
ycaOBHA 


HCXOJUMTb U3 YCIOBHA 


(Ecau 2(x) =x * (0<(.@< 1), TO MbI MpHxoguM kK pacnpocTpaHeHuto HCXOMHON TeOpeMbI 
Bepuwmtefna.) Axanormynbim O6pasom, B Cay4ae Q(x)=x"' ouenka SurmyHaa 
TakwKe MOKET ObITh MepeHecena Ha BeCb OTPesOK [a,b], ecaM, 3afaBad NOpAAOK npy6an- 
‘KeHHA, BMeCTO N OpaTb n?. YrBepxKAeHHA STUX TEOPEM HE MOFyT 6hITh yAYYWEHDBI. 
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REDEISCHE SCHIEFE PRODUKTE VON HALBVERBANDEN 


Von 
G. SZASZ (Szeged) 
(Vorgelegt von L. Répe:) 


§ 1. Einleitung 


Es sind in der Algebra mehrere Konstruktionen bekannt, um aus gege- 
benen algebraischen Strukturen neue Strukturen zu bilden. Insbesondere wer- 
den sehr oft die wohlbekannten, auf HAMILTON zuriickgehenden Konstruktionen 
verwendet, die von REDE! ((5], [6]) im allgemeinen schiefe Produkte genannt 
wurden. Auch das direkte Produkt ist ein (trivialer) Spezialfall der schiefen 
Produkte. 

Von REDEI wurde in [6] ein gewisser Typ schiefer Produkte in der 
Gruppentheorie ausfiihrlich untersucht, der die Schreiersche Gruppenerwei- 
terung und das Zappa—Szépsche Gruppenprodukt als Spezialfalle umfaBt. 
Dieser Typ wurde spater von KOCHENDORFFER ,,Rédeisches schiefes Produkt“ 
genannt. Schon bisher haben mehrere Autoren ihre Aufmerksamkeit auf die 
Theorie dieses schiefen Produktes gerichtet. (Vgl. FUCHS [2], KOCHENDORFFER 
[4], REDE! und STOuR [7], REDE! und -STEINFELD [8], RUHS [9].) 

In dieser Arbeit beschaftigen wir uns mit dem Rédeischen schiefen 
Produkt fiir den Fall von Halbverbanden (d. h. von kommutativen Halbgrup- 
pen mit lauter idempotenten Elementen) und stellen die notwendigen und 
hinreichenden Bedingungen dafiir auf, dai ein solches schiefes Produkt wie- 
der ein Halbverband ist. Aus den Resultaten wollen wir hervorheben, daf 
— im Gegensatz zum Fall der Gruppen (siehe [6], S. 203 und 221—222) — 
ein Rédeisches schiefes Produkt von Halbverbanden nur dann ein Halbverband 
sein kann, wenn es mindestens zweifach ausgeartet ist. 

Im létzten Paragraphen werden wir die gewonnenen Ergebnisse auf den 
‘Fall von Verbainden anwenden. Aus diesen Untersuchungen wird: sich heraus- 
‘stellen, daB ein Rédeisches schiefes Produkt von zwei Verbanden (dann und) 
nur dann ein Verband ist, wenn es mit dem direkten Produkt dieser Ver- 
bande tibereinstimmt. 


\ 


12 Acta Mathematica VII 3—4 
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§ 2. Definitionen und Bezeichnungen 


Unter einem Halbverband verstehen wir eine Menge mit einer idem- 
potenten, kommutativen, assoziativen Multiplikation. (Siehe z. B. [1], 5S. 22a 
Anders gesagt ist ein Halbverband eine idempotente kommutative Halbgruppe- 

Es ist bekannt ({1], S. 22, Théoréme 1), da®i in einem Halbverband © 
(mit Elementen a, b,...) die Relation 


»t = 6 dann und nur dann, wenn ab=b* 


eine Halbordnung = definiert. Wir nennen sie die natiirliche Halbordnung 
von %). 

Im Laufe unserer Betrachtungen werden H und H stets Halbverbande 
bedeuten. Die Elemente von H werden mit lateinischen, die von H mit grie- 
chischen Buchstaben, insbesondere das Einselement von H bzw. H (wenn es 
existiert) mit e bzw. « bezeichnet. 

Die Symbole 
(1) x"(€H), §"(€H), x(EH), (EH) (x, ye H; §& nEH) 
sollen Funktionen (in der auch in [6] gebrauchten Operatorschreibweise) be- 
deuten.' Natiirlich lassen sich iiber H und H verschiedene solche Funktionen- 
systeme definieren. 

Nun liegt die Mdglichkeit vor, verschiedene schiefe Produkte aus H 
und H zu konstruieren. Hierzu betrachten wir die Menge 3 aller Elemente- 
paare 

(x5), - Gf S6H);; 
x heift die H-Komponente, 5 die H-Komponente von (x,&). Ferner bestehe 
(x, §)==(y, n) dann und nur dann, wenn x= y, § 7) sind. Dann definieren 
wir in X eine Multiplikation durch die Regel 


(2) (a, )0(b, 8) = (ab" 8", a'a’B) (a, bE H; @, 8H), 
wo 6", 8°,a’,@’ ein festgestelltes Funktionensystem von oben gegebenem Typ 
ist. Damit haben wir JC zu einer multiplikativen Struktur® gemacht, die wir 
mit HOH bezeichnen und ein nichtausgeartetes Rédeisches schiefes Produkt 
_ von H und H nennen.* Man sieht, dai das Produkt von zwei Elementen von 


1 Diese Schreibweise bedeutet, daB z. B. x” eine Funktion mit zwei Variabeln x, 4 
ist, wo x iiber alle Elemente von H, 7 iiber alle Elemente von H durchlauft und die Funk- 
tionswerte x” in H liegen. Die iibrigen drei Symbole in (1) sind in dhnlicher Weise zu 
verstehen. 

2 Unter einer multiplikativen Struktur verstehen wir eine Menge mit einer eindeu- 
tigen Verkniipfung (,,Multiplikation“). 

’ Die Benennung ,Rédeisches schiefes Produkt“ fiir diesen Typ wurde von KocuEn- 
DORFFER [4] eingefiihrt; das Nebenwort ,nichtausgearteit* weist auf das nachfolgende hin: 
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HOH auch von den Funktionen x”,... abhangt, so daB man mit Hilfe ver- 
schiedener Funktionensysteme im allgemeinen verschiedene HoH konstruieren 
kann. 


Andert man die Multiplikationsregel (2) so ab, da& in (2) genau k von 
den vier Bedingungen 


(I) 6° =6 fir alle b€ H,@€H, 

(il) «ea fiir alle b€ H,a@€H, 

(Il) « tritt in (2) nicht auf, 

(IV) a? tritt in (2) nicht auf 
bestehen, so entsteht eine (neue) multiplikative Struktur tiber 3, die man ein 
k-fach ausgeartetes Rédeisches schiefes Produkt von H und H nennt. Dem Fall 
k=O gehoren genau die sdmtlichen HH; ebendeshalb haben wir sie schon 
oben ,nichtausgeartet“ genannt. Ferner ist das einzige ,,4-fach ausgeartete 
schiefe Produkt“ von H und H das direkte Produkt HH. 

Wir betrachten die zwei Typen von den ausgearteten schiefen Produk- 
ten, die wir mit H1H und H2H bezeichnen und durch die Multiplikations- 
regel 


(3) (a, @) 1 (6, 3) = (a6", aa’) (a,b €H; a, 8€H) 
bzw. . 
(4) (a, «)2 (6, 8) = (ab", @’ 2) (a,6€H; «, BEH) 


definieren, wobei 5%, a’, a’ bzw. 6%, «’ wieder ein beliebiges Funktionensystem 
vom Typ (1) ist. 
Wir sehen, daf® sich (3) und (4) von (2) darin unterscheiden, dai der 
Faktor 2° bzw. die Faktoren %,a’ nicht auftreten. Dementsprechend werden 
wir (in §§ 5, 9) so sprechen, daf die H-Komponente von H1H und die H-, 
H-Komponenten von H2H ausgeartet sind, dagegen die H-Komponente von 
HH nichtausgeartet ist. 
Ein wichtiger Spezialfall von HoH ist, daB beide Halbverbande H,H 
mit Einselement sind und 
(5. 1) == a = 8, 
(5. 2) a == ¢) =e 
fiir alle a¢ H,@€H gelten; solche HoH -nennen wir in dieser Arbeit spezi- 
elle nichtausgeartete schiefe Produkte von H und H.* Ahnlich heift ein H1H 
ein spezielles ausgeartetes - schiefes Produkt von H und H, wenn beide Halb- 
verbinde H,H mit Einselement sind und (5.2) fiir alle a€ H gilt. 


4 Es wird sich herausstellen (S. Satz 5),daB jedes HoH oder H1H mit Einselement 
ein spezielles schiefes Produkt ist (unabhangig davon, ob es ein Halbverband ist oder nicht). 


12* 


. 
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BEMERKUNG 1. Im Gegensatz zum Fall der Gruppen sind H1H, H:H 
dann und nur dann als Spezialfalle von HoH zu betrachten, wenn H bzw. 
H,H mit Einselementen sind. Dieser Fall ist aber, wie es sich spater heraus- 
stellen wird, weniger interessant als der allgemeine. . 


BEMERKUNG 2. Wir werden unten ausweisen, dafi ein oben definiertes 
HiH (i=0, 1, 2) nur dann ein Halbverband sein kann, wenn die Gleichungen 
(6) aa D, a -=« 
identisch gelten. Daraus kann man leicht einsehen, dai ein beliebiges aus- 
geartetes schiefes Produkt von H und H, wenn es ein Halbverband ist, sich im- 
mer auf ein durch (6) reduziertes HiH (é==Q, 1, 2) zuriickfiihren la8t. Folg- 
lich diirfen wir die iibrigen Typen von unserem Gesichtspunkte aus au6er 
Acht lassen. 


§ 3. Ein Hilfssatz 


Wir schicken noch einen sehr einfachen Hilfssatz voraus, den wir im 
folgenden mehrmals vorteilhaft verwenden werden: 


HILFSSATZ 1. Es seien © ein beliebiger Halbverband, a,,...,0, beliebig 
ausgewdhlte Elemente von %, und f(r) (x € D; F(v) € ) eine gegebene eindeu- 
tige Funktion tiber . Eine Gleichung 


(7) von f(r) G,. 4. te 
ist nur danh identisch in y erfiillt, wenn 

(a) ) ein Einselement besitzt, 

(b) a,..., 0 alle gleich dem Einselement von §) sind, und 

(c) f(v) =x (fiir jedes y € ) ist. 

Der Beweis ist fast trivial.* Multipliziert man (7) mit a,, so folgt wegen 
der Assoziativitat und der Idempotenz von 


rar =f (r)ar... Or-1(d¢a-) = f(r)ar... 0,1 


fiir jedes r(€ H). In der Tat ist also a, Einselement von $, womit die Be- 
hauptung (a) und fiir a, auch (b) bewiesen ist. Die Richtigkeit von (b) fiir 
die tibrigen a ((=1,...,7—1) folgt unmittelbar aus der Kommutativitat und 
Assoziativitét von : wir diirfen ndmlich a; mit a, vertauschen. Endlich folgt 


(c) aus (7) nach der eben jetzt bewiesenen Behauptung (b). 


§ Unter Heranziehung der natiirlichen Halbordnung von § ist Hilfssatz 1 ganz trivial. 
Wir wollen aber unsere Betrachtungen, ausgenommen §§ 7—8, unabhingig von dieser 
Halbordnung fiihren. 
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§ 4. Nichtausgeartete schiefe Produkte von Halbverbanden 


In diesem Paragraphen werden wir die folgenden Satze beweisen: 


Satz 1. Ein Rédeisches schiefes Produkt H0H von Halbverbdnden H, H 
ist dann und nur dann ein Halbverband, wenn 


(8.1) H ein Einselement « hat, (8. 2) H ein Einselement e hat 
und: die Gleichungen 

(9. 1) ha 8; (9. 2) ie ane, 

(10. 1) Gt == a, (10. 2) *=A, 

(11. 1) a’ —b*, (11. 2) a? = 8°, 


(12. 1) esya’(abe®)’ =a sy b'(bcBY)’, (12.2) abce’(afa’)’ —abef" (By b*y 
fiir alle a,6,c(€ H), «@, B, 7(€H) gelten.® 
KoROLLAR. Ist HoH ein Halbverband,. so gelten die Gleichungen 
(13.1) a’(ab)’ = b°(bc)’, (13.2) (as) =8" (bry, 
(14. 1) a’(ab)’ =a’, (14. 2) «(a8 = 
fiir alle a,b, c(€ H), «, 3, 7(€ A). 
Satz 2. Ein spezielles schiefes Produkt H»H von Halbverbdnden H,H 


ist dann und nur dann ein Halbverband, wenn (8. 1)—(11. 1), (8. 2)—(1. 2), 
(13. 1), (13. 2) und 


(15. 1) En(xb"y =&nx’, (15. 2) Xy(Ex’) =x ye" 
fiir alle x, y(€ H), §&, n(€ H) gelten. 


BEWEIS vom Satz 1. Durch unmittelbares Ausrechnen ist sofort einzu- 
sehen, daB die Bedingungen des Satzes hinreichend sind. Es bleibt also nur 
der Beweis ihrer Notwendigkeit dbrig. ; 

Zuerst nehmen wir nur an, daB HoH eine idempotente’ kommutative 
multiplikative Struktur ist. Dann gelten die Gleichungen 


(a, a)» (a, 4) = (@, @), 


(a, z)0(6, 8) = (6, @)9(a, @) 


6 Wir werden sehen, daB die Bedingungen (12. 1), (12. 2) die trivialen Assoziativitats- 
bedingungen von H°H sind. Es ist uns nicht gelungen und scheint im allgemeinen Fall 
‘auch nicht méglich zu sein, diese Bedingungen durch einfachere notwendige und hinrei- 
‘chende Bedingungen zu ersetzen. Man kann aus ihnen durch gewisse Spezialisierungen meh- 
rere notwendige Bedingungen (siehe Koroliar) gewinnen, die aber im allgemeinen nicht 

hinreichend sind. 
7 Eine multiplikative Struktur hei®t idempotent, wenn jedes ihrer Elemente idempo- 


tent ist. 
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identisch in a, 0(€ H), a, &(€ H). Berechnet man beide Seiten dieser Gleichun- 
gen nach (2) und vergleicht die entsprechenden Komponenten miteinander, 
so ergeben sich die folgenden notwendigen Bedingungen fiir die Idempotenz 
und Kommutativitat von HoH: 

(16. 1) aate—a, (16. 2) aata? =a, 

(iat) a a’ B= b* Ba, (17. 2) ab* 8° = ba’ a’. 

Wegen der Kommutativitat von H und H entstehen die Gleichungen 
(16. 1) und (16. 2), (17. 1) und (17. 2) auseinander, indem man die entspre- 
chenden lateinischen und griechischen Buchstaben miteinander vertauscht. 
Offenbar kénnen wir also unsere Arbeit so erleichtern, dai wir nur die Fol- 
gerungen von (16.1), (17.1) untersuchen; die Vertauschung der lateinischen 
und griechischen Buchstaben in diesen Ausfiihrungen liefert dann auch giil- 
tige Formeln, die genau die analogen Folgerungen von (16. 2), (17.2) sind. 
Zum Zweck des leichteren Ausdrucks werden wir dieses Verfahren das Sym- 
metrisieren des betreffenden Beweises nennen. Die dadurch entstehenden 
neuen Formeln werden die symmetrisierten der urspriinglichen Formeln ge- 
nannt. 

Betrachtet man in (16. 1) das Element a fiir einen Augenblick festgewahlt 
und verwendet dann Hilfssatz 1 mit f(@)==e*a, so ergibt sich sofort, dab 
(8. 1), (9. 1) und 
(18) atac—e@ 
fiir alle a(€ H), «(€H) erfiillt sind. Ferner folgt aus (17.1) fir b—a, mit 
Riicksicht auf (9. 1) (deren Richtigkeit schon bewiesen ist) 

a= p*a, 
woraus sich fiir ?—a* 
ae = (ea 
ergibt. Setzt man dies in (18) ein, so entsteht 
a= a= (e")"ee=—(e)e=—e* 
fiir alle ac H, @€H. Das ist aber genau die Bedingung (10.1) vom Satz 1. 

Betrachtet man jetzt (17. 1) fiir «= «® und wendet dann (10. 1) an, 
so folgt die Gleichung (11. 1). 

Durch Symmetrisieren des vorangehenden folgt die Notwendigkeit der 
Bedingungen (8. 2)—(11. 2). 

Wir kénnen also unsere bisherigen Betrachtungen zusammenfassen im 


HILFSsaTz 2. Ein Rédeisches schiefes Produkt HoH von Halbverbdnden 
H und H ist nur dann idempotent und kommutativ, wenn H,H je ein Eins- 


* Man beachte, da® (8.1) schon bewiesen ist. 
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element e bzw. # besitzen und in HoH die Gleichungen (9.1), (9. 2), (10. 1), 
(10. 2), (11.1), (11. 2) identisch gelten. 


Nach Hilfssatz 2 diirfen wir die Multiplikationsregel eines idempotenten 
und kommutativen HoH (statt (2)) in der einfacheren Form 


(19. 1) (a, @)0(b, &) (abe, aa) (a, 0 € H; @, 8€H) 
mit den Nebenbedingungen 

(19. 2) “=e (e existiert); @% =o, 

(19. 3) a°—« (« existiert); 6*—= a’ 


anwenden. Damit ein solches HoH ein Halbverband ist, ist notwendig, daf 
(es auch assoziativ, d. h.) fiir alle a, b,c(€ H), «, 8, y(€ 4) 


((a, @) (8, 2))°(c, ¥) = (4, €) (6, 2) 9, ¥)) 
ist. Berechnet man beide Seiten nach (19.1) und vergleicht sie miteinander, 
so ergeben sich (mit Riicksicht auf die Assoziativitét und Kommutativitat 
von H und H) die Gleichungen (12.1), (12.2). Mit Riicksicht auf Hilfssatz 2 
haben wir also auch die Notwendigkeit der Bedingungen des Satzes gezeigt. 


BEWEIS VOM KoROLLAR. Um Korollar zu beweisen, wenden wir (12. 1) 
fiir @==8—y=e an; nach (19. 2). entsteht dann (13.1). Daraus folgt fiir 
c= 6 wegen (19.3) die Gleichung (14.1). Endlich ergeben sich (13. 2), 

(14. 2) aus (13.1) bzw. (14. 1) durch Symmetrisieren. 


BEWEIS .vOM SATZ 2. Zuerst beweisen wir die Notwendigkeit der Bedin- 
gungen des Satzes. Es sei also HH ein spezielles Rédeisches schiefes Pro- 
dukt von Halbverbanden H,H, das auch selbst ein Halbverband ist. Dann 
gelten fiir HoH, nebst den Bedingungen (8. 1)—(12. 1), (8.2)—(12. 2) vom 
Satz 1 auch die Gleichungen (5. 1), (5.2). Da (13.1), (13.2) nach dem Ko- 
rollar auch jetzt gelten, brauchen wir nur die Notwendigkeit von (1551), 
(15. 2) zu zeigen. 

Setzt man 

ye=& a=b=x, c=y 
in (12.1) ein, so ergibt sich nach (19.3) und (5. 1) 
a i(xa’y’ = asx" (xy). 


Nach dem Korollar ist die Gleichung (14.1) giiltig, so daB mit Riicksicht 
auf (19. 3) 
a Bx" (xy) = aB-y*(yx) = aby" = a px" 
ist, weshalb 

a B(x)’ = a fxd (x, y€H; @, BEH), 
d.h. die Gleichung (15. 1) gilt. (15.2) ergibt sich durch. Symmetrisieren. 
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Jetzt beweisen wir, dai die Bedingungen vom Satz 2 auch hinreichend 
sind. Das wird so stattfinden, daf wir die linke Seite von (12.1) durch An- 
wendung von (15. 1) (fiir x =ab, yc, § =a, n= 8), von (13. 1) und wieder 
von (15.1) (fiir x= bc, ya, =, ny) in die rechte verwandeln. (Die 
Assoziativitat und Kommutativitat von H wird inzwischen wiederholt aus- 
geniitzt.) Es gelten namlich 


aBya’(abe’)’ = ya’-a8(aba’) = ya’-af(aby — 
— a By-a (aby — eB y-'(bc)* = 
—ab’-By(bc) = ab’: By (bch) = 
= «aby b’(bcB’)’, 


was zu beweisen war. Durch Symmetrisieren folgt die Richtigkeit von (12. 2). 
Somit haben wir Satz 2 bewiesen. 


§ 5. Ausgeartete schiefe Produkte von Halbverbanden 


In diesem Paragraphen beweisen wir den 


SATZ 3. Ein (ausgeartetes Rédeisches) schiefes Produkt H:1H von Halb- 
verbdnden H,H ist dann und nur dann ein Halbverband, wenn die Bedingungen 
(8. 1), (9.1), (10. 1), (10. 2), (11.1), (14. 1) fiir alle a, b,c(€ H), a, 8, y(€H) 
gelten. 

Ein (ausgeartetes Rédeisches) schiefes Produkt H2H von Halbverbdnden 
H,# ist dann und nur dann ein Halbverband, wenn es mit dem direkten Pro- 
dukt HXH von H,H iibereinstimmt. 


BEMERKUNG. Aus dem Beweis wird sich herausstellen, daB die letztere 
Behauptung des Satzes auch fiir nichtassoziative Halbverbande gilt. Fiir uns 
ist es aber nicht interessant. 


Bewels. Zum Beweis des Satzes kénnen wir den Ahnlichen Weg wie 
im §4 verfolgen, weshalb es darauf hinzuweisen geniigt, wie sich die ein- 
zelnen Schritte des Beweises modifizieren. 7 

Vor allem ist leicht einzusehen, dab die Bedingungen des Satzes sowohl 
fiir 71H als auch fiir H2H hinreichend sind. Um ihre Notwendigkeit zu zei- 
gen, nehmen wir an, da} HsH (i==1, 2) ein Halbverband ist. 

Man sieht sofort, dab aus der Idempotenz von H+H die Gleichung (18) 
und die symmetrisierte Gleichung auch jetzt folgen. Und zwar folgen sie fiir 
eine ausgeartete H- bzw. H-Komponente unmittefbar, und fiir eine nichtaus- 
geartete ebenso wie im § 4. Dagegen hat (9.1) bzw. (9. 2) fiir eine ausgear- 
tete H- bzw. H-Komponente keinen Sinn (fiir eine nichtausgeartete Kompo- 
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nente gilt auch jetzt die entsprechende Gleichung); folglich ist fiir die Idem- 
potenz von H1H die Existenz des Einselementes in H und fiir die Idempo- — 
fenz von H2H die Existenz des Einselementes in beiden Halbverbanden H,H 
nicht notwendig. 

Aus der Komniutativitat von HiH (1,2), d. h. aus den Gleichungen 


(a, @)+ (6, B)= (6, 3)+(a,@) (fiir alle a, 6€ H, a, BCH) 
folgt, daf die Gleichungen 
ab°=ba*, a°f== fe 


auch jetzt identisch gelten. Und zwar ergibt sich die erste bzw. die zweite 


1. fiir eine ausgeartete H- bzw. H-Komponente unmittelbar durch die 
spezielle Wahl ¢=« bzw. 6=- a, 

2. fiir eine nichtausgeartete Komponente auf demselben Weg wie in § 4. 

Auf Grund dieser Tatsache kann man aber schon (10. 1), (10. 2) ebenso 
wie im Fall eines nichtausgearteten schiefen Produktes (also mit Hilfe der 
Gleichung (18) und ihrer symmetrisierten) gewinnen. 

Fiir H#2H bedeuten aber (10. 1), (10. 2) genau, daB es nur dann ein 
Halbverband® ist, wenn es mit dem direkten Produkt HxH von H und H 
iibereinstimmt. Die zweite Behauptung vom Satz 3 ist also schon bewiesen. 

Auch fiir HH folgt aus (10.1), (10.2), daB die H-Komponente dieses 
schiefen Produktes mit der von AHxH iibereinstimmt; dagegen sind die 
H-Komponenten von H1H und HxH im allgemeinen verschieden. Dement- 
sprechend sagen wir, dai die H-Komponente von HH direkt, aber die 
H-Komponente von H2H im allgemeinen nicht direkt ist. 

Im vorangehenden haben wir unter anderem auch gezeigt, daB H1H 
nur dann ein Halbverband sein kann, wenn in H ein Einselement « existiert. 
Aus 

(a, #) (6, #) = (6, #) (a, 8) 
k6nnen wir aber nach (10.1) auch {11.1) herleiten. Ferner ist (11.2), we- 


gen der Ausartung der H-Komponente, fiir H1f sinnlos. 
Es gilt also 


HILFSSATZ 3. Ein ausgeartetes Rédeisches schiefes Produkt HiH von 
Halbverbdnden H,H ist nur dann idempotent und kommutativ, wenn H ein 
Einselement « besitzt und die Gleichungen (9. 1), (10.1), (10. 2), (11.1) iden- 
tisch gelten. 


9 Genauer: ... nur dann eine kommutative und idempotente ‘multiplikative Struktur 
ist, wenn es’... 
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Im: folgenden diirfen wir also die Multiplikationsregel von HH (statt (3) 
in der einfacheren Form” 


(a, )1(b,8)—(ab,aaf)  (a,0€H; «,BEH) 


mit den Nebenbedingungen 


a 


a° =e (e existiert), 6°=-a° 
annehmen. 

Da die H-Komponente eines solchen H1H direkt ist, so ist es nac 
den Nebenbedingungen (dann und) nur dann eine assoziative Struktur, wen 
die Gleichung 

aBya’ (ab) = «fy 6'(bcy 
fiir alle a,6,c(€ H), @, 8, y(€H) gilt. Da diese Gleichung fir «- 7 A == 
genau (14.1) gibt, so ist mit Riicksicht auf Hilfssatz 3 die Notwendigkeit 
der Bedingungen vom Satz 3 auch fiir H1H bewiesen. Somit haben wir den 
Beweis vom Satz 3 beendigt. 


pe 


~ 


§ 6. Existenz des Einselements in HoH und H1H 


Wir wollen unsere gegenwartigen Untersuchungen von den vorangehen- 
den zwei Paragraphen unabhangig fiihren. Dementsprechend betrachten wir 
die schiefen Produkte HoH und AH1H zweier Halbverbande H und H, die 
nicht notwendig Einselemente besitzen, und setzen von HoH oder H1 H 
weder die Idempotenz noch die Kommutativitét noch die Assoziativitat ou 

Das Element (a,@) ist dann und nur dann das Einselement von HiH 
(i=-0, 1), wenn die Gleichungen 


(a, @)+(x, )=(%8), (%,8)4(@, a) = (8) | 


fiir jedes Paar x€ H, S€H gelten. Berechnet man beide Seiten dieser Glei- 
chungen nach (2) bzw. (3), und vergleicht sie miteinander, so ergeben sich 


die Bedingungen ; 
(20. 1) aX" E* eee; : 
(20. 2) aa t=, 

: . (fiir alle a@€ H, @ €H), 
(20. 3) xaéaé == x, | 
(20. 4) x"Sa =6, . 


'0 Entsprechend der gruppentheoretischen Terminologie darf man ein schiefes Produkt 
mit dieser Multiplikationsregel ein Schreiersches Produkt von H und H nennen. Es ist leicht 
einzuselien, da® ein Schreiersches Produkt von H und H, in dem die nachstehenden Ne- 
benbedingungen gelten, immer kommutativ und idempotent ist. 
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wobei die unterstrichenen Faktoren nur in HoH (nicht mehr aber in H1H) 
zu beachten sind. 

Im Fall HoH halten wir § in (20.1) fiir einen Augenblick fest. So folgt 
aus Hilfssatz 1 (fiir f(x) = x*), daB H ein Einselement e besitzt und 


(21. 1) a=e, 
(21. 2) x=ex (fir alle x¢ H), 
(21. 3) =e (fir alle §€H) 


gelten. Im Fall H1H ist (21.3) sinnlos; die Existenz von e, ferner (21. 1) 
und (21.2) folgen dagegen nach Hilfssatz 1 unmittelbar aus (20. 1)." 

Halt man jetzt x in (20.4) fiir einen Augenblick fest, so ergibt sich 
wieder nach Hilfssatz 1 (fiir f(§)=&), da® auch H ein Einselement « besitzt, 
ferner da& die Gleichungen 


(21. 4) as, 

(21.5) SE (fiir alle $€H), 
(21.6) x*==@ (fiir alle x€ H) 
gelten. 


Ahnlich bekommen wir aus (20. 2) und (20.3) (d.h., wenn wir x bzw. 
£ fiir einen Augenblick festgehalten denken) die Gleichungen 
(21.7) a®*—«a*=e (fiir alle x € H), 
(21. 8) at’ —at=e (fiir alle 5 €H). 

Wir fassen die gewonnenen Ergebnisse zusammen. Hat ein HiH (i=, 1) 
ein Einselement, so miissen H,H je ein Einselement e bzw. « haben, ferner 
fiir i= 0 die Gleichungen ‘ 


(22. 1) fe =, Pa =—1€; 
22. 2) x*=—sé, e* == 6, 
(22.3) . | =x, E=6E, 
(22. 4) a == &, eé& =e, 


und fiir i—1 die Gleichungen (22. 2)—(22. 4) identisch gelten. 
Umgekehrt, es: ist leicht zu sehen, daB die Bedingungen (22. 1)—(22. 4) 
bzw. (22. 2)—(22. 4) auch hinreichend dafiir sind, da (e,«) das Einselement: 


von HoH bzw. A'!H ist. 


11 Ubrigens folgt aus der Existenz des Einselements von H, da6B wir jedes H1H mit 
Einselement auch als ein spezielles H°H betrachten diirfen, in dem fiir jedes Paar a, @(€H) 
die Bedingung a? —e gilt. Diese Tatsache dient uns aber in den folgenden Untersuchungen 
zu keiner Erleichterung. . 


452 4. SZASZ 


Somit haben wir bewiesen 


Satz 4. Ein schiefes Produkt HiH (i= 0,1) von Halbverbanden H,H 
besitzt ein Einselement dann und nur dann, wenn H,H je ein Einselement e 
bzw. « besitzen, und ftir i O bzw. i 1 die Gleichungen (22. 1)—(22. 4) 
bzw. (22. 2)—(22. 4) fiir alle x€H, $€ H gelten. Sind diese Bedingungen er- 
fiillt, so ist (e, #) das Einselement von H+. 

Man kann einen ahnlichen (aber nach Satz 3 nur wenig interessanten) 
Satz auch fiir H2H gewinnen. 

Wir wollen jetzt die Bedingungen (22. 1)—(22. 4) etwas naher betrach- 
ten. Vor allem sehen wir, da{i (5.1), (5.2) mit (22.1) bzw. mit (22. 2) 
iibereinstimmen. Es gilt also 


Satz 5. Ein HiH (i—0,1) besitzt ein Einselement nur dann, wenn es 
ein spezielles (nichtausgeartetes oder ausgeartetes) schiefes Produkt von H, 4 ist. 


Weiter sehen wir; daf® (22.3), (22.4) je Folgerungen aus (10.1) und 


(10. 2) sind, so daB sie nach Hilfssatz 2 und 3 in jedem kommutativen idem- 
potenten H+H (/-- 0,1) bestehen. Es gilt also 


SaTz 6. Ist ein spezielles schiefes Produkt HiH (i==0,1) kommutattv 
und idempotent, so hat es das Einselement (e, é). 


Die Satze 5 und 6 fiihren zum folgenden 


KOROLLAR. Ein Halbverband von der Form Hil (¢=0,1) besitzt ein 
Einselement dann und nur dann, wenn es ein spezielles schiefes Produkt 
der Halbverbdnde H und H ist. 


§ 7. Halbordnung in einem Rédeischen schiefen 
Produkt von Halbverbainden 


In diesem Paragraphen bedeute HiH (é=-0,1) ein (nichtausgeartetes 
bzw. ausgeartetes) Rédeisches schiefes Produkt von Halbverbanden H,H, das 
auch selbst ein Halbverband ist. Dann gibt es je eine natiirliche Halbordnung 
sowohl in Hf und H als auch in HiH (¢=—0,1). Wir wollen die Beziehun- 
gen zwischen den,natiirlicheh Halbordnungen von H und H einerseits und 
von H+H (é--0, 1) andererseits untersuchen. 

Nach der Definition ist in der natiirlichen Halbordnung von HoH dann 


und nur dann 
(a, a) = (6, B), 
wenn (mit Riicksicht auf (19. 1)) 


(6, B) (a, @)0(b, 3) + (abe®, aba) — (ac, aa), 
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1. h. wenn 
aah = b, aap 


st. Daraus gewinnen wir nach der Definition der natiirlichen Halbordnung 
in H bzw. H, dab in HoH dann und nur dann (a, «) = (6, 8) ist, wenn 
) a,ac?=b (in H), 
oe 6  (inthH) 


gelten. 
Ahnlich folgt, daB in H1H dann und nur dann (a, «) = (6, 2) ist, wenn 
a=b (in H), 
@,a’=B (in H) 
gelten. 


§ 8. Beispiele 


1. Es sei F bzw. ® ein Halbverband mit zwei .Elementen e, f bzw. 
‘, g, wobei e,¢ das Einselement von F bzw. @ ist. Ein allgemeines schiefes 
Produkt Fo @ ist nach Satz 1 nur dann ein Halbverband, wenn 
op? == 0, eC ==fl==s 


ist. Wegen der Symmetrie von F und ® in der Multiplikationsregel von Fo ® 
und nach den Bedingungen (11.1), (11.2) vom Satz 1 gibt es also fiir die 
auftretenden Funktionen nur drei wesentlich verschiedene Mdglichkeiten: 

1 &=gi'=e, d=f*=s; 

2: 2 = g' =e, é=—f'=q; 

3 ag =f, J=fimg. 
Das entsprechende Fo ® bezeichnen wir der Reihe nach mit F,, Fo, F;. Man 
liberzeugt sich leicht, daB jedes F; (i= 1, 2,3) die Bedingungen vom Satz 1 
erfiillt, folglich jedes Ss; ein Halbverband ist. S$, stimmt sogar mit dem direk- 
ten Produkt Fx @ iiberein; &, unterscheidet sich von Fx ® (wie es durch 
unmittelbares Ausrechnen sofort einzusehen ist) nur darin, dai in S, 


(,2)0(f,8)=(4,#) 
(also (e, #)o(f, «) + (f, €)) gilt. Endlich sind in S$, alle Produkte von zwei ver- 


schiedenen Elementen gleich (f, ¢). 
Mit Hilfe der Hasseschen Diagramme (die in der Theorie der, halbge- 
ordneten Mengen fiir Veranschaulichung oft gebraucht werden, siehe z. ByioL 


12 Ubrigens ist SF, im wesentlichen ein Schreiersches Produkt. 
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S. 8) lassen sich diese #; (i= 1, 2,3) so darstellen: 


Strs Fo: F,: 
(f, p) f, ¢) (f. p) 
ve 9 7 
a fe) OF” 
(ep) oe) (e, 4) 7 | (8) (6 7) G8) 
Oo” fe) fo) 
(e, &) (e, &) (e €) 


2. Es sei S ein Halbverband mit drei Elementen a,6,c, in dem die 
Multiplikation durch die Halbverbandsaxiome und durch 


ab==ac=bc=c 
angegeben ist. Ferner sei ¥ ein Halbverband mit zwei Elementen ¢, 0; ¢ sei 
das Einselement von >. Weil S ein Halbverband ohne Einselement ist, so 
bildet kein SoS einen Halbverband. Wir betrachten deshalb weiter nur die 
Schreierschen Produkte S12. 7 
Damit S:X einen Halbverband bildet, ist nach Satz 3 vor allem not- 
wendig, dah 
a=b=c =z, 
a = 6°, a —c", | 
gelten. Ferner miissen auch 
a’ (ab) = b°(bc)* 
gelten, woraus wegen der Multiplikationsregel in S und wegen c‘—e die 
Beziehung 
a’(=c*b*) = a' 
folgt. Letzteres bedeutet, dai es wegen der symmetrischen Rolle von a und 
b drei wesentlich verschiedene Méglichkeiten gibt: 


b 
la=ad&=b—s; 
b 
2. a=a=o, fb=s: 
b 
37 a =—a’=—b =a. : 


Das durch 1 gegebene S12 ist offenbar das direkte Produkt von S 
und *. Man kann durch unmittelbares Ausrechnen zeigen, daf& auch die durch 
2 und 3 gegebenen S1 lauter Halbverbande sind, und zwar mit den Dia- 
grammen 

(c, a) (0, a) 
O 
9) 0.19 10 Gis) (a, 7) O 4 Oo (, «) 


, €) | | ( i! 
(a, 4 O (0, e) (a, e) O (0, «) 
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§ 9. Anwendung auf schiefe Produkte von Verbanden 


Es seien L, 4 zwei Verbande™ mit den Elementen a, 6, .... bzw. «, 6,.... 
Die Vereinigung von zwei Elementen sei in beiden Verbanden mit dem Zei- 
chen \, der Durchschnitt mit ~ ausgedriickt. Das Einselement der Vereini- 
gung (bzw. des Durchschnitts) in L, wenn es existiert, wird mit o bzw. / 
bezeichnet; die Elemente mit ahnlicher Eigenschaft in .f werden mit bzw. 
t bezeichnet. 

Nach den Verbandsaxiomen bildet jeder Verband sowohl fiir die Verei- 
nigung als auch fiir die Durchschnittsbildung je einen Halbverband, den man 
den Vereinigungs- bzw. Durchschnittshalbverband des betreffenden Verbands 
nennt. 

Es bedeute £ die Menge aller Elementepaare 

(a, @) (ac L,a€ A), 
wobei (a, a)—(6, @) dann und nur dann gilt, wenn a= 6, «=f ist. Im 
Sinne von [6] verstehen wir unter einem schiefen Produkt von ZL und A eine © 
algebraische Struktur tiber £. Von diesen betrachten wir jetzt nur diejenigen, 
in denen zwei Verkniipfungen (mit den Verkniipfungszeichen WU, -) definiert 
sind; sie werden im allgemeinen mit e(L, A; VU, A) bezeichnet. 

| In diesem Paragraphen wollen wir die sdmtlichen £(L, 4; ~, >) be- 
stimmen, die die folgenden Bedingungen erfiillen: 

(I) &(L, 4; VU, 4) bildet einen Verband fir die Verkniipfungen U, >; 

(li) Der Vereinigungs- bzw. Durchschnittshalbverband von &(L, 4; U, >) 

ist gleich je einem Rédeischen schiefen Produkt der entsprechenden 
Halbverbande von L und 4. shot 
Aus (Il) folgt sofort, dai die in §§ 4—5 gewonnenen Ergebnisse, 
-jnsbesondere die Gleichungen (10. 1), (10. 2) sinngemaf auch fiir die Vereini- 
gungs- und Durchschnittshalbverbande von £(L, 4; U, >) giiltig sind. Der 
_allgemeinste Typ der gesuchten schiefen Produkte ist also, in dem die 
Verkniipfungen U, > durch die Regeln 


(23. 1) (a, @) (6, B) = (@ubUG, b>, ¢ BU [a, 5}), 
(23. 2) (a, @) \(6, 8) = (A DONG, B},@ Ab O|4, 5|) 

gegeben sind, wobei 

(24) <a, B>, (a, BY(EL); [a,b] |, \(€ 4) (BE A; a, 6€L) 


Funktionen mit, zwei Variabeln bedeuten, die Verkniipfungsregeln der tibrigen 
fiir uns geeigneten Typen ergeben sich so, daf man in der rechten Seite von 


13 Fiir die ‘Definitionen und fiir die hier angewandten Ergebnisse der Verbandstheorie 
siehe [1] oder [3]. 
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(23. 1) oder (23. 2) eine oder mehrere Funktionen von der Form (24) weglaBt. 
Wegen der verbandstheoretischen Dualitat und der symmetrischen Rolle von 
L und A in (23.1), (23.2) gibt es insgesamt sieben wesentlich verschie- 
dene Typen solcher schiefen Produkte, die wir mit Lo 7,LiA,...,L6A be- 
zeichnen und mit Hilfe folgender Tabelle definieren, wobei das Reicher +- 
[bzw. —] im Schnittpunkt der Zeile eines Li 4 (/-—0,1,...,6) und der 
Spalte einer Funktion (24) bedeutet, dak die entsprechende Funktion in den 
Verkniipfungsregeln von Li 4 vorkommt [bzw. nicht vorkommt]. - 


<a,f> [a6] fe} a, 


Loa “ 4p ei ay 
LiA _ + 4 ae 
eset —- a ar <—% 
LsA vé i rs cir 
LaA see ee 7 i 
Lia — —_ aa + 
LeA a ae ee 7 


L«A ist also das direkte Produkt von L und /; es wird im folgenden mit 
LA bezeichnet. 

Nach dem gesagten besteht unsere Aufgabe in der Aufstellung der not- 
wendigen und hinreichenden Bedingungen, damit ein schiefes Produkt Lid 
((=-0,1,...,5) von zwei Verbanden ZL, A wieder einen Verband _bildet. 
{Lx 1 ist offenbar ein Verband, wenn L und 4 es sind.) In utiseren Be- 
trachtungen werden wir die in §§ 4—5 gewonnenen Ergebnisse mehrmats 
bentitzen. Bequemlichkexshalber formulieren wir die zu verwendenden friiheren 
Tatsachen in der neu eingefiihrten Symbolik: 


Ein schiefes Produkt Li A (i--0,1,...,5), bei dem die Funktion 
<a,8> bzw. [a, b} 


in der Definition der Vereinigung auftritt, bildet fiir diese Verknipfung nur 
dann einen Halbverband, wenn das Element 


o(€L) bzw. w(€ A) 
existiert, und die Gleichungen 


(25. 1) <a,@>=0, <a, b> =<, «> 
bzw. 
(25. 2) a, a] = w, a, 6): == [b, al 


identisch gelten. Tritt in der Definition der Durchschnittsbildung die Funktion 
1%, A} bzw. la, bl 
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auf, so bildet Li A fiir diese Verkniipfung nur dann einen Halbverband, wenn 
das Element 


i(€L) bzw. 4(€ ’) 
existiert, und die Gleichungen 


(25. 3) {@,a@}—=i, {a, 8}= {6, a} 

bzw. 

(25. 4) ja,a|=1, |a,b|=|6,a| 

identisch gelten. Ferner ist es auch notwendig, dap jede der Gleichungen 
(26. 1) <2, DUEIB PD =B PUBL, ©, 

(26. 2) {a, b] Ufa b, c] = [b, c}U[b Uc, al, 

(26. 3) {a, B} A{E AB, y} = {8,7} A{P Ty, @}, 

(26. 4) Ja, 6} Ala nb, c|==|b, | \|bc, al, 


die fiir das betrachtete Li A tiberhaupt sinnvoll ist, fiir alle «, 2, y(€ A) bzw. 
a, b, c(€ L) gilt. 
Mit Hilfe dieser Resultate werden wir haven 


SaTz 7. Ein schiefes Produkt Lid (i=0,1,...,5) von zwei Verbdnden 
L, A ist dann und nur dann ein Verband, wenn es mit dem direkten Produkt 
Lx A iibereinstimmt. 

KOROLLAR. Das einzige ,,schiefe“ Produkt £(L, 4; ~,-), das den For- 
derungen (I), (Il) entspricht, ist das direkte Produkt von L und A. 

BEwEIs. Weil £ x A immer ein Verband ist, brauchen wir nur die Not- 
wendigkeit der Bedingung des Satzes zu beweisen. Das Korollar ist nach 
dem oben gesagten eine triviale Folgerung des Satzes. 

Stellt ein L:4 (i==0,1,...,5) einen Verband vor, so soll es unter 
anderem den sogenannien Verschmelzungsgesetzen ([3], S. 1) Geniige leisten. 
Das bedeutet, daBi in dem betrachteten Li / die Gleichungen 


m7. 1) (a, 2) (@, @) \(6, 8)) = (a, @), 
(27. 2) (a, ¢) \((a, ¢) (8, &)) = (a, @) 


fir alle a, 6(€ L) und a, A(€ 4) gelten sollen. 
Fir Lo A folgt aus (27.1), mit Riicksicht auf die Verkniipfungsregeln 
‘23. 1), (23.2) und auf die Verschmelzungsgesetze von L und 4, 


(a, a) = (a, a) ((, a) (6, 8))= 
= (a, @)U(anboa{a, 8},@08A|a, b|) =. 
=(ai<aankoi|a, b|)>,@crf[aanbnte, 6}]). 


.3 Acta Mathematica VII/3—4 
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Dies ist gleichbedeutend mit den zwei Identitaten 
a<a, ev8A|a, b|> =a, 
aw f[a,anbn {a, 8}|=e. : 

Wendet man sie auf den Spezialfall a6 bzw. «= / an, und betrachtet 

(25. 4) bzw. (25. 3), so gewinnt man, als notwendige Bedingungen, 

aa, «enp>—a, 
avfa,arb]=« 


fiir alle a,b€L und «,2¢€.f. Das sind aber gleichbedeutend mit 
(28. 1) <a, @-~8>=0, 
(28. 2) [a, ab] = w. 
- Auf gleiche Weise — aus (27.2) — folgen die notwendigen Bedin- 
gungen 


(28. 3) fa, ap} =i, 
(28. 4) la,avb| =e. 
Im Fall eines Li A (¢-=1,2,...,5) kann man sich durch ahnliches. un- 


mittelbares Ausrechnen leicht tiberzeugen, dafi alle diejenigen von den Iden- 
titaten (28. 1)—(28. 4), die fiir dieses Li 4 tiberhaupt sinnvoll sind, als not- 
_wendige Bedingungen fiir die Erfiillung der Verschmelzungsgesetze in Li A 
auftreten. Ausfiihrlich gesagt, gelten 

ftir die Identitaten 

EVA (28. 2), (28. 3), (28. 4); 

bast (28. 2), (28. 3); 

L3A (28. 2), (28. 4); 

Lad (28. 3), (28. 4); 

LsA (28. 4). 

Im folgenden betrachten wir die Lid fiir iO und fiir /+-0 gleich-: 
zeitig. Den Beweis des Satzes beenden wir so, daf wir die Ubereinstimmung | 
jeder einzelnen Komponente von Lid (i=—0,1,...,5) mit derjenigen von: 
Lx A zeigen. 

Wir beschaftigen uns nur mit der L-Komponente der Vereinigung; wie 
es aber aus der Methode der nachstehenden Beweisfiihrung leicht zu sehen! 
sein wird, kann man fiir die tibrigen Komponenten das analoge Verfahren! 
durchfiihren. 

Ist diese Komponente schon nach der Definition des betrachteten Li A! 
direkt (ist also /+-0), so ist nichts zu beweisen. Man darf sich also auf! 
den Fall beschranken, dafi die Funktion <e,#> auftritt — folglich (25. 1),, 
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(26.1) und (28.1) gelten — und dann soll aus diesen Bedi i 
: edingungen d 
Identitat <¢, &>—o deduziert werden. Bo 2 

Dazu wollen wir (26.1) fiir den Spezialfall 


y=avTB 


anwenden. Wird aber 7 so gewahit, dann gelten nach den (in / giiltigen) 
Verbandsaxiomen 


BoyY=B8U (EVs) =—aeVUS=y, 
B=(@UB)AB=YRB, 


é=(C@UB)Nae=—ynae. 


Fiir yaw bekommt man also aus (26.1), mit Riicksicht auf (25.1) und 
(28. 1), die Gleichung : 


, =<, PUNO=NPKNLO= 
={Y, YORU YAO =0V00=0, 


die fiir jede «,f€ A giiltig ist. Damit ist aber die Behauptung des Satzes 
fiir die L-Komponente der Vereinigung bewiesen. 

Wie es schon oben bemerkt wurde, folgt die Richtigkeit der Behauptung 
fiir die tibrigen Komponenten auf ahnliche Weise. Damit ist Satz 7 bewiesen. 


(Eingegangen am 16. August 1956.) 
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KOCbIE NPOH3SBEQEHHA PEJEW MOJIYCTPYKTYP 
lr. Gac (Cerea) 


(Pe3w Me) 


Iyctp H,H — gee noayctpyKtypbl, JC — muoxecTRO BCeX ymopaqoueHHbIX nap 
(a,e) (a€H, a€H). Cnenya Koxengopmepy, Mbl NMOHMMaeM MOA HEBbIPOKAaIOUUMCA 
KOCBIM NpousBefenvem Peyen noaycrpyktyp H,H, cocToauly) us a1eMeHTOB vg MYJITH- 
‘imKaTuBHyro areOpy (o6o3Hayenne HoH) B KOTOPOH yMHOKeHHeE ONPenenneTCcH thopmMyn0n 
(2); a Bxogaume B (2) CHMBOuBI Buga (1) O3HAYaIOT (tpyHKUMH AByX NepeMeHHbIX. [log k-KpaTHO 
BbIPOMKAAIOWIAMCA KOCbIM NponsBepeHHem Pe eu nonyctpyktyp H,H MbI NOHHM aeM TakytO 
COCTOALLYIO TaKXKe H3 3/IEMeCHTOB JC myatunankatupnyto anreOpy, B KOTOpOH npaBHaO ym- 
HOMKEHHA MOABEprHyTO CreAyrouseH MOAMHKALMH: HS yC.10BHit 


(()) bt —=b maa pcex D€H un a€H; 
(Il) «?--@ pana wcex D€H uw a@€H; 
(Ill) «? peruepkupaerca Ha npaBoit cTopoue (2); 


IV) a’ BeruepKuBaeTca Ha MpaBol cTopoHe (2 
p 


BbINOMHAeTCA TOUHO Kk. [Ina Hawew uenH, KOTOpad GyneT H3I0%KeHA HWKE, NpeACTaBAAIOT 
UHTepeC TOABKO [Ba BbIPOKMAWWIHXCA THMa, KOTOPHIe MbI OyfemM OOO3HaYaTb 4Yepes H1H, 
H2H uw KoToppie OnpepersioTCA MpaBnsaMH YMHOMKeHHS (3) Hu (4) COOTBETCTBEHHO. 

Hazopem Kocoe npoussenenne HoH coots. H1H cneunanbubim, econ H umeet egu- 
Huuy e, H — efunnuy € x (5.1), (5.2) BeinonnatoTA aa a06bIx a(€ A), a(€H), cootset- 
cTBeHHO (5.2) BhINOMHAeTCA AAA aO0ro a( EH). 

Hawevi riaBHOK WeNbIO ABAAeETCH yCTaHOBIeHHe HEOOXOAMMBIX H AOCTATOYHBIX yCno- 
BHM 1A TOrO, 4YTOObI HEKOTOPOe KOCOe nponsBenenHe Pe fen noaycrpyxtyp H,H cHosa 
oKazan0cb nonycrpyKtypow. [lo avnanorun c conepxannem §§ 4—5 nerko Bugetb, 4TO Cc 
3TOM TOUKH 3peHHA CNeAyeT Y4HTbIBATh TOABKO KOCHIE NponsBegenna HiH (i—0, 1, 2). Dan 
HUX HMEHOT MECTO CefyroulHe TeOpeMbl: : 


Teopema I. Kocoe nponssenenne H°H spasetca nonyctTpykKTypoit TOrWa H TOABKO 
Torga, ecnn H umeet efwnnuy e, H — enunnuy © uw (9.1)—(12.1), (9.2)—(12.2) sBeimon- 
HAIOTCA TOMKAECTBEHHO. ; 


Caenctsue. Econ HOH spasetca moayctpyxtypoii, to (13.1), (13. 2), (14. 1), 
(14. 2) BhiInonHAKOTCA TOKECTBEHHO. 


Teopema 2. Ecnm HOH spanerca cneuwanbHbIM KOCBIM mponsBeqeHHeM, TO B 
Teopeme 1 ycnopne (12.1) MOKeT ObiITh 3aMeHeHO ycnoBnamH (13.1) H (15.1), a (12.2) — 
ycenosusamn (13.2) # (15. 2). 
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Teopema 3. Kocoe npoussegenve H1H spasetca noayctpyKtypoit Torga Hu TOABKO 
Torja, ecau H umeer efunnuy « u (9.1), (10.1), (10.2), (11. 1), (14. 1) BhinoaustoTes TouKDe- 
crpeHHo. H2H apadeTcA nonyCcTpyKTypoil Torga M TObKO TOrfa, eC OHO coBnanaerT Cc 
NpAMbIM NMpoOusBeeHHeM NOycTpyKtyp H, H. 


Teopema 4. Kocoe nponssegenne HiH (¢= 0,1) umeet eauHnuy TOrga Hn TOAbKO 
Torga,4 ecan H,H 06a umetwT ennnnuy (HX eqHHHUbI OGO3HAYAeM Y4epes e COOTER. ¢). HB 
cayyae HOH ycaosus (22. 1)—(22. 4), B cayyae H1H ycnosusn (22. 2)—(22.4) Bemoanawrcs 


waa ao06pix x(€ AH), £(€H). pu semonnennu atux ycaosun (e, €) aBAAeTCA enMHHuelt an- 
redppr Hit (i--- 0, 1). 


CaeactsBue. Moaycrpyxtypa suga HiH (i=-0,1) umeet egunnuy TorfAa 1 TOAbKO 
TOra, CCIM OHA ABIACTCA CNeUMANbHBIM KOCbIM MponsBeseHHeM NoyctpykKtyp H, H. 

B § 8 npusogsatca mpumepsi KOcbIX NpousBefennh Tuna HiH (i==0 coots. i= 1), 
ABIAIOUMXCA NONYCTPyKTypaMH, HO HE COBNapaOllNX C NPAMbIM MpousBeneHHeM. 


B § 9 ppmensn0xKeHHble pe3ybTaTbl MPHMeHAIOTCA K CTpyKTypam. I1pu atom noay- 
yaeTCa 


Caeactseue u3 reopembr 7. CyuectnyeT eAHHCTBeHHOe KOCOe NpoNsRejeHnne!> 
Cc AByMaA fevcTBuAMH cTpyKTyp L, .1, KoTOpoe 
(1) O6pasyeT cTpykTypy OTHOCHTeIbHO 9THX ABYX DelCTBHH H 


(IJ) monycrpykTypbI KOTOPOrO OTHOCHTeEMbHO COeAMHEHHA COOTB. NepeceyeHnA ABAA- 
1OTCA KOCbIMH NpoHsBepeHHAMH Pe meu, COOTBETCTBYHIOWINX NOAycTpyKtyp Lu A, 


@ UM€HHO MpaAMoe npouspepenne cTpyktyp L, A. 


14 Hesapucumo OT TOrO, OO6pasyeT 1H KOCOe MpousBefeHHe NMOMyCTPyKTyPy HAH HET- 
15 B cmpicne o6wero onpenenenns [6]. 
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[A] Fone open cuayetio serene, 


BEWEIS EINER VERMUTUNG VON A. VAZSONYI 


Von 
A. HEPPES (Budapest) 
(Vorgelegt von G. Hajos) 


Herr Professor P. ERDOS machte mich auf eine, auch in einer seiner 
Arbeiten [1] erwahnte, von A. VAzsOoNyi stammende Vermutung aufmerksam. 
In dieser Arbeit [1] wird unter anderen der folgende Satz bewiesen: Unter 
den (3 Entfernungen zwischen den Punktpaaren einer Punktmenge von n 
Punkten in der Ebene gibt es héchstens n, die dem Durchmesser der Punkt- 
menge gleich sind. Die Vermutung von VAzsonyi bezieht sich auf das ent- 
sprechende raumliche Problem, und wird durch den folgenden Satz bestatigt: 

Unter den Strecken, die die Punktpaare einer Punktmenge von n Punkten 
verbinden, gibt es héchstens 2n—2, die dem Durchmesser der Punktmenge 
gleich sind. 

Wir werden annehmen, dafi die Lange des Durchmessers gleich 1 ist, 
was keine Einschrankung bedeutet. Im folgenden werden jene Strecken, die 
zwei Punkte der Punktmenge verbinden und gleich deren Durchmesser sind, 
Durchmesser genannt. ; 

Wir werden den Satz zuerst fiir solche Punktmengen beweisen, in deren 
jeden Punkt mindestens drei Durchmesser miinden. 


DEFINITION. Wir nennen Kugelpolyeder den Durchschnitt endlich vieler 
Einheitskugeln (,,Faktorkugeln“), wenn dieser Durchschnitt durch wenigstens 
drei Kugeloberflachen begrenzt ist. Wir verstehen unter den Seitenflachen des 
Kugelpolyeders jene zusammenhangenden Flachenteile je einer Faktorkugel, 
die das Kugelpolyeder begrenzen. Die Kreisbogen, die die Seitenflachen be- 
grenzen, nennen wir Kanten, und die Schnittpunkte der Kanten Ecken. Eine 
Kante kann natiirlich kein Hauptkreisbogen sein. 


HILFSSATz. ‘Die Oberfldche einer Faktorkugel eines beliebigen Kugel- 
polyeders enthiilt hichstens eine Seitenfliche des Kugelpolyeders. 


BEMERKUNG. Es ist leicht einzusehen, daB eirre Volikugel vom Radius 1 
samt zwei Punkten eines Einheitskreises auch den durch diese Punkte be- 
_stimmten kiirzeren Bogen dieses Kreises enthalt. 
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Gehort ein Punkt zu allen Faktorkugeln und ist er auf der Oberflache 
einer Faktorkugel, dann ist dieser Punkt ein Randpunkt des Kugelpolyeders. 
Mit Hinsicht auf die obige Bemerkung erhalten wir folgendes: Gehéren zwei 
Punkte der Oberflache einer Faktorkugel.zum Rande des Kugelpolyeders, 
dann enthalt der Rand auch den die zwei Punkte verbindenden kiirzeren 
Hauptkreisbogen derselben Faktorkugel. Daraus folgt die Richtigkeit des 
Hilfssatzes, da zwei Randpunkte einer Faktorkugel, die auf der Oberflache 
des Kugelpolyeders liegen, zu derselben Seitenflache gehéren miissen. 


BEwEls. Wir betrachten nun eine Punktmenge M, von a Punkten mit 
der Bedingung, da®B mindestens in jedem Punkte drei Durchmesser eintreffen. 
Wir bezeichnen ihre Punkte mit P,, P.,...,P,. Wir schreiben nun um alle 
Punkte P; von M,, je eine Einheitskugel A;, und betrachten das Kugelpoly- 
eder K, welches als Durchschnitt der Kugeln K; entsteht. 

Das Kugelpolyeder K enthalt alle Punkte von M,, weil der Durch- 
messer D(M,,) = 1 ist. Andererseits sind alle Punkte von M, auf der Ober- 
flache von K, da ein jeder Punkt P; am Rande von (mindestens drei) Fak- 
torkugeln liegt. 

Wir betrachten eine beliebige Kugel AK;. Der Rand von &; enthalt laut 
Voraussetzung mindestens drei Punkte von M,. Bei dem Beweis des Hilfs- 
satzes haben wir gesehen, da wenn zwei Punkte von A; am Rande von K liegen, 
so ist auch ein sie verbindender Hauptkreisbogen von A; auf der Oberflache 
von K. Dieser Hauptkreisbogen kann keine Kante von K sein, weil die Kanten. 
Bogen von kleinerem Radius sind. Folglich enthalt der Rand von K; min- 
destens eine Seitenflache von A. Durch Anwendung des Hilfssatzes_ergibt 
sich also, da auf der Oberflache der Kugel a genau eine Seitenflache F; 
des Kugelpolyeders K liegt. 

Wir zeigen, dai ein jeder Punkt P; eine Ecke von K ist, und daf in 
P, ebenso viel Durchmesser wie Kanten eintreffen. Seien Pup Pigs cr ae 
anderen Enden der von P; ausgehenden Durchmesser (s = 3). PD Flachen 
Fi,, Fig,..-, Fi, und nur diese enthalten den Punkt P;, woraus folgt, dab 
P; eine Ecke ist, und im Punkte P; genau s Kanten zusammentreffen. 

Es ist méglich, daB K auBer P,, P:,..., Px noch weitere Ecken besitzt. 
In jede Ecke laufen natiirlich mindestens drei Kanten. 

Wir fiihren nun die folgenden Bezeichnungen ein: f bezeichne die An- 
zahl der Seitenflachen, & der Kanten, e der Ecken von K, und d der Durch- 
messer von M,. Das bis jetzt bewiesene besagt: 


f=n, e=n-+r (r = 0). 
Durch Abzahlen der in den einzelnen Ecken eintreffenden Kanten ergibt sich 
2k 2 2d+30. 
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Da der Eulersche Polyedersatz auch fiir Kugelpolyeder giiltig ist, also 
fi e=k-+ 2 besteht, ergibt sich 


2d 3r-+-4 
woraus wegen r = 0 die behauptete Ungleichung d = 2n—2 folgt. 

Wir beweisen nun unseren Satz fiir beliebige endliche Punktmengen 
mit vollstandiger Induktion beziiglich der Anzahl der Punkte. Die Richtigkeit | 
des Satzes ist fiir zwei Punkte trivial. Es sei n>2, und wir nehmen an, 
dafi der Satz fiir Punktmengen von n—1 Punkten richtig ist. . 

Es sei M, eine aus n Punkten bestehende Punktmenge vom Durch- 
messer 1. Wenn aus jedem Punkte von M,, mindestens drei Durchmesser 
auslaufen, dann ist die Anzahl der Durchmesser, wie schon bewiesen, héch- 
stens 2n—2. Enthalt M, einen Punkt P, in dem héchstens zwei Durchmesser 
eintreffen, dann zerlegen wir M, in P und in eine Menge M,.,, die aus M, 
durch Weglassen von P entsteht. Die Anzahl der Durchmesser von M, , ist 
laut Voraussetzung héchstens 2(n—1)—2. Da aber’im Punkte P hichstens 
zwei Durchmesser von M,, eintreffen, ist die~ Anzahl der Durchmesser von 
M, hochstens 2n—2. Damit ist der Satz bewiesen. 

Wir bemerken, dai man fiir n=4 leicht solche Punktmengen finden 
kann, die genau 2n—2 Durchmesser besitzen. Es geniigt namlich die Ecken 
eines regelmafigen Tetraeders von der Kantenlange 1, ferner n—4 weitere 
Punkte auf einer Kante jenes Kugelpolyeders zu nehmen, welches durch die 
um die vier Ecken geschriebenen Einheitskugeln bestimmt ist. 

Durch Anwendung unseres Satzes kann die folgende Behauptung leicht 
bewiesen werden: 

Jede endliche Punktmenge M des dreidimensionalen Raumes vom Durch- 
messer D(M) ist in vier Teilmengen mit kleineren Durchmessern zerlegbar. 

Dies ist ein spezieller Fall der folgenden Vermutung von K. Borsuk [2]: 
»Jede Punktmenge M des n-dimensionalen Raumes vom Durchmesser D(M) 
ist in n-++1 Teilmengen mit kleineren Durchmessern zerlegbar.“ 

Der Beweis ergibt sich unmittelbar unter Anwendung unseres Satzes 
mit vollstandiger Induktion beziiglich der Anzahl der Punkte ahnlich wie wir 
dasselbe in einer gemeinsamen Arbeit mit P. REvesz [3] bewiesen haben. 

Nach Beenden meiner Arbeit habe ich durch Mitteilung von Prof. P. ERDOs 
erfahren, daB B. GRUNBAUM (Jerusalem) denselben Satz bewiesen hat, seine 
Arbeit ist aber bei AbschlieBen meiner Arbeit noch nicht erschienen. 


n+(n+r)=k+22 
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MOKAS3ATEbCTBO OJHOM PUNOTESbI A. BAXXOHbU 


A. Xennew (Byganewr) 
(Pe3w Me) 


n . 
Hasectxo [1], 4To cpean (5) PaccTOsIHHH M@*KAY TOYKAMH HeEKOTOPOrO MHO*KeCTKA, 


COCTOAULEFO HB AGKAULUNX B OAHON NAOCKOCTH N TOYeK, He 6OAee A MOryT ObITh PaBHbI 
jwamMeTpy MHOMKECTKA, T. C. HANOOABIIEMY 3 31HX PaCCTOMHHH. 

Hactowulas pa6ora coxepxaKUT LOKazaTeAbCTBO OAHOK runoTesn Baxk OH b HM, COrmacHO 
KOTOPOH Bb MHOKECTRE, COCTOALLEM 1 2 TOYRK NpPOCTpPaHcrsa, HanOOAbUIee PaCCTOHHHEe MOKET 
KCTpeyaThCs! Anh 20—2 pasa. 


Tpumephi, qanHbie 2.11 atoGoro n> 4, AOKASHIRAOT, YTO AAHHast rpaHHua TOUHA AAA 
Keex => 4, 


ON ABELIAN GROUPS IN WHICH EVERY HOMOMORPHIC 
IMAGE CAN BE IMBEDDED 


By 
L. FUCHS (Budapest), A. KERTESZ and T. SZELE (Debrecen) 
(Presented by L. Rivet) 


§ 1. Introduction 


In a previous paper [5]' we have determined the structure of all abelian 
groups every subgroup of which is an endomorphic image of the group. 
Now we are concerned with the dual of this problem, namely, we describe 
all abelian groups G with 


Property Q. Every homomorphic image of G can be tsomorphically 
imbedded in G. 


Otherwise expressed, G has property Q if to every factor group GH 
of G there exists a subgroup F of G such that F~ G/H. 

The problem of determining all groups with property Q has been 
stated in our cited paper [5]. Let us mention that the problem arising by the 
conjunction of these problems has been discussed in details in [2] and [3]. 

For the terminology and notations we refer to our paper [5]. 

The following lemmas will be made use of. 


Lemma 1. Any p-group G has a decomposition G—= G,-+ G, where G, 
is a bounded group and rank G,= min rank (p"G) = final rank of G. 


LEMMA 2. Each mixed group G has a decomposition G=G,-+ G; 
where G, is a torsion group whose p-components are bounded and G, is a 
mixed group with the following property: for each prime p;, the pj-compo- 
nent of the torsion subgroup of G, has a rank not exceeding any prescribed 
cardinal number m, with m; = max (pi, r, No). Here pi is the final rank of the 
pi-component of the torsion subgroup of G and r is the torsion free rank 
of G. 


LEMMA 3. Each p-group G contains a basic subgroup B such that 
rank (G/B)= min rank (p” G). 


1 The numbers in brackets refer to the Bibliography given at the end of this paper. 


468 L. FUCHS, A, KERTESZ AND T. SZELE 


Lemma 42 If G is a group with infinite torsion free rank v and v=: yy 
holds for the rank », of every pi-component of the torsion subgroup of G, 
then G is isomorphic to some subgroup of the complete group* 


Nard Neer) 
I t ri 


Lemma 5. Let / be a torsion free group of finite rank, S a serving 
subgroup of / and assume that all the elements of /, not contained in S, are 
of the same type +. Then / is the direct sum of S and rational groups (of 
type +) if (and only if) the elements =-0 of J/T have the same type + for 
every serving subgroup 7 of J with TS. 

For the proofs of Lemmas 1,2 and 4 see [3], for Lemma 3 we refer 
to [4] or [7], while Lemma 5 is a particular case of Theorem 8.4 in [1]. 


§ 2. Torsion groups with property Q 


We begin witlr the description of the torsion groups with property Q. 
Since it is evident that a torsion group G has property Q if and only if 
every primary component of it has the same property, it follows that it suf- 
fices to consider only p-groups with property Q. 

Our main result on p-groups is the following theorem. 


THEOREM 1. An abelian p-group G has property Q if and only if it 
contains a direct summand of the form 


(1) 2. ©(p*) 


where m is the final rank of G, i.e 
m== min rank (p" G). 


Assume G is a p-group of property Q and m is the final rank of G. 
Choose a basic subgroup B of G such that rank (G B)-— m (cf. Lemma 3). 
Then G B is isomorphic to (1) and therefore G contains a subgroup, and 
hence a direct summand isomorphic to (1). 

Conversely, let G have a direct summand G, of the form (1). By Lemma 
1 we decompose G in the form G ~G,-~-G where G, is a bounded group 
and rank (Gj)-~ m. Clearly, G,© G3 and therefore we have G3 ~G,+ G,. 


* The statement of this Lemma holds true also when the inequality concerning the 
ranks is not assumed, but we do not need this strengthened statement. 
® §R denotes the additive group of the rationals, @(n) a cyclic group of order n where 
1 “n<oo, while @(p“) is a quasicyclic group. 
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lf G~H, then decompose H again by Lemma 1 in the form H--H,+H, 
where Hy, is a bounded group and rank (H,)==min rank (p* H) = m. Consi- 


dering that for each n we have rank (p"*H) =rank (p"G), by an eventual 
adjunction of certain direct summands of H, to H, we may get from 
H=-H,+H, a decomposition H==H{-+ Hs (H{>H,, Hs H,) such that 
rank (p" H3) = rank (p" G.) for each n and rank (Ht) =m. Then H3 may be 
imbedded in G, and Hi in G,; this completes the proof. 

Let us mention the following immediate corollary: 


COROLLARY. A reduced abelian p-group G has property Q if and only 
if it is bounded. 


§ 3. Mixed groups of infinite torsion free rank with property Q 


From now on we consider groups G whose torsion free rank r does 
not vanish. First we assume that r is an infinite cardinal number. 


THEOREM 2. An abelian group G of infinite torsion free rank v has 
property Q if and only if 
(i) r=, holds for the final rank »; of the p;-component Ti of the 
torsion subgroup T of G, for each prime p;; 
: (ii) G contains a direct summand of the form 


(2) Sa De OP). 
* t Pi 


Suppose G has property Q. Choose a basic subgroup B; in each T; 
such that rank (7;/B,)) ==»; (Lemma 3). Then the factor group of G with 


@ 
respect to the direct sum > B; contains 
f= 


(3) 2 2 © (pr) 
as a subgroup, and thus property Q implies that G contains a subgroup, 
and hence a direct summand of the form (3). 

Now take in the factor group G/T a maximal independent system de 
where « ranges over an index set { of power r. The group f= {.5 «; da, 4..p= 
= > faa} is a free abelian group of rank r(=&,), and therefore each group 


« 


of power r, iu particular, 


(4) R— 28 


t 
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is a homomorphic image of F. But a homomorphism F~R may be extend-- 
ed in a unique way to a homomorphism G/T~ R, since for each x € G'T 
there is a natural integer m with mx€F and the image of mx uniquely’ 
determines that of x (R is torsion free!). Thus G~R. Further, on account of | 


@ 
—? ,/~D o 
G~> ~ 2,2 ©(pF), 
C t— r 


G has a subgroup isomorphic to this latter group, and it results that G 
contains a subgroup, and hence a direct summand of the form (2) and. 
yp; =v for each i. 

Assume, conversely, that G has a direct summand of the type (2) and 
H is a homomorphic image of G. First of all we observe that the torsion. 
free rank 8 of H does not exceed r, and similarly rank (pj U;) S rank (p; 7;) 
holds for each p,-component U; of the torsion subgroup U of H and for every 
natural integer n (apply (i)). 

Now apply Lemma 2 to the groups G and H to get G=G,+G, and 
H = H,+H, where the p;-components of G, and H, are bounded and the 
rank of the pj-component of G, and H,, respectively, does not exceed 
max (pi, t, No) =}. By separating certain direct summands of H, and adjoining 
them to H,, we may assume that the p;-components of H, vanish for those 
primes p; for which rank (U;) = y;. Moreover, it is easily seen that there is 
no loss of generality in supposing that the p;-components of H, may be 
imbedded in those of G,. Then the p;-components of H, are of rank = },, 
and so, by Lemma 4, Hy (of torsion free rank $s) is imbeddable in (2), 
deat: 


§ 4. Mixed group of finite torsion free rank with property Q 


It remained to discuss the case in which the torsion free rank of G is 
a natural integer r. 


THEOREM 3. A group G of torsion free rank r(<§») is of property Q 
if and only if 


(5) G==FLT=F+> T; 
t=1 

where 

(i) every 7; is a p,-group of infinite final rank »,, 

(ii) every 7; is of property Q, 

(iii) F is a torsion free group of rank r, 

(iv) F=-R(0,)+---+R(o,) where R(o;) are rational groups of type 
0; satisfying 0, = ...26,. 
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A. To prove the necessity,’ first of all observe that G— G/T (T is the 
Orsion subgroup of G) may be mapped homomorphically onto C(p;”) or 
»(pi*) for every k= 1,2,... according as p;G==G or not. Hence 7; con- 
ains either C(p;?) or ©(pt) for each k.. Now 


Tix SO(PP)+S:, — (psS=0) 


Ss impossible with a finite n, because 7; would then be a direct summand 
f °G,G- T;+G’, and G had a homomorphic image 7;+€ C(p;) or 
T:+€(pi) with k>m,, a contradiction. This establishes (i). 

Hypothesis guarantees that G contains a subgroup F isomorphic i" 

= G/T. If {F,7}==G, then we are ready with the proof of (5). 
F T}-=F+TcCG, then G=G/TD{F, T\/T=::F=~ F/Fn f pean ed ities el a 
ontains a proper subgroup F seentorrte to G itself. F must be of finite 
ndex in G, for the factor groups of a cae free- group of finite rank r 
with respect to its Subgroups of the type »  ©(ce) are torsion groups with 


y-components of finite rank and they differ at most in a finite group from 
cach other; therefore the statement follows by taking F/B and G/B with 
B— {b,,...,6,} (6; a maximal independent system in F). Thus {F, 7} is of 
inite index m in G, and let x,,...,Xm be a complete representation system 
mod {F, 7}. Then mx;-=fitt(fi€ F,t:€ T), and if m’ is the |. c. m. of the 
prders of ¢;, then mm’x;€F, i. e. G’=={F,X,,...,%m} has the property 
mm'G' =F. This shows that the torsion subgroup 7’ of G’ is of bounded 
order, thus BAER—FOMIN’s theorem implies G’ == 7’-++ F’ with a torsion free 
ee ee eenuy, ot hi OL andi al i, dale {Pi 7} aes (i ees 
establishing (5) (with F’ in the place of F) and (iii). 

Now (ii) follows at once by observing that every homomorphic image 
S; of 7; being a homomorphic image of F-+-7 must be imbedded, by the 
property Q, in F+7 and hence in 7;. 

In order to establish (iv), let us first remark that if H is any torsion 
free homomorphic! image of G~F, then it must be isomorphic to some 
subgroup of F-+-7, and hence to one of F. Thus the torsion free group F 
has the property (*) every torsion free homomorphic image of F can be 
imbedded in F. We show that for groups F of finite rank r property (*) 
implies (iv). 

Consider the types of the elements in F. Since the rank of F is finite, 
the types satisfy the maximal condition.’ Assume r(a)-and 1(6) are maximal 
types. Map F homomorphically into <2 so that a and 6 have the same non- 


4 For this part of proof see [6]. 
-§ For this simple fact see e.g. Baer [1], statement (9.1), p. 109. 
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zero image. Then we get a subgroup H of sR whose type must be = t(a) 
and =r(b), consequently, by (*), there is but one maximal type 7, in Fa 


Let g;,..-,2r, be a maximal independent system of elements of type 
v, in F and suppose that among the types ==7, there are two different 
maximal ones, say, t(c) and r(d). Of course, £,,-+-5Lr,¢,d@ must then be 


independent. We map F homomorphically into the direct sum of 7,+ 1 groups 
R in some way, but so that the images g),...,27,,C Of 21,.--) Br», Te- 


spectively, be independent and the image of d coincide with c’. The homo-_ 


morphic image H of F, thus arising, contains the element c’ which is inde- 
pendent of gi,...,g/, and whose type is = t(c) and = (qd). Since H must 
be imbeddable in F, we infer that among the types =‘, there is only one 
maximal, sdy t. Thus proceeding we arrive at the conclusion that the types 
of the elements in F form a finite descending chain 


Cypeits 20° STs with s=1. 
To each 7; we let correspond the subgroup F; of all elements in F whose 
types are = t;. Then 
(6) Omer Rehc cher 
where we put r;=r(F,/Fi-1). Clearly, each element of F;, not in F,-1, has 
the same type 7. 


Next consider a serving subgroup U of F; such that U>F;;, and 


choose a subgroup X in U maximal with respect to the property Xn F;;=0, 


and observe that X is serving and every element of U/X has in F,/X a type 
=, and r(U/X)—r(F,.1). Property (*) implies that F/X and thus F,/X 
is imbeddable in F, consequently, those elements of F;/X which do not 
belong to U/X are of type =7;, and therefore just of type 7;. Now we see 
that for i= 1, all the elements of F, are of type v, and no torsion free factor 
group of F, contains elements of a greater type than 7,. Lemma 5 implies 
that F, is the direct sum of 7, rational groups of type r,. — For i-=2 we 
obtain that the elements of F,/X, not in U/X are of type 7,. Choose a maximal 
independent system g,,..., g,, in U/X and then an element A € F,/X,¢ U/X; 
the types of g, equal 7, and t(h)—1,. Every element x of V/X (V/X is the 
serving subgroup generated by U and hk) may be represented in a unique 
way in the form x—0,2,+----+0,,2,,+0)A with rational coefficients 9. 
When x is running over V/X, 0,,..., ,,Q run over some subgroups R; of 
the rationals. The types of these R; can not exceed 7, (in the contrary case 
V/X would have a factor group with elements of type >+,), so that there 
is a rational integer n such that for all elements x, the components 
NO; i, ..-, NOr, Zr, all belong to U/X. But then each no h belongs to V/X 
and t(h)—=‘t, implies that 9, runs over a rational group of type r,. Conse- 


— 
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quently, the factor group of V/X with respect to U/X is of type t, thus V/U 
is of type t.. From Lemma 5 (applied to F, and its subgroup F,) we conclude 
that F, is the direct sum of F, and rf, rational groups of type v,. By similar 
arguments we may complete the proof of (iv). 


B. We proceed to prove the sufficiency. Suppose G is a group of the 
form (5) subject to (i)—(iv) and H is a homomorphic image of G. We 
denote by. S the torsion subgroup of H and by S; its p-component. ) 

We begin by proving that H=H/S may be imbedded in F. First of 
all we observe that no torsion free homomorphic image / of F may contain 
any element of type >o,. In fact, in the contrary case F would have also a 
torsion free homomorphic image K of rank 1 and of type >9,; but this is 
impossible in view of the facts that each homomorphism of F into & is: by 
the images of R(o,) uniquely determined and that, on account of the finiteness 
of the rank r, the images of R(o;) cannot exhaust any subgroup of & whose 
type exceeds 0,. It also follows that / cannot have any torsion free factor 
group containing elements of type >. 

Now suppose that all the elements of F have the same type o. What 
has been said shows that all the elements of any torsion free factor group 
J of F as well as every torsion free factor group of J are of the same type 
o,; thus Lemma 5 implies that J is the direct sum of rational gfoups of 
type o,. Clearly, J is therefore imbeddable in F. — Next assume that for 
groups F containing elements of at most k—1 different types we have 
already proved that any torsion free homomorphic image / of F is the direct 
sum of rational groups and is imbeddable in F. Let F be a group with k 
different types of elements. We denote by F; and /, the subgroup of F and 
J, respectively, consisting of all elements of maximal type o,. Under the 


mapping F~/J, F, is mapped into /,, therefore we have F=F/F, ~~ J/ji=J. 
For the group F and its image J we may apply the induction hypothesis to 
conclude that / is the direct sum of rational groups and is imbeddable in F. 
By a k—1-times application of Lemma 5 and by taking into account that 
the types in J are monotone descending, we get J/=/:tJa with /,~/. Note 
that all the elements of /, as well as those of its torsion free factor groups 
have the type 9;, so that /, is the direct sum of rational groups of type 0. 
Evidently, r(/,) =r(F;) holds whence /, may be imbedded in F, and thus 
jJ in F. — We have thus shown that H/S can be imbedded in F, indeed. 

Next apply the same argument to G and H as that used in the last 
paragraph of § 3 to get direct decompositions G= G, + G, and H=H,+H, 
such that the pi-components of G, and H, are bounded, H, is imbeddable 
in G, and the p-components of H, are of rank <y;. It follows from (i), 
(ii) and Theorem 1 that the torsion subgroup S, of H, can be imbedded in 
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a direct summand of® 7, (and thus of G) having the form Ua Ds > C(p;°). 


=1 
Now take into account that if we imbed a mixed group H, in a minimal 
complete group C, then the subgroup {H,, D} of C where D is the torsion 
subgroup of C, splits into {H,,D}™~D-+H,/S,, for {H,, D}/D~H,/H,nD 
and H,) D-=S,. Considering that H./S,;~ HS was proved to be imbeddable 
in F, further D must be isomorphic to a subgroup of U, it results the desired 
fact: H can be imbedded in G, q.e.d. 


(Received 24 September 1956) 
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® T, is the G,-component of Tin the direct decomposition G=G,+ G,. (Observe 
that G, CT!) 
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OB ABEJIEBbIX FPYNNAX, B KOTOPbIE MOFYT BbITb BJIOXKEHbI 
BCE AUX TOMOMOP®HBIE OTOBPAXKEHMSI 


3. Dyke (Byganewmrt), A. Keptec wm T. Cere (Aeopener) 


(Pesw me) 


Axtoppl Wait moaHy10 XapaxtTepuctuky Tex G adesennix rpynn, KOTOpHIe Obra1aHOT 
CNEAYIOLLHM CROHCTROM : 


CrottetBo Q. Kaxgoe romomopipHoe oTodbpaxenne rpynnbt G MOoxeT ObITh 
proxKeHoO B G H3OMOpIpHbIM OOpasom. 


floxaspiparoTcad Crepyroulne TeOpeMpb! : 
1. Hexotopas p-rpynna G 8 TOM M TOAbKO B TOM Cayyae ObaagaeT chOTICTBOM Q 


ecau y Hee ECTh Npamoe Craraemoe Bua SY @(p®), rae m= min rank (p” G) = oxonyarerbHnIit 
m n 


panr CG. 

2. Tpynna G c GeckoHeyHbIM paHroM Ges Kpy4eHuA T OGAAaAaeT CKONCTBOM Q TO4HO 
B TOM Cay4ae, ecau (i) AIA BCEX MPOCTHIX Pp; tS p;, THE p; — OKOHYATCABHBIN PaHr P;-KOMMOHEHTHI 
nepuonuseckoii nogrpynnet G, u (ii) G comepxuT mpsmoe cnaraemoe BUA SR+YDO(p7’ J. 

r t py 

3. Tpynna G c KOHe4HbIM paHrOM 6e3 KpyyeHHA FB TOM MU TOAbKO B TOM Caydae 
@ 
yr T;, rae (i) sce 7; — perpynnpt 

t=1 

¢ asnémeuTamn HeorpaHHyenHoro nopsijKa; (ii) sce T; o6aanawT CBOUCTBOM Q; (iii) F — rpynoa 
- 6e3 Kpyyenua panra 7; (iv) ~=R(%) +--- + R(¢,), rae R(o;)—paunonarpypie rpynnst, 
THNbI 0; KOTOPBIX yAOBAETROPAWT HEPaBeHCTBY 7% ee. 


oOnapaet CBONCTBOM Q, eCaH HMeeT BIA G=F + T=F+ 


s4* 
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